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ìYî^=�`!Ua?bR HMH�ó\ñ\ò HQòML0ò ònõlô RcÆ�Ëxã¤ÊQÕqÈ ã>Æ�ì6Ä$Ê�Çnähã>ÆTÎÐÔ�ÕdcxÊQÄ;ä
ì�]Ke�ðEHQónõ HQóJL\òKS HQò\ònõ ñJL\ó f�Ì�Ä È¹ÊQÕ�ÊQÎÐÏ6É�Ä;ÊhähÃnåTÈÅÎEÊQÇ�É�ÏEÌQÈ ÕeÊQÄÅÔD�fYì&õ õgSTNMN\ñ ô\ò\ó6H ñ6QMQ f�Ì�Ä È¹ÊQÕ�ÊQÎÐÏ6É�Ä;ÊhähÃnåTÈÅÎEÊQÇ�É�ÏEÌQÈ ÕeÊQÄÅÔ
Â®î�f�ð*ï�ì�H õlò0ó�õló ô\ó\óJN ô�õgSJH ÂYÊQÄÅÄ Ã�öSÌ�È$Æ�ä�É�ÏEÌQÈ;Æ�í>ÆTÏEä
Â%`&ï�R õgH�ò\ôMN õgH�ò\ôJN õ0õlóKQ�ó f�Ì�Ä È¹ÊQÕ�ÌQÇ¤ÆTÇ�ö0ÎÐÇnÆ�åTÒSÏÐÎÐÇ>ä�ÆTÄ
ìGhiX%h H�L6SMQQô H�L6SMQ�ô H�ôMNMNJL U®Ç�ö\ÎÐÇ>Æ�åTÒSÏÐÎÐÇ>ä�ÆTÄ�ÔLÊhä�ÆTÏX�Â�]Jfaj{î2õ�ó S�ô\ó0ó SMHQñnõ QMHQô6H UYÌ\ËxÈ;ÆTÄ ÇkhI]1É6ÊPOYÆTÄ�Ç>ÆTÈbOYÊ�Äl[X�Â�]m]hì�F¬õgS ô0ñMN0ò ô\ñMN0ò õnHQñ\ñ6H RcÊhä�ÆTÏOÊBÕ�Ì�Ç¤Êno1@eËxã>ÊQÄ;ÆpÉ�ÏEÌQÈ Õ Ê�Ä ÔX�Â�]m]hì�F¬õlò õ\õ�ñMN\ò õ\õPNMNJN H�õlóKSTL >pÃ>åTÏEÆ�ÌQÄ9É6ÊPOYÆTÄ�ËxÈ;ÌQÈÅÎEÊQÇX�Â�]m]hì�F&ôKH NMNJL\ó\ñ N\ô0ôMN6H Q�òKQMQ�ñ ï�Ã�È;ÊQÔLÊQÑ�ÎÐÏEÆ¹å ã>Ì\ËÅËoÎEË

`Yf < gd@ µ Kv¾�í�`&a3@4R�@Qr;R�z6G�P < gd@Bicr

¼�fSGT��@BR X a>RTRTz ídp5p\ikfSRTa�K A3Cdr$R0KÀ�hPQ�3p;¼�fSRlG�Cv�2¼�fSGT��@BRnp�Y!CdrWgdCvikCER�@Qm}fSA3m�RTa3PhrT@�RTaqfSRWfSG�@
fQ��fhCygdf < gd@2fhgdg3fSG�@�r$ikfhgdg <n= R�P>m6f = �Àrpr$RHfSA3m6fSG�m6r\K�� @4a3fQ��@�rT@�gy@�NBR�@QmtRTa3@�s
A3fhrTrT@Bi < gd@Qm
z6G�P < gy@Bikr¬DeG�PSi"Rla3@�¾4fSGl��@�gygEwx��P>@�CvA3��ù&Phgygd@QNBR�CdPSA��4CERTa¼fSR¤gy@�fhr$R ¶S¸h¸ @�gy@Bik@HA>R�rLfSA3m
a3f���@.fhm
m6CvRHCyPSA3fhgdg = s3rT@�m rTPSik@ÓR�@Qr;R,@B�OfSi	zqgy@�r�RTa3fSR fSG�@ÓA3PSR CvA3N�gEs3m6@�m�CvA RTa3@
ù�Phgdgy@�NBR�CyPSAYK�¸�G�P < gd@Hi Is�¹I�ù ¶ � ¸ ¾kNQfSik@�DeG�PSi I�A3mjG�@B��ù�gdCr­*@¬PSD¹Is�¹I�`Y@QNTa
A3PhgyPh� =
fSA3m/ü4Is¼�I ½ � ¸ $ D�G�PSi I4gyCdrTPSA ü4fSikfh�h@�PSD�RTa3@q;�A3Cv��@BG�rTCER = PSD}M>RTG�fSRTa3N�g = m6@�K¸�G�P < gd@Hikr `�ü4ø[¾s��û ¼¼��ù&üs¸�ý�I�`s$>� þ ¸�`¬¾��kfSAqm�`4Msr�ýG$ ¸ ¾,��@BG�@�r$s6z6z3gdCd@Qm <n=
ùpa6GHCyr$RHCyfSA�ø�fSita3fSs3�tPSD¹ø�@BR¬�4PSGHr$��@<t¹@BG�CvRHfhr4ü4@QrT@�fSG�NTa��3�4PSGT�&f = ��fSA3m�ùÙ¾4Is¼×fSA3m
`I;4�i; ��@BG�@�DeGHPSi ü4PSA · P��4gd@HG5PSD!RTaq@�ü�s6RTa3@BGTDFPSGHm�I�z6z3gd@HR�PSA ý®f < PSG�fSRHPSG = K · PSG
ùÙ¾4Is¼ fSAqm `I;4�i;L�¬PSA3g = gyCdr$R�r�PSD5r$s6z�@BGT�hfSG�Cdf < gd@Qr < @�gyPSA3�hCEA3�}R�P�@QfhNTa|@Qgd@Bic@BA>R
�&@HG�@5fQ�hfhCdgdf < gy@úrTP�DoPSG¤RTa3@�rT@cz6GHP < gy@Bikr!RTa3@kAns
i < @HG¤PSD��hfSGHCyf < gd@�r�Cyrt@���sqfhgpR�P�RTa3@
A>s6i < @HG PSD�r;s6z�@HGT��fSG�Cyf < gy@�r�K `9Pâz6G�P��jCdm6@~Des6GlRTa3@BG�RH@Qr$R @B�jfSitz3gd@Qr��4CERTa�f�gyfSG��h@
A>s6i < @HG¹PSD�@�gy@Bik@HA>R�r��h��@�RHPnPS�¤DFPSs
G�z6G�P < gd@HikrYDeGHPSi RTa3@�¾4fSGT�&@Qgdgvwx�&Pn@�CEA3��ù�Phgdgd@QNBR�CdPSAX �Jù�M8¸��âü1¾ ¸ �*��ù�M6MO`
»�¾ ¶ �*��ù�M6MO`
»�¾��O�*fSA3m���ù�M
Mj`
»1¿�$�Y�RTa3fSR�fSG�@�r;s6z6z3gdCy@�m�CEA
fhrTrT@Bi < gd@�m�DFPSGTi fSA3m�s3rT@�m�RTa3@Ø¾4fSGT�&@Qgdg�Mns < G�PSs6R�CEA3@�ý®C < G�fSG =tX ¾�MjýGY�NQP>m6@ï08125sutR�P
�h@BA3@HGHfSR�@�f�rl@HRkPSD1@Qgd@Bic@BA>R¤icfSRlG�CyN�@�r�RTa3fSR0��CED¬fhrlrT@Hi < gy@�m����&PSs3gdm = Cd@Qgdm�RTa3@WrlfSic@
ikfSRTG�CE�*K

��a3@BAÓR�@�r$R�CEA3��RTa3@�@�gy@Bik@HA>R�PSGHm6@HGHCvA3�¼fhgy�hPSG�CERTa6ikr��4RTa3@�@Qgd@Bic@BA>R�rc�&@HGH@{CEA6z6s6R
CEA�G�fSA3m6PSi×PSG�m6@BG0K þ s6G¤Phgdm�NQP>m6@�0219385�fSA3m~RTa3@tA3@B��N�Pnm6@u0812795�fSG�@k��G�CERTR�@BA~CEA
r$R�fSAqm6fSG�m · PSGTRTG�fSAR¹�¹>�6fSA3mkfhgyg6RTaq@�G�@Qr;s3gvRHrYz6G�@�rT@HA>R�@�mtCvAkRTa3Cdr¹rT@QNBR�CdPSAc�&@BG�@4P < R�fhCEA3@�m
s3rTCEA3�!Rla3@[��¸�ù X ��m
CvA < s6G��SaR¸YPSGTRHf < gy@Lù�PSitz3Cdgy@BG�r��ný�R�m+Y · PSGTRTG�fSAR� ¸ NQPSitz3Cdgy@BG��4CvRla
PSz6R�CEikC£}�fSR�CdPSAÓw þ GTs
A6A3CEA3��PSA�fÓ¾�#h¿'¼ ¾s} Mns6Av;4gERTG�f ¾�K ûxA�PSs6G�@H�>z�@HGHCvik@BAnR�r
CEAn��PhgE�jCEA3��RTa3@5r$z�@QNBRTG�fhg�ic@BRTa3P>m��9Rla3@ · Cd@Qm
gy@BG¤��@QNBR�PSGt�&fhr	P < R�fhCvAq@Qm�s3rTCEA3��ùpa3fhN�P
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$>K ¸ÄX ¾4@BA3mjG�CdNT�jrlPSA�fSA3m�ý®@�gdfSA3m���¾���� ¶ YBK	� @�sqrT@Qm�RTa3@tM = itiký � pSü � û�PSz6R�CdPSA fSA3m
RTa3@&CvA
z6s6R�z3fSG�fSik@BR�@BG�r®�&@HG�@JNTa3PhrT@BA	RHP < @pRla3@�rTfSik@�fhr�RTaqPhrT@�s3rT@�m <>= »2s
i	Do@HGTR�fSA3m¸YPSRTaq@HA X ¾�����¹�YBKú�4PSRH@	RTaqfSR!�&@cm6P5A3PSR�CEA3N�gvs3m
@�RHCvikCEA3�hr2DoPSG!RTa3@¤a =n< G�Cym�ik@HRTaqPnm6r
< @QN�fSs3rT@�RTa3@&ùpa3fhN�P2zqfhNT�hfh�h@�CdrY��G�CERTR�@BA¤CvAkù�fSA3m�Rla3@Ù¾�Mjýúm6Pn@�rYA3PSR¹NBs6GTG�@BA>R�g = a3f���@
f · PSGTRTG�fSAúNQP>m6@4DFPSG4N�PSitz6s6R�CEA3�!Rla3@ · Cy@�m6gd@HG&��@QNBR�PSG0K

: Ý�û w
x1y
z|{&ß�ê�ä5}�ä~w
x3��z
ûxA�`Yf < gd@Qr µ Kj$	fSAqm µ KÀ¿O�
�&@�N�PSi	zqfSG�@¬RTaq@¬z�@HGlDFPSGTikfSA3N�@2PSD¹RTaq@!Phgdm�NQP>m6@H0219385t�4CvRla
RTa3fSR�PSD�RTa3@1A3@B� N�P>m6@�02187956K�ü4@Qr$sqgvR�r4fSGH@¤�hCv��@BA�DFPSG < PSRla�RTa3@�m6CEG�@�NHR�fSAqm�CEA3m6CEG�@�NHR
fhgd�hPSG�CvRla6ikr���s3rlCvA3��Rla3@¤��@�Cy�Sa>R�r X ¾ ¸2Wl¶9W ¾;Y�fSA3m X $ W ¾;YB�9GH@Qr$z�@�NHRHCv��@�g = KúûxA�`Yf < gy@ µ K%$>�
RTa3@kikfS�jCEi�s6i×fSA3m�G�P>PSRTwFik@QfSA
wxrT��sqfSG�@	�&fQ��@BDeG�PSA>R�rtfSG�@��hCE��@BA��pfSA3m�CEA,`9f < gy@ µ K�¿O�
R�CEikCvA3�hr5fSG�@�z6G�@�rT@HA>R�@�m�K I4r�@B�>z�@�NBR�@Qm®�&RTa3@�N�Pnm
@Qr��h@BA3@BG�fhgdg =�= Cd@�gymÓPSGHm6@HGHCvA3�hr5PSD

?xä�ÆTÇSÈ ÎÐí>ÆTÄ �5�6�K� �m�5�M�=¹ÎÐÄ;Æ�åTÈ ?FÇ>ä_ÎÐÄ;Æ�åTÈ =¹ÎÐÄ;Æ�åTÈ ?FÇ>ä_ÎÐÄ;Æ�åTÈ
ðED�ÂGF�HMHQô6H QJH N\ò�ëYS L\ó N6SSë ò QJH N\ò�ëYH L\ó NKSSë ò
ðED�ÂGF&ôMN\ñnõ HQó0ñ õ�ôKS_ëYS õ�ò�õ õ\õ�òhëEõ HQó0ô õgH�L�ëYS H�LML õ�ôKQSëYSRkïW>�SQñ6Q�L HQóJN õnQhõ�ëEõ H�ô\ó õgQ�òhëEõ Hhõ�ô õgQ�N�ëYQ HMS�L õ�ò�õQë ô
Â%U�V^XYô\ô0óML Q�ò L\ó�ë ô õ0õ\N Q�ôhë ñ Q�ò L\ó�ë N QQò L\óhë ô
Â%U�V^XYô\ó6H�N õgHTN Q�L�ë ó ñKH LnõQëYH õgHTN Q�L�ë ó ñKH L\ôhë N
î�ïWRkï�VWU9óKH õPNKSJH õgH�ò\ñ�ë ô õgS�óKH õlô\ô0ôhë ô õ\NKSJH õgH�ò\ñ�ë ô õ\N6QMH õlôKH�òhëYS
ïWU9ï¹Â�SQó0ò�õ õ\N0ñ õ�ò\ó�ëYQ õ�ñ\ó õ\õ�ñhëEõ õgSTL õlò\ó�ëYH õgQMS õ0õ\LhëYS
ìYî^=W`^U%?bR ôMN0ò õnQMH_ë N ô6H�N õlô0ñhëEõ ôMN0ò õgQMH_ë N ôKH�N õPNMLhë ô
ì�]KepðEH�ó�õ S�N0ó S�õ\õ�ëYH S�ôMN Shõ0õQëYH S�N0ó Shõ\õ�ëYH L\ñML S�óKSSë ôDWf9ì&õ õ�ó\óJL Lnõlñ�ë ñ ò0ò\ô S�NJNhëEõ õló\óJL L�õlñ�ë ô ò\óMN S�ô\óhëEõ
Â®î�f®ð*ï�ì�H SQô0ò ô6Q�L�ë ô STL\ó ôKH�òhë ó ô\ñ6H HQñKH_ë ò NKQQó ô6SQòhë ñ
Â%`�ï�R N�õnH ô0ô\ô�ë ó NnõgH ô�õ�ôhëEõ N�õnH ô\ô�õ�ëEõ N�õgH ô0ôKHSë ñ
ìGh�Xah L\ô0ò N0óKQ_ëYH òJL\ô NMN0ñhë N L\ô0ó N\óML�ë L òMN\ò NJNMNhë ôX�Â�]Kf%j�î2õló L0ñ NKS_ë ñ ò�õ N6HSë ô Q�ó NML�ëYH QMH N\óhë ñX�Â�]�]hì�F�õgS NKHTN H�òKH_ë ò ô6S�N HQôJNhëEõ ôML6S H�L\ó�ë ó ôKHQñ HJHMQSë NX�Â�]�]hì�F�õlò S�Nnõ ô6HQó�ëEõ S�óML HQñJNhë L S�L6H ôKHhõ�ëYQ SQó\ó ô0óMNhëYHX�Â�]�]hì�F�ôKH ô6HQò0ó õlñnõló�ë ó õ\L0òKH òMN0óhëYQ H�LKH�ò õ\L6SMS_ëYH ñ\ñ\ñ SJQMHSë ó

`Yf < gd@ µ Kj$9í�`�a3@�ikfS�OCvi�s
i�fSA3mtG�P>PSRTwFik@QfSA6wxrl��s3fSGH@���f���@HDeGHPSAnR�r¹DFPSs6Aqm <>= 0819325�fSA3m02187956K
N�PSi	zqfSG�f < gd@4��s3fhgdCER = �jfhgvRTaqPSs3�SaWRTaq@�A3@H� NQP>m6@�z�@BGTDFPSGTik@�m	rlCy�SA3CEu3N�fSAnRHg =¤< @BRTR�@BGpRTaqfSA
RTa3@�Phgdm�NQP>m6@�PSA�Rla3@�gdfhr$R�@B�jfSitz3gd@hK `�aq@{m6Cr­*@BG�@HAqNQ@�r�fSG�@�fSRlRTG�C < s6R�f < gd@�R�P�RTa3@
m6Cr­*@HGH@HA3N�@�r	CEA}RTa3@�CEitz3gd@Hik@BAnR�fSRHCyPSA3r¤PSD�RTaq@�fhgy�hPSGHCvRTa
icr\K · PSG5@B�jfSitz3gd@h�pRTaq@WR �&P
N�Pnm6@�rWa3fSAqm6gy@�r$s6z�@BGT�hfSG�Cdf < gd@QrkCEA�f}rTgyCd�Sa>R�g = m6Cr­*@BG�@HA>R�ikfSA6A3@BG0K 0212745~R�fS��@�r�RTa3@
A>s6i < @HGHr!PSD��hfSGHCyf < gd@�r!CEA�RTa3@kr$s6z�@BGT�hfSG�Cdf < gd@Qr1CEAnR�PúfhNQN�PSs6A>R���a3@BA~N�fhgyNBs3gdfSR�CEA3��RTa3@
�4CdmjRTa1PSD6fJgy@B��@QgEwxrT@BRYr$RlGTs3NBRTs6G�@ < s6R�PSA3g = 0214325�fhgdgyP��4r�DFPSG�RTa3@YA>s6i < @BG�r�PSDn�hfSGHCyf < gd@�r�CEA
RTa3@Jr$s6z�@HGl�hfSG�Cdf < gy@�rY��a3@BAkNQfhgdNBs3gyfSRHCvA3��RTa3@Jm6@Q�SGH@Q@�r¹PSD�RTaq@�r$s6z�@BGT�hfSG�Cdf < gd@QrYCEAkRTa3@�gdCyr;R
PSD6z�PSR�@BAnRHCyfhg�r$R�fSGlRYA3P>m6@Qr\K�`&a3@�Aq@H��N�P>m6@pfhgdrTP4s3rT@�rYf�rTgdCy�Sa>R�g = m6Cö­*@BG�@BAnR9icP>m6CEu3N�fSR�CyPSA
PSD¹RTa3@ ½ C <6< r$wh¸YP>Phgd@HwÅMnRHPnNT�>ik@ = @BG4fhgd�hPSG�CvRla6i �Ja3@HA�NTaqPnPhrTCEA3�kr$R�fSGTR2fSA3m�@HA3m�AqPnm6@�r�K
`�a3Cdr�Cdr�m6CdrTNBs3rTrT@�mWCEA�m6@BR�fhCdg <n= ü4@QCdmWfSAqm�MjN�PSRTR X ¾�������YBK
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?xä�ÆTÇSÈÅÎÐí>ÆTÄ �5�K�6� �5�5�M�=¹ÎÐÄ$Æ�åTÈ ?FÇnähÎÐÄ;Æ�åTÈ =�ÎÐÄ;Æ�åTÈ ?FÇ>ähÎÐÄ$Æ�åTÈ
ðED&ÂGFIHJHQôKH óhë ó\ô ó�ë ó\ô ó�ë ó\ô óhë ó0ô
ðED&ÂGF�ôJN\ñ�õ óhë ó\ô ó�ë ó\ô ó�ë ó\ô óhë ó0ôRkï�>IS�ñKQTL óhë óMN ó�ëEõ\õ ó�ë óKS óhëEõ�ó
Â%UWV!XYô0ô\óJL óhë óKH ó�ë óKH ó�ë óKH óhë ó6H
Â%UWV!XYô0óKHTN óhë óKH ó�ë óKS ó�ë ó\ô óhë óJL
î�ï�Rkï�VWUYó6H óhëYHMQ ó�ëYQMS ó�ëYHhõ óhëYS�ñ
ï�UYï¹Â�S�ó\ònõ óhëYSQó ó�ë L\ó ó�ëYSQó óhë L0ó
ìYî^=�`!Ua?bR óhë ó\ò ó�ëEõlô ó�ë ó\ñ óhëEõ�ô
ì�]Ke�ðEHQónõ óhëEõló ó�ëEõ\L ó�ëEõ\õ óhëEõPLD�fYì&õ óhëEõlô ó�ë ôKH ó�ëEõgH óhë ô6H
Â®î�f�ð*ï�ì�H óhëEõlò ó�ëEõlò ó�ëEõlñ óhëEõ�ò
Â%`&ï�R õQëYQMS õ�ë ôMN ó�ë ñKQ óhëYQ�ñ
ìGhiX%h Nhë N�õ ô�ëYHMH H_ëYQQó õQë L6HX�Â�]Jfaj{î2õ�ó óhëEõlò ó�ëEõ\L ó�ëEõgS óhëEõ�ôX�Â�]m]hì�F¬õgS HSëYQQñ ó�ë N\ô õ�ëEõgQ óhë ô0ôX�Â�]m]hì�F¬õlò HSë LKH õ�ëEõgS õ�ë ó�õ óhëYS�õX�Â�]m]hì�F&ôKH ô6SSë LKS õ\N�ëYHMS õló�ëEõ\L Nhë ò0ò

`Yf < gd@ µ K�¿2í�I�N�PSitz3fSG�CdrTPSA�PSD¹ù�¸W;�R�CEik@Qr�DFPSGÙ0219385tfSA3mA0218795
K X Mns
A);4gERTG�f�YBK

ü4@�Cym�fSA3m¤MjN�PSRTR X ¾�������Y®DoPSs6A3m¬Rla3fSRY��a3CdNTa¤@BA3m�PSD6Rla3@�zqrT@Hsqm6Pnm
CyfSik@BR�@HG�CdrYNTa3PhrT@BA
fhrtRTa3@Wr;R�fSGTRtA3P>m6@�N�fSA aqfQ��@�fSA�@�­*@�NBRWPSA}RTa3@5u6A3fhg�PSG�m
@HG�CEA3�OK,`�aq@ = NQPSA3N�gEs3m6@�m
RTa3fSRúRTa3@BG�@�Cyr��h@BA3@BG�fhgdg = f}rTgyCd�Sa>R�fhmj�hfSA>R�fh�h@�CEA�NTa3P>PhrTCEA3�~RTa3@�z3rT@Bs3m6PSz�@BG�CEz6a3@BG�fhg
A3P>m6@~RTa3fSR��hCE��@Qr�RTa3@~A3fSGlG�PQ�&@Qr;R{�4CdmjRTa�fhr�RTa3@�r$R�fSGlR�AqPnm6@�fSAqm.RTaqCyr�NTa3PhCdNQ@�Cdr
s3rT@�m <>= 0212745
� < s
R�A3PSR <>= 0214325
K�`YP�RTG = fSA3m~fhN�N�PSs6AnR¤DoPSG���a = 0218795�z�@BGTDFPSGlicr
z3fSGTRHCyNBs3gdfSG�g = ��@�gdgjPSAtz6G�P < gd@Bi �Jù�M6Mj`
»1¿�$>�_�&@�RTG�Cd@�m�A3PSR�r$��fSz
z3CvAq�JRla3@�@BA3m6r�PSD*RTa3@
z3rT@Bs3m6P>m6CdfSik@HR�@BG0KpûxA�RTa3Cdr4NQfhrl@h�6RTa3@¬ikfS�OCvi�s6i fSA3m�G�PnPSRlwFic@�fSA6wxrT��s3fSG�@��&fQ��@BDeG�PSA>R�r
DFPSG&RTa3@�m6CEG�@QNBR�fhgd�hPSG�CERTa6i CEA3NBG�@Qfhrl@QmkR�P�¿h¿�$ ¶ fSA3m�¾���$;#OK��O�OG�@�r$z�@�NHR�CE��@�g = �nfSA3mcDoPSG�RTa3@
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N�PSi	ik@BA3N�CvA3���2CvRTa�NQP>m6@�RTa3fSRYz�@BGTDFPSGTikr®f�rTCEitz3gd@prT@�fSG�NTa��hfSA3m¤r$�4CER�NTa3@�r®R�P4N�P>m6@pRTaqfSR
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fSA3m�MONQPSRTR X ¾�������YB� X ¶9W ¾ ¸ YpDoPSG4RTa3@4a =>< G�CdmWik@BRTa3P>m�K þ s6G4u6A3m
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î�ï�Rkï�VWUYó6H HSë ô óhëEõ SSë ó õ\L�ëYQ
ï�UYï¹Â�S�ó\ònõ óhë N óhë ó óhëEõ óhëEõ
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@HG&RTa3@4s3rT@BG0�Àr�N�PSAnRTGHPhgFK

: Ý � ü�ç é&â_ý�{_ß�ê�ä5}�äÿÞ%$�àãê9å&�
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CvG�@�NBR�a =>< G�Cdmcfhgd�hPSG�CERTa6i
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µnÂg´P· ¼ Ân¹J¸ µ »n´M¸ Á »nµJ¸ ´ ¶PºJ¸Y¼ ºnµJ¸ µ ½KÎs¿�Æ ½KÎ�¿Y½ÏaÈ%ÇkÈ%ÌGË+Ân´ ¼�·�Án´J¸ µ ¼Zµnµg»J¸ ´ ¼�·�ÂnµJ¸Y¼ ÃMÐMÑ6Î�¿YÅ ¼Zµn´n¹J¸ · ¼ µn´J¼n¸ Á ¼Z»J¼Z»J¸ ºÈaË+È%²
»nÂn¹M¼ ¼A·T´J¸ ´ ¼Z´nÁM¸ · Ã�Ä6Ñ�¿dÐ Ã�Ä6Ñ�¿dÐ ¼n¼ZºJ¸ » Ã�ÄKÑs¿�Ð Ã�ÄKÑ�¿Y½ÒEÏ%®'©%Ë��&Ç ¼ ¹J¼n¸ Á ¼ZºnµM¸ µ ¼ »nºJ¸ Â ¼\¶P´J¸ · Ã�½KÀ�¿YÅ Ã�½KÑs¿ÓÃ Ã�½K½�¿YÑÒa¥gÔ'±s´nÂJ¼ ¹gºJ¼n¸ º »nµnÂM¸ Â »M¼ZµJ¸ º ¾5Ã6ÃK¿dÐ ¾MÄ5¾5¿YÅ ¾5ÃKÃ6¿�¾ ¾MÄ5Ð5¿dÆ¡GÕ+Ò'¼ ´nÂgºT¶T¸ ¶ »T¶PµM¸Ê¶ ºgÂP·6¸ Á ºM¼ZÁJ¸ µ ¾MÅKÄ�¿­Ã »gµnºJ¸ · »n»T¶T¸ Â²
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× ¼Z´gÁn¹J¸ º ·J¶PÂM¸�¼ ·�ºnÂJ¸ Á ·�ÂnºJ¸ º ·n·J¶T¸ ´ ·�ÂnµJ¸ º ÅKÎKÅ�¿dÐÍE²E¥�Õ�ØÙÏ�¼ZÂ ¼�·�»n¹J¸ » ·n·K¸ · µnÁJ¸ ¶ ·TºJ¸ ´ ·TÂJ¸ Á µP·6¸ µ Å5Ð5¿Y½ÍE²E¥M¥TÒ«³^¼Z» ´g¹n´J¸ ´ ´J¼�·K¸ » ¼ ÁnÂJ¸ ¹ ´gºnÂJ¸ Â ´n´T¶T¸ · ¼ ¹n¹J¸ ¹ ÃMÆK¾5¿d¾ÍE²E¥M¥TÒ«³^¼Z¹ »\·J¶T¸ Á ´nµnÁM¸ » ´gµnÁJ¸ » µg´J¼n¸ ¶ µnÂP·6¸ µ ´gÂnÁJ¸ » ÐMÄKÄ�¿YÀÍE²E¥M¥TÒ«³�µn´ ´P·M¶P´J¸ ¹ ¶P´nÂM¸�¼ ¶\ÂP·6¸ µ ¼Zºg»n»J¸ ´ »T¶P´J¸ Â ¶\»nºJ¸ · ¾MÅ5Æ5¿YÎ
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¨n���Mâ�äÍ+�Aáè¨n�b� È
áè�b��� Í+�Aáè¨n�b� È
áè�b��� Í3��áè¨g�b� È
áè�b��� Í3��áè¨g�b� È«áè�b���±C¡�²
³�´g´nµn´ ¼n¸Y¼ ÂJ¸ µn´ ÂM¸ Âgµ ÂM¸ Âg´ »J¸Y¼ ÂJ¸ ¶ ´J¼Z¹ ¼Z´nÂ±C¡�²
³�µ\·TÁJ¼ ·6¸ Â ÂJ¸ ÁnÁ ÂM¸�¼g¼ ÂM¸ Âgº »J¼n¸ µ ¶T¸ ´ ¼n¼Z´nµ ·n·T¹ÇkÈ%Éa»nÁ�¶Pº µnµJ¸ Á µnµJ¸Y¼ ÂM¸ ¹g» ÂM¸ ¹g´ ·T¹n´J¸Y¼ ·M¶T¼n¸ ´ ÁJ¼Zµnµ ¹nÁn¹n´²
Ë
ÌGÍ
µnµgÂnº ÂJ¸ ºP· ÂJ¸ ·T» ÂM¸ Âgµ ÂM¸ Âgµ µJ¸Y¼ ¼n¸ ¶ ´nµn´ ´J¼ZÁ²
Ë
ÌGÍ
µnÂg´P· ÂJ¸ »J¼ ÂJ¸ ·Tº ÂM¸ Â\· ÂM¸ Â\· ´J¸ º ´J¸ · ´P·TÁ ´nµnµÏaÈ%ÇkÈ%ÌGË+Ân´ ´gµn´J¸ º ¼P¶P»M¸ · ´J¸ ´ ¼n¸ ¹ µn¹J¼n¼n¸ Á ´n¹g»n´J¸ µ ´g»n»P·J¶ ´M¼Z¹P·J¶ÈaË+È%²
»nÂn¹M¼ ¼n¸ » ¼n¸Y¼ ÂM¸ ÂgÁ ÂM¸ Â�¶ ¼Z´J¸ · ¶T¸ » ¶P¹nº »n¹n»ÒEÏ%®'©%Ë��&Ç »J¸ ¶ ·6¸ º ÂM¸ µ\· ÂM¸ µg´ »J¼n¸ ¹ µgºJ¸ º ´n¹T¶P´ ´nµn¹nÁÒa¥gÔ'±s´nÂJ¼ Án¹J¸Y¼ µn¹J¸ µ ¼n¸ » ¼n¸ Â ¼Z»n´n¹J¸ · »gµn»J¸ » ¼\¶P´nµnº ¼ Ânºn»P·¡GÕ+Ò'¼ »P·6¸ » µJ¼n¸ º ÂJ¸ Á ÂJ¸ ¶ ¹n»T¶T¸Y¼ ·�µT¶T¸ · ¼ ÂnÂnµJ¼ ¶P»nÁnº²
Ï%Õ+±ÖÈ�ÒE´ ¼ ´nºJ¸ » ¼n¼n¸ µ ¼n¸ ¶ ÂM¸ ·�Á ¼ZÁJ¼Z¹J¸ Á ¼g¼Z´J¸ º ¼\¶PÁn¹n» ·T»n¹nµ²
©%ÈaÇ »nµJ¸ Á ¼ZµJ¸Y¼ ÂM¸ Ág» ÂM¸ ·�º ¶PºnºJ¸ ´ ¼ »J¼n¸ ¶ Ánºn¹nÁ ·n·J¶P´ÒE×%Í
× ¼ ´J¼n¸ Á µn»J¸ º ¼n¸ ¶ ¼n¸Y¼ ¼Z¹n»n¹J¸ Á ·g·TÂJ¸ Â ¼\¶P´T¶n¶ ¼ ÂT¶Z·T´
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A Appendix: MC63 specification document

1 SUMMARY

This subroutine uses a variant of Sloan’s algorithm to generate an element assembly ordering that is
efficient when subsequently used with a frontal solver (for example, the packages MA42 and MA62). The number
of floating-point operations and the storage required by a frontal solver for an unassembled finite-element
matrix are dependent upon the order in which the elements are assembled; the variation in the performance of
different element orderings can be significant. The assembly ordering obtained by MC63 is designed to reduce
the maximum and root-mean-square (r.m.s.) wavefronts and the profile, which in turn reduce storage
requirements and computation times for the frontal solver. Only the pattern of the finite elements is used.

Let n denote the number of variables (degrees of freedom) in the finite-element mesh. If f denotes thei

number of variables in the front before the ith elimination, the maximum wavefront is defined as

max {f },i
1≤i≤n

the profile is defined as

n

f ,∑ i
i=1

and the root-mean-square wavefront is defined as

n1 2f .∑ in i=1

The user can choose between using a direct and an indirect element ordering algorithm. The indirect element
ordering algorithm first orders the variables and then orders the elements. An option exists for working with
supervariables in place of variables (a supervariable is a collection of one or more variables that belong to the
same set of finite elements). If the problem has significantly fewer supervariables than variables, using
supervariables will reduce the execution time of the ordering algorithm and will, in general, produce an ordering
of comparable quality. Moreover, if the number of elements is less than the number of supervariables, it is
generally quicker to order the elements using the direct ordering algorithm. However, for a given problem it is
difficult to predict whether an indirect or a direct element ordering will produce the smaller wavefront.

ATTRIBUTES — Remark: Supersedes MC43. Versions: MC63A, MC63AD. Calls: MC60. Date: March 1998.
Origin: J. A. Scott, Rutherford Appleton Laboratory. Conditions on external use: (i), (ii), (iii) and (iv).

2 HOW TO USE THE PACKAGE

2.1 Argument lists and calling sequence

There are three entries:

(a) MC63I/ID sets default values for control parameters. It should normally be called once prior to calling
MC63A/AD.

(b) MC63A/AD reorders the elements.

(c) MC63B/BD computes, for a given element assembly order, the maximum front size, the profile, and the
root-mean-square wavefront.

Only MC63A/AD provides extensive checks on the data. MC63B/BD optionally checks for duplicate and
out-of-range entries. MC63B/BD is called by MC63A/AD but may also be used in combination with another
algorithm for choosing an element assembly order.
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2.1.1 To set default values for the control parameters

The single precision version

CALL MC63I(ICNTL)

The double precision version

CALL MC63ID(ICNTL)

ICNTL is an INTEGER array of length 10 that need not be set on entry. This array is used to hold control
parameters. On return, ICNTL contains default values. If the user wishes to use values other than the
defaults, the corresponding entries in ICNTL should be reset after the call to MC63I/ID. The control
parameters are:

ICNTL(1) is the stream number for error messages and has the default value 6. Printing of error messages is
suppressed if ICNTL(1) ≤ 0.

ICNTL(2) is the stream number for warning messages and has the default value 6. Printing of warning
messages is suppressed if ICNTL(2) ≤ 0.

ICNTL(3) controls whether or not supervariables are used. If ICNTL(3) = 0, supervariables are used and if
ICNTL(3) = 1, variables are used. The default value is 0.

ICNTL(4) controls whether the user wishes to supply a global priority vector. If ICNTL(4) = 0, no priority
vector is supplied and one is generated automatically using rooted level-set structures. If
ICNTL(4) = 1, the user must supply a priority vector either in ORDER (DIRECT = .TRUE.) or in
PERM (DIRECT = .FALSE.). The default value is 0.

ICNTL(5) controls the action taken if duplicate and/or out-of-range indices are detected in the element
variable lists. If ICNTL(5)=0 and such indices are detected, they are removed, a warning is
issued and the computation continues; if ICNTL(5)=1, the computation terminates. The default
value is 0.

ICNTL(6) controls whether the user wishes to supply the weights for the priority function. If ICNTL(6)=0,
no weights are supplied and the weights used then depend on the algorithm chosen by the user
(see Section 4). If ICNTL(6) = 1, the user must supply weights in WT. The default value is 0.

ICNTL(7) to ICNTL(10) are currently not used but are given the default value 0.

2.1.2 To reorder the elements

The single precision version

CALL MC63A(DIRECT,N,NELT,NE,ELTVAR,ELTPTR,ORDER,PERM,NSUP,VARS,SVAR,
+ WT,LIW,IW,LW,W,ICNTL,INFO,RINFO)

The double precision version

CALL MC63AD(DIRECT,N,NELT,NE,ELTVAR,ELTPTR,ORDER,PERM,NSUP,VARS,SVAR,
+ WT,LIW,IW,LW,W,ICNTL,INFO,RINFO)

DIRECT is a LOGICAL variable that must be set by the user. DIRECT controls which reordering algorithm is
implemented. If DIRECT = .TRUE., an direct element reordering algorithm is implemented; if DIRECT =
.FALSE., an indirect element reordering algorithm is implemented.

N is an INTEGER variable that must be set by the user to the largest integer used to index a variable in the
finite-element problem. Note that the variables need not be numbered contiguously and, in this case, N
will be larger than n, the number of degrees of freedom. This argument is not altered by the routine.
Restriction: N ≥ 1.

NELT is an INTEGER variable that must be set by the user to the total number of finite elements in the problem.
This argument is not altered by the routine. Restriction: NELT ≥ 1.

NE is an INTEGER variable that must be set by the user to be at least as large as the total number of entries in
the element variable lists. This argument is not altered by the routine. Restriction: NE ≥ 1.

ELTVAR is an INTEGER array of length NE. On entry, ELTVAR must contain lists of the variable indices
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belonging to each of the finite elements, with those for element 1 preceding those for element 2, and so
on. If duplicate or variable indices outside the range [1, N] are detected, they are removed and the
computation continues (ICNTL(5) = 0, the default) or the computation terminates with ELTVAR
unchanged (ICNTL(5) = 1). On successful return, ELTVAR holds lists of supervariables (ICNTL(3) = 0) or
variables (ICNTL(3) = 1) belonging to the elements.

ELTPTR is an INTEGER array of length NELT+1. On entry, ELTPTR(IELT) must contain the position in ELTVAR
of the first variable in element IELT (IELT =1, 2,..., NELT), and ELTPTR(NELT+1) must be set to the
position after the last variable in the last element. On return, ELTPTR holds corresponding data for the
revised ELTVAR.

ORDER is an INTEGER array of length NELT. It need be set on entry only if DIRECT = .TRUE. and ICNTL(4) =
1. In this case, ORDER must hold positive global priority values for the elements (see Section 4, equation
(2)). ORDER may be a permutation, in which case the element for which ORDER(IELT) = 1 is likely to be
chosen first in the new assembly order and the element for which ORDER(IELT) = NELT is likely to be
chosen last. On exit, the order in which the elements should be assembled is given by ORDER(1),
ORDER(2),..., ORDER(NELT).

PERM is an INTEGER array that is only accessed if DIRECT = .FALSE. and ICNTL(4) = 1. In this case, PERM
must be of length N and, if variable I is used to index a variable, PERM(I) must be set by the user to hold
the positive global priority value for the variable I (see Section 4, equation (1)). PERM may be a
permutation, in which case the variable for which PERM(I) = 1 is the variable with lowest priority and the
variable for which PERM(I) = N is the variable with highest priority. This argument is not altered by the
routine.

NSUP is an INTEGER variable that need not be set on entry. On successful return, if ICNTL(3) = 0 (the default),
NSUP holds the number of supervariables. If ICNTL(3) = 1, on exit NSUP = N.

VARS is an INTEGER array of length N that need not be set on entry. On successful return, VARS(IS) holds the
number of variables in supervariable IS, IS=1, 2,..., NSUP. If supervariables are not used, VARS(I) is set
to 1 if I is used to index a variable and to 0 otherwise, I = 1, 2,..., N.

SVAR is an INTEGER array of length N that need not be set on entry. On successful return, SVAR(I) holds the
supervariable to which variable I belongs, I = 1, 2,..., N. If variable I does not appear in the element lists,
SVAR(I) = 0.

WT is a REAL (DOUBLE PRECISION in the D version) array of length 3. If ICNTL(6) = 1, WT must be set by the
user to hold the weights that are used in the priority function that is minimized when the element
assembly order is computed (see Section 4). Default values are used if ICNTL(6) = 0. WT(3) is not used if
DIRECT = .FALSE. On return, WT holds the weights used in the priority function.

LIW is an INTEGER variable which defines the length of the work array IW. The workspace required depends
upon whether the direct or the indirect element reordering algorithm is used, and upon whether
supervariables are used (that is, the workspace depends upon the parameters DIRECT and ICNTL(3)).
Lower bounds on the workspace needed are given by

LIW ≥ max(NE+3*NELT+NSUP+2, 2*N) if DIRECT = .TRUE. and ICNTL(3) = 0.

LIW ≥ 2*(NELT+N+1)+max(NE, 4*NELT) if DIRECT = .TRUE. and ICNTL(3) = 1.

LIW ≥ max(NE + NELT + 3*NSUP + 2, 2*N) if DIRECT = .FALSE. and ICNTL(3) = 0.

LIW ≥ 3*N+2+NELT+max(NE, 3*N) if DIRECT = .FALSE. and ICNTL(3) = 1.

Upper bounds on the workspace required are given by

LIW ≤ max(NE, 4*NELT)+2*max(NELT,N)+3+NELT* (maxel+1) if DIRECT = .TRUE., where
maxel is the maximum number of elements to which any one variable belongs.

LIW ≤ max(NE, 3*N)+3*N+2+NELT*nodes*nodes if DIRECT = .FALSE., where nodes is the
maximum number of variables in an element.

If LIW is too small, a value which will suffice is returned in INFO(5). This argument is not altered by the
routine.
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IW is an INTEGER array of length LIW. This array is used by the subroutine as workspace.

LW is an INTEGER variable which defines the length of the work array W. If DIRECT = .TRUE., LW must be at
least NELT, and if DIRECT = .FALSE., LW must be at least NSUP. If LW is too small, a value which will
suffice is returned in INFO(6). This argument is not altered by the routine.

W is a REAL (DOUBLE PRECISION in the D version) array of length LW. This array is used by the subroutine
as workspace.

ICNTL is an INTEGER array of length 10 that must be set by the user to hold control parameters. Default values
are set by a call to MC63I/ID. This argument is not altered by the routine.

INFO is an INTEGER array of dimension 15 that need not be set on entry.

INFO(1) is used as an error flag. On a successful exit, it is set to:

0 – Fully successful.

+1 – A warning has been issued. Further details are given in INFO(2), INFO(3), and
RINFO.

If a fatal error has been detected, INFO(1) is set to a negative value:

–1 – N ≤ 0 or NELT ≤ 0 or NE < ELTPTR(NELT+1)-1. Immediate return with input parameters
unchanged.

–2 – Failure due to insufficient space allocated to the array W. INFO(6) is set to a value that
will suffice for LW.

–3 – ICNTL(5)=1 and duplicate or out-of-range indices detected in ELTVAR. The number of
such indices is given by INFO(2) and INFO(3). The array ELTVAR is changed so that
such indices are removed.

–4 – Failure due to insufficient space allocated to the array IW. INFO(5) is set to a value that
will suffice for LIW.

INFO(2) holds the number of variable indices that were removed because they were duplicates.

INFO(3) holds the number of variable indices that were removed because they were out-of-range.

INFO(4) holds the number n of variables in the problem.

INFO(5) holds the amount of integer workspace used by the subroutine. If the user has provided
insufficient integer workspace (INFO(1) = -4), INFO(5) is set to a value which will suffice for
LIW (this value may be larger than the minimum workspace required).

INFO(6) holds the amount of real workspace used by the subroutine. If the user has provided insufficient
real workspace (INFO(1) = -2), INFO(6) is set a value which will suffice for LW.

INFO(7) indicates whether the arrays ELTVAR and ELTPTR have been altered. If INFO(7) = 0, ELTVAR and
ELTPTR are unchanged, otherwise they have been altered.

INFO(8) to INFO(15) are not currently used.

RINFO is a REAL (DOUBLE PRECISION in the D version) array of dimension 6 that need not be set on entry. On
successful exit, RINFO contains the following information.

RINFO(1) holds the maximum wavefront for the initial element order 1, 2,..., NELT.

RINFO(2) holds the r.m.s. wavefront for the initial element order 1, 2,..., NELT.

RINFO(3) holds the profile for the initial element order 1, 2,..., NELT.

RINFO(4) holds the maximum wavefront for the permuted element order ORDER(1), ORDER(2),...,
ORDER(NELT).

RINFO(5) holds the r.m.s. wavefront for the permuted element order ORDER(1), ORDER(2),...,
ORDER(NELT).

RINFO(6) holds the profile for the permuted element order ORDER(1), ORDER(2),..., ORDER(NELT).
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2.1.3 To compute statistics for a given element assembly order

The single precision version

CALL MC63B(JCNTL,N,NSUP,NELT,NE,ELTVAR,ELTPTR,VARS,ORDER,IW,INFO,RINFO)

The double precision version

CALL MC63BD(JCNTL,N,NSUP,NELT,NE,ELTVAR,ELTPTR,VARS,ORDER,IW,INFO,RINFO)

JCNTL is an INTEGER variable that controls whether the lists of variable indices are checked for errors.

0 – No checks made.

+1 – Any duplicate or out-of-range indices are removed and the computation continues.

–1 – The computation terminates if any duplicate or out-of-range indices are found.

If JCNTL = +1 or -1, INFO(2) and INFO(3) provide information on the number of duplicate and
out-of-range indices. This argument is not altered by the routine.

N is an INTEGER variable that must be set by the user to the largest integer used to index a variable in the
finite-element problem. This argument is not altered by the routine.

NSUP is an INTEGER variable. If MC63A/AD has been called, it should be unchanged since the call to MC63A/AD.
Otherwise, NSUP should be set to N, the largest integer used to index a variable in the finite-element
problem. This argument is not altered by the routine.

NELT is an INTEGER variable that must be set by the user to the total number of finite elements in the problem.
This argument is not altered by the routine.

NE is an INTEGER variable that must be set by the user to be at least as large as the total number of entries in
the element variable lists. This argument is not altered by the routine.

ELTVAR is an INTEGER array of length NE. It may be as returned by MC63A/AD. Alternatively, it may be set by
the user so that ELTVAR contains lists of the variable indices belonging to each of the finite elements, with
those for element 1 preceding those for element 2, and so on. This argument is unchanged on exit unless
JCNTL = 1 and duplicate and/or out-of-range indices are detected.

ELTPTR is an INTEGER array of length NELT+1. It may be as returned by MC63A/AD. Alternatively, it may be
set by the user so that ELTPTR(I) contains the position in ELTVAR of the first variable in element I (I=1,
2,..., NELT), and ELTPTR(NELT+1) must be set to the position after the last variable in the last element.
On exit, ELTPTR holds corresponding data for the revised ELTVAR.

VARS is an INTEGER array of length NSUP. If MC63A/AD was called, it should be unchanged since the call to
MC63A/AD and it is not altered by the subroutine. Otherwise, (the case NSUP = N) VARS need not be set by
the user.

ORDER is an INTEGER array of length NELT which must be set by the user so that the order in which the
elements are assembled is given by ORDER(1), ORDER(2),..., ORDER(NELT). This argument is not altered
by the routine.

IW is an INTEGER array of length NSUP. This array is used by the subroutine as workspace.

INFO is a REAL (DOUBLE PRECISION in the D version) array of length 4.

INFO(1) is used as an error flag. On exit, it is set to:

0 – No duplicate or out-of-range indices detected.

+1 – JCNTL = 1 and some duplicate or out-of-range indices have been removed.

–1 – JCNTL = -1 and duplicate or out-of-range indices detected.

Further details are given in INFO(2) and INFO(3).

INFO(2) holds the number of duplicate indices (only set if JCNTL = 1).

INFO(3) holds the number of out-of-range indices (only set if JCNTL = 1).

INFO(4) holds the number n of variables in the problem.
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RINFO is a REAL (DOUBLE PRECISION in the D version) array of length 3. On exit, RINFO contains the
following information.

RINFO(1) holds the maximum wavefront for the given element order.

RINFO(2) holds the r.m.s. wavefront for the given element order.

RINFO(3) holds the profile for the given element order.

3 GENERAL INFORMATION

Use of common: None.

Other routines called directly: Subroutines internal to the package are MC63C/CD, MC63D/DD, MC63E/ED,
MC63F/FD, MC63G/GD. In addition, MC60C/CD, MC60H/HD, MC60L/LD, MC60O/OD are called.

Input/output: Error messages on unit ICNTL(1) (ICNTL(1) ≤ 0 suppresses them) and warnings on unit
ICNTL(2) (ICNTL(2) ≤ 0 suppresses them).

Restrictions:

N ≥ 1, NELT ≥ 1, NE ≥ 1.

4 METHOD

MC63A/AD accepts lists of variables belonging to the elements and, after performing initial checks on the
user’s data, calls MC63B/BD to compute statistics for the natural element order 1,2,..,nelt. MC63B/BD also checks
the element variable lists for out-of-range and duplicate indices. Any such entries are removed and the
computation either continues after issuing a warning message or terminates if this has been requested.

If supervariables are wanted (ICNTL(3) = 0), they are constructed using subroutine MC60O/OD from the
Harwell Subroutine Library profile reduction package MC60. Otherwise, each variable is treated as a
supervariable. The element variable lists are overwritten by element supervariable lists. A map of variable to
supervariable indices allows the user to later restore the element variable lists, if desired.

For each supervariable, the number of elements involving it is counted. Lists of the elements associated with
the supervariables are then constructed. If the user has selected the direct element reordering algorithm
(DIRECT = .TRUE), the element connectivity graph is constructed from the supervariable lists, otherwise the
supervariable connectivity graph is constructed from the element lists.

Both the direct and indirect algorithms are based upon the modifications of Sloan’s algorithm (Sloan 1986)
first introduced by Duff, Reid, and Scott (1989).

In the indirect element reordering algorithm (DIRECT = .FALSE), MC60C/CD is used to reorder the
supervariables. The priority function that is minimized when choosing the next supervariable in the order is

WT(1) deg(s) + WT(2) ν glob(s) (1)

where deg(s) is the number of variables that will enter the front if supervariable s is chosen next, ν is a
normalizing factor, and glob(s) is the (positive) global priority value of supervariable s (generated automatically
or provided in PERM). On the basis of our numerical experiments, the default values for the weights WT(1),
WT(2) are (2,1) if the global priority vector is based on a rooted level-set structure (ICNTL(4) = 0) and (1,2) for
a global priority vector based on the spectral method. Full details are given in Reid and Scott (1998). Once the
supervariables have been reordered, the elements are resequenced in ascending order of their earliest
supervariable in the new supervariable order. The new supervariable indices are not preserved.

In the direct element ordering algorithm, the element connectivity graph is relabeled using the priority
function

WT(1) ngain(ielt) + WT(2) ν glob(ielt) + WT(3) nadj(ielt) (2)

where ngain(ielt) is the number of variables element ielt will introduce into the front less the number that can
then be eliminated, nadj(ielt) is the number of elements adjacent to element ielt that have not yet been relabeled,
ν is a normalizing factor, and glob(ielt) is the (positive) global priority value of element ielt (generated
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automatically or provided in ORDER). At each stage, from a list of eligible elements, the element that minimizes
the priority function is chosen to be next in the element assembly order. The default values for the weights are
(10,5,1) if the global priority vector is based on a rooted level-set structure (ICNTL(4) = 0) and (1,2,0) for a
global priority vector based on the spectral method. For full details the user is referred to Scott (1998).

A final call to MC63B/BD (without error checking) computes statistics for the new element order.
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5 EXAMPLE OF USE

The following program provides an example of the use of MC63. We wish to reorder the elements in the
following simple finite-element mesh comprising six 4-noded quadrilateral elements. The elements are initially
numbered arbitrarily. Note that the variables are not numbered contiguously and at some nodes there is more
than one freedom.

1 2 3

6 1

4 5 6

2 5

7 8 9

3 4

10,12 13,14 15,17

C Example to illustrate the use of MC63A.
C Both the direct and the indirect element reordering algorithms
C are employed.

C .. Parameters ..
INTEGER MELT,MXN,MZ,LIW
PARAMETER (MELT=6,MXN=20,MZ=30,LIW=200)

C ..
C .. Local Scalars ..

INTEGER I,IDUM,LW,N,NE,NELT,NSUP
LOGICAL DIRECT

C ..
C .. Local Arrays ..

REAL WT(3),RINFO(6),W(MXN)
INTEGER CPTR(MELT+1),CVAR(MZ),ELTPTR(MELT+1),ELTVAR(MZ),
+ ICNTL(10),INFO(15),IW(LIW),
+ ORDER(MELT),PERM(1),SVAR(MXN),VARS(MXN)

C ..
C .. External Subroutines ..

EXTERNAL MC63A,MC63I
C ..
C Read in the finite-element data

READ (5,*) N,NELT
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READ (5,*) (ELTPTR(I),I=1,NELT+1)
NE = ELTPTR(NELT+1) - 1
READ (5,*) (ELTVAR(I),I=1,NE)
LW = MXN

C Take a copy of ELTVAR, ELTPTR as altered by MC63A/AD
C and we want to run direct and indirect algorithms

DO 5 I = 1,NELT+1
CPTR(I) = ELTPTR(I)

5 CONTINUE
DO 10 I = 1,NE

CVAR(I) = ELTVAR(I)
10 CONTINUE

CALL MC63I(ICNTL)

DO 20 IDUM = 1,2

IF (IDUM.EQ.1) THEN
DIRECT = .TRUE.
WRITE (6,'(/3X,A)') '*** Direct element reordering ***'

ELSE
DIRECT = .FALSE.
WRITE (6,'(/3X,A)') '*** Indirect element reordering ***'

C Reset ELTVAR, ELTPTR
DO 15 I = 1,NELT+1

ELTPTR(I) = CPTR(I)
15 CONTINUE

DO 16 I = 1,NE
ELTVAR(I) = CVAR(I)

16 CONTINUE
END IF

CALL MC63A(DIRECT,N,NELT,NE,ELTVAR,ELTPTR,ORDER,PERM,NSUP,
+ VARS,SVAR,WT,LIW,IW,LW,W,ICNTL,INFO,RINFO)

C Check for errors
IF (INFO(1).LT.0) GO TO 30

WRITE (6,'(A,I12,I12/A,1P,D12.4,1P,D12.4/
+ A,1P,D12.4,1P,D12.4)')
+ ' Original/new max. wavefront = ',
+ INT(RINFO(1)),INT(RINFO(4)),
+ ' Original/new r.m.s. wavefront = ',
+ RINFO(2),RINFO(5),
+ ' Original/new profile = ',
+ RINFO(3),RINFO(6)

WRITE (6,'(A,I12/A,I12,I12)')
+ ' Workspace used = ',
+ INFO(5),
+ ' Number of variables/supervariables = ',
+ INFO(4),NSUP

WRITE (6,'(/3X,A/6I5)') 'The new element order is :',
+ (ORDER(I),I=1,NELT)

20 CONTINUE
GO TO 40

30 WRITE (6,*) ' Unexpected error return'

40 STOP
END
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The input data used for this problem is:

17 6
1 5 9 15 21 25 29
2 5 3 6 4 5 7 8 7 8 10 12 4 13
8 13 9 14 17 15 5 8 9 6 1 2 5 4

This produces the following output:

*** Direct element reordering ***
Original/new max. wavefront = 10 7
Original/new r.m.s. wavefront = 6.3823D+00 4.6476D+00
Original/new profile = 8.7000D+01 6.6000D+01
Workspace used = 86
Number of variables/supervariables = 15 13

The new element order is :
1 6 5 2 3 4

*** Indirect element reordering ***
Original/new max. wavefront = 10 7
Original/new r.m.s. wavefront = 6.3823D+00 4.6476D+00
Original/new profile = 8.7000D+01 6.6000D+01
Workspace used = 142
Number of variables/supervariables = 15 13

The new element order is :
1 6 5 2 3 4


