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1 Introduction

We analyse an algorithm for solving optimization problems where a smooth objective
function is to be minimized subject to smooth nonlinear constraints. No convexity

assumption is made. More formally, we consider the problem

minimize f(z)
subject to cg(z) =0 (1.1)
cz(z) > 0,

where f is a twice continuously differentiable real valued function of the variables
z € IR" and c¢(z) and cz(z) are twice continuously differentiable functions from IR"
into IR™ and from IR" into IR?, respectively. Let c(z)” = (ce(z)” cz(x)?).

The class of algorithms that we discuss belongs to the class of trust-region methods
and, more specifically, to that of filter methods suggested by Fletcher and Leyffer
(2002), in which the use of a penalty function, a common feature of the large majority
of the algorithms for constrained optimization, is replaced by the introduction of a
so-called “filter”.

A global convergence theory for an algorithm of this class is proposed in Fletcher,
Leyffer and Toint (1998), in which the objective function is locally approximated by a
linear function, leading, at each iteration, to the (exact) solution of a linear program.
This algorithm therefore mixes the use of the filter with sequential linear programming
(SLP). Similar results are shown in Fletcher, Leyffer and Toint (2002b), where the
approximation of the objective function is quadratic, leading to sequential quadratic
programming (SQP) methods, but at the expense of finding a global minimizer of
the possibly nonconvex quadratic programming subproblem, which is known to be a
very difficult task. Convergence of SQP filter methods is also considered in Fletcher
et al. (2002a), where the SQP step is decomposed in “normal” and “tangential”
components.

The main purpose of this paper, a companion of Fletcher et al. (2002a), is to
analyse an algorithm where the use of the filter acceptance criterion for new iterates
is relaxed to allow dominated iterates to be accepted in some cases. This is poten-
tially important as it is known that SQP method can generate such iterates in their
asymptotic fast convergence phase. The theory developed here therefore provides a
possible convergence framework for a filter method with quadratic convergence prop-
erties without the need to introduce second-order corrections (as done in Wéchter
and Biegler, 2001, for instance). An additional feature of the theory presented is
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that it no longer needs the notion of a “margin” around the filter, a device which is

common to all theoretical approaches of the filter method so far.

2 A Non-monotone Filter Algorithm

The algorithm that we are about to describe is iterative and of the Sequential
Quadratic Programming (SQP) type. At a given iterate x;, Newton’s method is
implicitly applied to solve (a local version of) the first-order necessary optimality

conditions by solving the quadratic programming subproblem QP(xzy) given by

minimize  fy + (gx, s) + (s, Hgs)
subject to cg(zg) + As(zr)s =0 (2.1)
cz(wg) + Az(wg)s > 0,

where fr = f(zx), g = g(xk) o V. f(xy), where Ag(zy) and Az(xy) are the Jacobians

of the constraint functions c¢ and ¢z at x and where Hj is a symmetric matrix. We
will not immediately be concerned about how Hj is obtained, but we will return to
this point in Section 3. Assuming a suitable value of Hj can be found, the solution
of QP(xy) then yields a step si. If s, = 0, then zy is first-order critical for problem

(1.1).

2.1 The composite SQP step

Of course, the step s must be computed, typically by solving, possibly approximately,
a variant of (2.1). In the trust-region approach, one takes into account the fact that
(2.1) only approximates our original problem locally: the step s is thus restricted
in norm to ensure that z, + s, remains in a trust-region centred at xj, where we
believe this approximation to be adequate. In other words, we replace QP (zy) by the
subproblem TRQP (z, Ax) given by

minimize  my(zk + 5)

subject to cg(zg) + Ae(zg)s =0,
cz(zy) + Az(zg)s > 0,

and [[sl] < A,

(2.2)

for some (positive) value of the trust-region radius Ay, where we have defined

mk(ﬂfk + 5) - fk + <gka S> + %<Sa Hk8>a (23)
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and where || - || denotes the Euclidean norm. This latter choice is purely for ease of
exposition. We could equally use a family of iteration dependent norms || - ||x, so
long as we require that all members of the family are uniformly equivalent to the
Euclidean norm.

In accordance with the ideas pionneered by Vardi (1985), Byrd, Schnabel and
Shultz (1987) and Omojokun (1989), and also with Fletcher et al. (2002a), our al-
gorithm decomposes the step s into the sum of two distinct components, a normal
step ng, such that xz + ny satisfies the linear constraints of TRQP(z, Ax) within
the trust region, and a tangential step t;, whose purpose is to obtain reduction of
the objective function’s model while continuing to satisfy those constraints. More

formally, we write

S =ng + (2.4)
and assume that
Cg(.Tk) + Ag(fEk)TLk = 0, CI(SEIC) + Az(xk)nk Z 0, (25)
[[sell < A, (2.6)
and
Cg(xk) + Ag(xk)sk = 0, CI(iEk) + AI(JIk)Sk Z O (27)

Of course, this is a strong assumption, since in particular (2.5) or (2.6)/(2.7) may
not have a solution. We shall return to this possibility shortly.
Given our assumption, there are many ways to compute n; and t;. For instance,
we could compute n; from
ng = Pylag] — %, (2.8)

where Py is the orthogonal projector onto the feasible set of QP(xy). No specific
choice for n; is made, but one instead assumes that n,; exists when the maximum

violation of the nonlinear constraints at the k-th iterate g % (), with
0(37) = max Oar?e%x|cz(m)|anlleazx _Ci(x) ) (29)

is sufficiently small, and that n; is then reasonably scaled with respect to the values
of the constraints. In other words, we assume, exactly as in Fletcher et al. (2002a),

that ny exists and
Ink]| < Kuscbk, Whenever 6y < 6, (2.10)
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for some constants k., > 0 and d,, > 0. This assumption is also used by Dennis, El-

Alem and Maciel (1997) and Dennis and Vicente (1997) in the context of problemsonly
involvong equality constraints. It can be shown not to impose conditions on the
constraints or the normal step itself that are unduly restrictive (see Fletcher et al.
(2002a) for a discussion).

Having defined the normal step, we are in position to use it if it falls within the

trust-region, that is if ||ng|| < Ag. In this case, we write
Ty = T + Ny, (2.11)

and observe that ny satisfies the constraints of TRQP (zx, Ax) and thus also of QP (xy).
It is crucial to note, at this stage, that such an n; may fail to exist because the
constraints of QP(z;) may be incompatible, in which case Py is undefined, or because
all feasible points for QP(xy) may lie outside the trust region.

Let us continue to consider the case where this problem does not arise, and a
normal step ny has been found with ||ng|| < Ag. We then aim to find a tangential step
tx, starting from z} and satisfying (2.6) and (2.7), whose objective is to decrease the
value of the objective function. This is achieved by computing a step that produces
a sufficient decrease in my, which is to say that we wish my(z}) — mg(xk + si) to
be “sufficiently large”. Of course, this is only possible if the maximum permitted
size of ¢ is not too small, which is to say that zj is not too close to the trust-
region boundary. We formalize this condition by strengthening our requirement that
|Ine|| < Ag so that

Ink|| < kaAgmin[l, K, AR, (2.12)

for some ka € (0,1], some £, > 0 and some yy € [0,1). If condition (2.12) does not
hold, we assume, as in Fletcher et al. (2002q), that the computation of t; is unlikely
to produce a satisfactory decrease in my, and proceed just as if the feasible set of
TRQP(xy, Ag) were empty. If ny can be computed and (2.12) holds, TRQP (z, Ag)
is said to be compatible . In this case, a sufficient model decrease seems possible. We
formalize this notion in the form of a familiar Cauchy-point condition, and, recall-
ing that the feasible set of QP(zy) is convex, we introduce the first-order criticality
measure

Xk = | min (9 + Hpng, t)| (2.13)

Ag(wk)t:()
cz(wr)+Az(zg)(np+t)>0
llt1<1

(see Conn, Gould, Sartenaer and Toint, 1993). Note that this function is zero if z}
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is a first-order critical point of the linearized “tangential” problem

minimize  (gx + Hyng, t) + L(Hyt,t)
subject to Ag(zg)t =0 (2.14)
cz(wg) + Az(wg)(ng +1) >0,

which is, up to the constant term 1(ny, Hyny), equivalent to QP (xy) with s = ny + .
The sufficient decrease condition then consists in assuming that there exists a constant
Kima > 0 such that

mg(xy) — mi (2 + k) > KumaXe Min l% Ak] ; (2.15)
k

whenever TRQP (zx, Ag) is compatible, where f;, = 1 + ||Hg||. We know from Toint
(1988) and Conn et al. (1993) that this condition holds if the model reduction exceeds
that which would be obtained at the generalized Cauchy point, that is the point
resulting from a backtracking curvilinear search along the projected gradient path
from zj, that is

x (1) = Pylzy — TV omyg(xy)].

This technique therefore provides an implementable algorithm for computing a step
that satisfies (2.15), but, of course, a further reduction of my is often desirable if
fast convergence is sought. Also note that the minimization problem of the right-
hand side of (2.13) reduces to a linear programming problem if we choose to use a
polyhedral norm in its definition at iteration k. However, we recognise that (2.15)
may be difficult to verify in practice, since it may be expensive to compute z; and

P, when the dimension of the problem is large.

2.2 The restoration procedure

If TRQP(zx, Ag) is not compatible for u, that is when the feasible set determined by
the constraints of QP(xy) is empty, or the freedom left to reduce my, within the trust
region is too small in the sense that (2.12) fails, we must consider an alternative.
Observe that, if 6(zg) is sufficiently small and the true nonlinear constraints are
locally compatible, the linearized constraints should also be compatible, since they
approximate the nonlinear constraints (locally) correctly. Furthermore, the feasible
region for the linearized constraints should then be close enough to xz; for there to be
some room to reduce my, at least if Ay is large enough. If the nonlinear constraints
are locally incompatible, we have to find a neighbourhood where this is not the case,
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since the problem (1.1) does not make sense in the current one. As in Fletcher et al.
(2002a), we rely on a restoration procedure. The aim of this procedure is to produce
a new point zy 4 7 that satisfies two conditions: we require TRQP (zy + 7%, Agy1) to
be compatible for some Ag,; > 0, and also require that xy + r; be acceptable, in the
sense that we discuss in the Section 2.3.3 (precisely, we require thate either (2.20) or

(2.21) holds for such an z). In what follows, we will denote
R {k | ny, does not satisfy (2.10) or |[|ng|| > kad,min[l, x, AL]},

the set of restoration iterations.
The idea of the restoration procedure is to (approximately) solve

mlélIIF{ln 0(x) (2.16)
starting from xj, the current iterate. This is a non-smooth problem, but there exist
methods, possibly of trust-region type (such as that suggested by Yuan, 1994), which
can be successfully applied to solve it. Thus we will not describe the restoration
procedure in detail. Note that we have chosen here to reduce the infinity norm of
the constraint violation, but we could equally well consider other norms, such as
¢y or {y, in which case the methods of Fletcher and Leyffer (1998) or of El-Hallabi
and Tapia (1995) and Dennis, El-Alem and Williamson (1999) can respectively be
considered. Of course, this technique only guarantees convergence to a first-order
critical point of the chosen measure of constraint violation, which means that, in
fact, the restoration procedure may fail as this critical point may not be feasible
for the constraints of (1.1). However, even in this case, the result of the procedure
is of interest because it typically produces a local minimizer of 6(x), or of whatever
other measure of constraint violation we choose for the restoration, yielding a point of
locally-least infeasibility. There seems to be no easy way to circumvent this drawback,
as it is known that finding a feasible point or proving that no such point exists is a
global optimization problem and can be as difficult as the optimization problem (1.1)
itself. One therefore has to accept two possible outcomes of the restoration procedure:
either the procedure fails in that it does not produce a sequence of iterates converging

to feasibility, or a point zy, + 7y is produced such that (zg +7y) is as small as desired.

2.3 The filter as a criterion to accept trial points

Unfortunately, because the SQP iteration may only be locally convergent, the step
Sk or 1, may not always be very useful. Thus, having computed a step s; or r, from
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our current iterate xy, we need to decide whether the trial point x;, defined by

(2.17)

+def{ rp+re if kER,
xTy =

Tr + 8, otherwise

is any better than zj as an approximate solution to our original problem (1.1). If we
decide that this is the case, we say that iteration k is successfull and choose z} as
our next iterate. Let us denote by S the set of (indices of) all successful iterations,
that is

S=1{k|zp =}

We will discuss the details of precisely when we accept x; as our next iterate in
Section 2.3.3, but note that an important ingredient in the process is the notion of a
filter, a notion itself based on that of dominance.

We say that a point x; dominates a point x5 whenever

O(z1) < B(x9) and f(z1) < f(xa).

Thus, if iterate z;, dominates iterate x;, the latter is unlikely to be of real interest to
us since xy, is at least as good as x; on account of both feasibility and optimality. All
we need to do now is to remember iterates that are not dominated by other iterates
using a structure called a filter. A filter is a list F of pairs of the form (6;, f;) such
that either

0; <0; or f; < fj

for i # j. Fletcher et al. (2002a) propose to accept a new trial iterate xy + si only
if it is not dominated by any other iterate in the filter and x;. In the vocabulary of
multi-criteria optimization, this amounts to building elements of the efficient frontier
associated with the bi-criteria problem of reducing infeasibility and the objective
function value. We may describe this concept by associating with each iterate x
its (0, f)-pair (0, fr) and might choose to accept xj + s, only if its (0, f)-pair does
not lie, in the two-dimensional space spanned by constraint violation and objective

function value, above and on the right of a previously accepted pair. If we define
DF)=A{(0,f)|0>0; and f > f; for some j € F}, (2.18)

the part of the (6, f)-space that is dominated by the pairs in the filter, this amounts
to say that z; could be accepted if (8(x}), f(z)) & D(Fi), where F;, denotes the
filter at iteration k.
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2.3.1 The contribution of a trial point to the filter

While the idea of not accepting dominated trial points is simple and elegant, it needs
to be refined a little in order to provide an effective algorithmic tool. In particular,
we may not wish to accept a new point x; if its (6, f)-pair

OF, £5) € (0(z7), f(af))

is arbitrarily close to being dominated by another point already in the filter.

Fletcher et al. (2002a), as all other theoretical analysis of the filter that we know
of, set a small “margin” around the border of D(F) in which trial points are also
rejected. We follow here a different idea and define, for any (@, f)-pair, an area that
represents its contribution to the area of D(Fy). For this purpose, we partition the
right half-plane [0, +00] X [—00, +00] into four different regions (see Figure 2.1). If
we define D(F;)° to be the complement of D(F}) in the right half-plane,

Fr, def F,  def
0.k = min6, 0:k = maxf,;
min Efk J7 max JEfk ja
and
Fr def def
fmm = min f] fmax - maXfJ’

JE€Fk

these four parts are
1. the dominated part of the filter, D(Fy).

2. the undominated part of lower left (south-west) corner of the half plane,
SW (Fe) € D(Fe) N[0,678,] x [—00, ik,
3. the undominated upper left (north-west) corner,

NW (Fi) € [0,60%%,) x (f2E,, +00l,

4. the undominated lower right (south-east) corner,

SE(F) ¥ (6%

Fi
i fn)

+OO] X [—OO, min/*

Consider first a trial iterate z; with its associated (6, f)-pair (6}, f;) with ;" > 0.
If the filter is empty (F; = @), then we measure its contribution to the area of the
filter by the simple formula

(xk’fk) - F
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f(z)
JVW(fk
ks :
D(Fk)
O O R
| | 0(z)

SW (Fk)

Sl

SE(F)

Figure 2.1: The partition of the right half-plane for a filter Fj containing four (6, f)

pairs.

for some constant kr > 0. If the filter already contains some past iterates, we measure

the contribution of z; to the area of the filter by

oz, Fo) area(D(fk)Cﬂ[0+ 0% ] x[f, fgng%F]) it (67, f1) € SW(F),

k 7 Ymax

b
' alaf, Fi) € k07, — 0) i (04, ) € NW(F)),
by
alal, F) € kel — ) i (05, £) € SE(F)),
and by

afai, 7o) & —avea(D(F) 06 —07%0] < [ = f261), it O, f) € DF),
where
Pe {0, ;) € Fi | 6; < 6f and f; < i},
(the set of filter pairs that dominate (8, , f;")), and

Py, def . P, def
A’k = min6; 0’k = max0,;.
min JEP: VR max JeP J
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f(z)

fr‘z—;gx_l_lfll———— —-fﬁ—:lj‘ ———————————————————————————————————— +

f]-'k (01—:’ flj—

(O, fiF
fokd
(01_:7 f]j— :
0 Gk Ot O + o
| g 0(x)
K
b ’
6, 1)

Figure 2.2: The contributions of four (6;", f,") pairs (in D(Fy), SW (Fi), NW (F;,) and
SE(Fy)) to the area of the filter. Horizontal stripes indicate a positive contribution

and vertical stripes a negative one.

Figure 2.2 illustrate the corresponding areas in the filter for four possible (6;, fi)
pairs (in D(Fy), SW(Fy), NW(Fy) and SE(F})) to the area of the filter. Horizon-
tally dashed surfaces indicate a positive contribution and vertically dashed ones a
negative contribution. Note that a(x, F) is a continuous function of (6(z), f(z)), and
thus of z, for a given filter . Furthermore, oz, F) is identically zero if (6(x), f(z)) is
on the boundary of the dominated region D(F). Also note that, although seemingly
complicated, the value of «(z,F) is not difficult to compute, since its calculation
requires, in the worst case, us to consider all the points currently in the filter only

once.

2.3.2 Updating the filter

The procedure to update the filter for a particular (6, f) pair is extremely simple. If
(O, fr) = (6(zk), f(xx)) does not belong to D(Fy) (i-e. if 2 is not dominated), then

fk-H — ka (Okafk)a
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Ji

(6, fr)

(Orﬁ?na fk:

O

(gka frﬁfn)

Figure 2.3: The filter Fy; after including the dominated pair (6, fx) into Fy.

while if (0k, fr) € D(Fi) (if 2 is dominated),

Fir < (Fe \ Pr) U 00k, fi) U (Or, f1L),

where Py is now the subset of pairs in Fj, that dominate (6, fi). This last situation
is illustrated by Figure 2.3, which shows the filter resulting from the operation of
including the pair (6, fx) belonging to D(Fy) (that associated with the vertically
shaded “increment” in the filter area of Figure 2.2) in the filter. The two points
in P, that have been removed are marked with crossed circles and their associated
dominated orthants are indicated by dotted lines.

Observe that it may happen that the number of points in the filter decreases when
the set of dominating points P, contains more than two filter pairs. Moreover, the
pair for which the filter is updated is not always itself included in the filter (as shown

in Figure 2.3).

2.3.3 Acceptability of potential iterates

We now return to the question of deciding whether or not a trial point z; is acceptable
for the filter. We will insist that this is a necessary condition for the iteration & to be
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successful in the sense that zj; = z;, i.e. the algorithm changes its current iterate to
the trial point. Note that all restoration iterations are successful (R C §). Note also
that (except for z) all iterates are produced by successful iterations : if we consider

an iterate xy, there must exists a predecessor iteration of index p(k) € S such that
T k) = Tp(k)+1 = Tk (2.19)

Observe that we do not always have that p(k) = k — 1 since not all iterations need
being successful.

A monotone version of our method (rather similar to that developped in Fletcher
et al., 2002a, but using «(z, F) rather that a margin around the filter) would be to
accept ; whenever this trial point results in an sufficient increase in the dominated
area of the filter, i.e. D(Fy). This is to say that z;7 would be acceptable for the filter
whenever

oy > 7#(0)?, (2.20)

where aj, & a(z, Fi) and where vz € (0,1) is a constant. The non-monotone

version that we analyse below replaces this condition by the weaker requirement that

k k
Yoo tan>ys| Y 67+ (6)) (2.21)
j=r(k)+1 j=r(k)+1
JjeUu Jeu

where «, oo a(r), Fy) (and thus ayq) = a(rg, Fp))), where
U = {k | x4, the filter is updated for(by, fx)},

and where r(k) < k is some past reference iteration such that r(k) € U. Note that

condition (2.21) may equivalently be written in the more symmetric form

k k
o gyt =E| D (9;(]-))2 + ()
j=r(k)+1 j=r(k)+1
jeu jeu

because of (2.19).

The reader may notice that condition (2.21) is reminiscent of the condition for non-
monotone trust-region algorithms developed in Toint (1997) (see also Chapter 10.1
of Conn, Gould and Toint, 2000). It requires that the average contribution to the
filter area of the last points included in the filter and z; together to be globally
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(sufficiently) positive, but makes it possible to accept x} even though it may be
dominated (i.e. lie in D(Fy)).

However, if z} provides a clear monotonic improvement, in the sense that (2.20)
holds, we are also prepared to accept it. Thus, ) will be called acceptable at iteration
k if either (2.20) or (2.21) holds. We will denote

AY (ke8| (2.21) holds} (2.22)

Observe also that we could replace 67 by min[67, k4] in (2.20) and (2.21), where o
and kg are strictly positive constants. This variant may be more numerically sensible,

and does not affect the theory developed below.

2.4 The non-monotone Algorithm

We are now ready to define our algorithm formally as Algorithm 2.1. A flow-chart of
the algorithm is given as an appendix.

As in Fletcher and Leyffer (2002, 1998), one may choose 1) = 2 (Note that the
choice 1 = 1 is always possible because p > 0). Reasonable values for the constants
might then be

Yo = 01, Y1 = 05, Y2 = 2, T = 001, T2 = 09,
vr=10"% kA =0.7, kK, =100, p=001, ky=10"" and Ky = 0.01.

but it is too early to know if these are even close to the best possible choices.

For the restoration procedure in Step 2 to succeed, we have to evaluate whether
TRQP(zy + rg, Agt1) is compatible for a suitable value of Ay,y. This requires that a
suitable normal step be computed which successfully passes the test (2.12). Of course,
once this is achieved, this normal step may be reused at iteration £+ 1. Thus we shall
require the normal step calculated to verify compatibility of TRQP (xy + 7k, Agy1)
should actually be used as ny,i. Also note that the restoration procedure cannot be
applied on two successive iterations, since the iterate xy + r; produced by the first of
these iterations leads to a compatible TRQP (zx11, Ag+1) and is acceptable.

As it stands, the algorithm is not specific about how to choose Ag,; during a
restoration iteration. On one hand, there is an advantage to choosing a large A1,
since this allows a large step and one hopes good progress. On the other, it may be
unwise to choose it to be too large, as this may possibly result in a large number of

unsuccessful iterations, during which the radius is reduced, before the algorithm can
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Algorithm 2.1: Non-monotone Filter Algorithm

Step 0: Initialization. Let an initial point xy, an initial trust-region radius
Ay > 0 and an initial symmetric matrix Hy be given, as well as constants
0<Y <M <1< 7 0<nm <<l yre(0,1), k€ (0,1), ka € (0,1],
Ky >0, pe (0,1), ¥ >1/(1+ p) and Kymg € (0,1]. Compute f(zo) and
(o). Set F =0 and k = 0.

Step 1: Test for optimality. If 6, = xx = 0, stop.

Step 2: Ensure compatibility. Attempt to compute a step ng. If TRQP
(x, Ag) is compatible, go to Step 3. Otherwise, update the filter for (6, fx)
and compute a restoration step ry for which TRQP (2 + g, Agy1) is com-
patible for some Ay ; > 0, and x} = x), + 74 is acceptable. If this proves

impossible, stop. Otherwise, set ., = z; and go to Step 7.

Step 3: Determine a trial step. Compute a step tx, set x} = zp + ng + 4y,

and evaluate c(z) and f(z}).

Step 4: Test acceptability of the trial point. If z; is not acceptable, again
set Tpy1 = Ty, choose Agi1 € [YoAg, v1Ak], set ngyr1 = ng, and go to Step 7.

If
m(zg) — my () < KkebY, (2.23)

then update the filter for (6, fx) and go to Step 6.

Step 5: Test predicted vs. achieved reduction. If

gt flxr) = flaf)
2 )~ ) < 2

set Tgi1 = Tk, choose A1 € [YoAg, 71Ak], set ng1 = ng and go to Step 7.
Step 6: Move to the new iterate. Set ;.1 = z; and choose Ay, such that

Agi1 € [Ag, 12 Ag] if pr > ne and (2.23) fails.

Step 7: Update the Hessian approximation. Determine Hy,;. Increment
k by one and go to Step 1.
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make any progress. A possible choice might be to restart from the radius obtained
during the restoration iteration itself, if it uses a trust-region method. Reasonable
alternatives would be to use the average radius observed during past successful itera-
tions, or to apply the internal doubling strategy of Byrd et al. (1987) to increase the
new radius, or even to consider the technique described by Sartenaer (1997). How-
ever, we recognize that numerical experience with the algorithm is too limited at this
stage to make definite recommendations.

The role of condition (2.23) may be interpreted as follows. If this condition holds,
then one may think that the constraint violation is significant and that one should
aim to improve on this situation in the future, by inserting the current point in
the filter. Fletcher et al. (1998) use the term of “f-step” in such circumstances,
to indicate that the main preoccupation is to reduce constraint violation. On the
other hand, if condition (2.23) fails, then the reduction in the objective function
predicted by the model is more significant than the current constraint violation and
it is thus appealing to let the algorithm behave as if it were unconstrained. Fletcher
and Leyffer (2002) use the term of “f-step” to denote the step generated, in order
to reflect the dominant role of the objective function f. In this case, it is important
that the predicted decrease in the model is realized by the actual decrease in the
function, which is why we then perform the test (2.24). In particular, if the iterate

xy, is feasible, then (2.10) implies that z; = z} and we obtain that
koby = 0 < my (@) — my(x) = my(ar) — me(zy). (2.25)

As a consequence, the filter mechanism is irrelevant if all iterates are feasible, and
the algorithm reduces to a traditional unconstrained trust-region method. Another
consequence of (2.25) is that no feasible iterate is ever included in the filter, which
is crucial in allowing finite termination of the restoration procedure, as explained in
Fletcher et al. (2002a). Note that the argument may fail and a restoration step may
not terminate in a finite number of iterations if we do not assume the existence of
the normal step when the constraint violation is small enough, even if this violation
converges to zero (see Fletcher, Leyffer and Toint, 1998, for an example).

Notice also that (2.23) ensures that the denominator of py in (2.24) will be strictly
positive whenever 6y is. If 6 = 0, then x;, = z}, and the denominator of (2.24) will
be strictly positive unless zy is a first-order critical point because of (2.15).

The reader may have observed that Step 6 allows a relatively wide choice of the
new trust-region radius Ag,.;. While the stated conditions appear to be sufficient



16 Nicholas I. M. Gould and Philippe L. Toint

for the theory developed below, one must obviously be more specific in practice. For
instance, one may wish to distinguish, at this point in the algorithm, the cases where
(2.23) fails or holds. If (2.23) holds, the main effect of the current iteration is not
to reduce the model (which makes the value of p; essentially irrelevant), but rather
to reduce the constraint violation (which is taken care of by inserting the current
iterate in the filter at Step 4). In this case, Step 6 imposes no further restriction on
Aj11. In practice, it may be reasonable not to reduce the trust-region radius, because
this might cause too small steps towards feasibility or an unnecessary restoration
phase. However, there is no compelling reason to increase the radius either, given
the compatibility of TRQP (zx,A). A reasonable strategy might then be to choose
Agi1 = Ag. If; on the other hand, (2.23) fails, the emphasis of the iteration is then
on reducing the objective function, a case akin to unconstrained minimization. Thus

a more detailed rule of the type

(V1A% v2Ar] if p € [11,7m2),
Apy1 € ]
[Ak,"}/QAk] lf Pk Z 2.

seems reasonable in these circumstances.

Finally, observe that the mechanism of the algorithm imposes that
Uucs, (2.26)

i.e. that iterates are included in the filter only at successful iterations.

3 Convergence to First-Order Critical Points

We now prove that our non-monotone algorithm generates a globally convergent
sequence of iterates. In the following analysis, we concentrate on the case that the
restoration iteration always succeeds. If this is not the case, then it usually follows
that the restoration phase has converged to an approximate solution of the feasibility
problem (2.16) and we can conclude that (1.1) is locally inconsistent.

In order to obtain our global convergence result, we will use the assumptions
AS1: f and the constraint functions c¢ and ¢z are twice continuously differentiable;

AS2: there exists K,,, > 1 such that

| Hi|| < Kumn — 1 for all &,
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AS3: the iterates {z;} remain in a closed, bounded domain X C IR".

If, for example, Hy is chosen as the Hessian of the Lagrangian function

Uz,y) = f(x) + (ye, ce (x)) + (yz, cz(x))

at zy, in that

i€EUT
where [yx]; denotes the i-th component of the vector of Lagrange multipliers y} =
(Yé r Y1), then we see from AS1 and AS3 that AS2 is satisfied when these multipliers
remain bounded. The same is true if the Hessian matrices in (3.1) are replaced by
bounded approximations.
A first immediate consequence of AS1-AS3 is that there exists a constant k,,, > 1
such that, for all &,
F(af) = miad)] < randL. (3:2)
A proof of this property, based on Taylor expansion, may be found, for instance, in

Toint (1988) or on p. 133 of Conn et al. (2000). A second important consequence of
our assumptions is that AS1 and AS3 together directly ensure that, for all k,

£ < Fz) < f™= and 0 < @ < 0 (3.3)

for some constants f™* < f™> and #™ > 0. Thus the part of the (8, f)-space in
which the (6, f)-pairs associated with the filter iterates lie is restricted to the rectangle
[O’ emax] X I:fmin’ OO].

We also note the following simple consequence of (2.10) and AS3.

Lemma 3.1 Suppose that Algorithm 2.1 is applied to problem (1.1). Suppose
also that (2.10) and AS3 hold, and that

0, < 0p,.
Then there exists a constant k. > 0 independent of k£ such that

K’lscok S ||nk||' (3.4)
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Proof. See Lemma 3.1 of Fletcher et al. (2002a). O

Our assumptions and the definition of xj in (2.13) also ensure that 6 and x; can be

used (together) to measure criticality for problem (1.1).

Lemma 3.2 Suppose that Algorithm 2.1 is applied to problem (1.1). and that
finite termination does not occur. Suppose also that AS1 and AS3 hold, and that
there exists a subsequence {k;} Z R such that
lim x,, =0 and lim 6, = 0. (3.5)
1—00

1— 00

Then every limit point of the subsequence {xy,} is a first-order critical point for
problem (1.1).

Proof. See Lemma 3.2 of Fletcher et al. (2002a). O

We start our analysis by examining the impact of our non-monotone acceptance
criteria (2.20) and (2.21). Once a trial point as accepted as a new iterate, it must
be because it provide some improvement, compared to either a past reference iterate
(using (2.21)), or to the previous iterate (using (2.20)). We formalize this notion by

saying that iterate xy = )41 improves on iterate x;y), where
i(k) = r(p(k)) if p(k) € A,
that is if xy is accepted at iteration p(k) using (2.21), and
i(k) = p(k) if p(k) & A, (3.6)

that is if xy is accepted at iteration p(k) using (2.20). Now consider any iterate
xx. This iterate improved on z;), which was itself accepted because it improved on
Ti(i(k)), and so on, back to the stage where x is reached by this backwards referencing
process. Hence we may construct, for each &, a chain of successful iterations indexed
by Cr, = {¢1,41,¢s,...,4,} such that

6 =0, f,=k and my, = zi41) for j=1,...,¢— 1

We start by proving the following useful lemma.
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Lemma 3.3 Suppose that Algorithm 2.1 is applied to problem (1.1). Then, for
each k,

k-1
area(D(Fy)) > v > 07
jeu

Proof. Consider now the backward referencing chain from iteration £ —1, Cy_1,
and any ¢; (j > 0) in this chain. Observe that, if p(¢;) € A, then (2.21) implies
that i(¢;) = r(p(¢;)) = £;_1 and that

¢ 4 )

Yomy >F Y b (3.7)
i=t;_1+1 i=tj_1+1

€U €U

If now p(¢;) ¢ A, then ¢;_y = p(¢;) and thus
{Ej—l + 1,,@}021 g {gj—l +1,,€]}HS - {Ej}a

where we have used (2.26). Moreover, (2.20) then implies that ape,) > ’)/fﬂfj,
so that (3.7) holds again in this case. Combining these inequalities with the

inequality
k—1 q 4
area(D(Fk)) > D api) =D | Do o
i=0 J=0 [i=¢t;_1+1
€U icu
then gives the desired result. O

We now consider what happens when the filter is updated an infinite number of

times.

Lemma 3.4 Suppose that Algorithm 2.1 is applied to problem (1.1). Suppose
also that AS1 and AS3 hold and that || = co. Then

k—o0

kel
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Proof. Suppose, for the purpose of obtaining a contradiction, that there exists
an infinite subsequence {k;} C U such that 6, > ¢ for all i and for some ¢ > 0.
Applying now Lemma, 3.3, we deduce that

area(D(Fr,41)) > iyre’.

However, (3.3) implies that, for any &, area(D(F},)) is bounded above by a constant
k2 > () independent of k. Hence we obtain that

max
i<t
aS

and 7 must also be finite. This contradicts the fact that the subsequence {k;} is

infinite. Hence this latter assumption is impossible and the conclusion follows. O

We next examine the size of the constraint violation before and after an iteration

where restoration did not occur.

Lemma 3.5 Suppose that Algorithm 2.1 is applied to problem (1.1), that AS1
and AS3 hold, that £ ¢ R and that ny satisfies (3.4). Then
O < nubtAi+u (3'8)
and
0(27) < KunAZ. (3.9)
for some constant k., > 0.
Proof. See Lemma 3.4 of Fletcher et al. (2002a). O

We next assess the model decrease when the trust-region radius is sufficiently small.
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Lemma 3.6 Suppose that Algorithm 2.1 is applied to problem (1.1). Suppose
also that AS1-AS3, (2.12) and (2.15) hold, that k£ ¢ R, that

Xk Z €, (310)

for some ¢ > 0, and that

_1 1
) € Ky 14w Kimd€ K
Ay, < min [ 2 b Y L R - (3.11)
Kumn \ KumnKAKy 4K gk aky

where K, © max,ex ||Vof(@)]]. Then

m(xg) — My () > LKima€y.

Proof. See Lemma 3.5 of Fletcher et al. (2002a). O

We continue our analysis by showing, as the reader has grown to expect, that itera-

tions have to be very successful when the trust-region radius is sufficiently small.

Lemma 3.7 Suppose that Algorithm 2.1 is applied to problem (1.1). Suppose
also that AS1-AS3, (2.15) and (3.10) hold, that & ¢ R, and that
1 —
Ay < min [am, %1 et g (3.12)
2K;ubh
Then
P = M2

Proof. See Lemma 3.6 of Fletcher et al. (2002a). O

Note that this proof could easily be extended if the definition of py in (2.24) were
altered to be of the form
aet f(xx) — f(2f) + O
o mg(a) — my(y)

provided ©y, is bounded above by a multiple of AZ. We will comment in Section 4

(3.13)
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why such a modification might be of interest (see also Section 10.4.3 of Conn et al.,
2000).
Now, we also show that the test (2.23) will always fail when the trust-region radius

is sufficiently small.

Lemma 3.8 Suppose that Algorithm 2.1 is applied to problem (1.1). Suppose
also that AS1-AS3, (2.12), (2.15) and (3.10) hold, that £ ¢ R, that ny satisfies
(3.4), and that

1

PA+u)—1

Ag < min |G, (”Li) del 5, (3.14)
2K’0,{ubt

Then

my(xg) — mk(x;) > /-@90,15.

Proof. This directly results from the inequalities

1+
kol < Kokl AR < L€ < my(ak) — mi(al),

where we successively used Lemma 3.5, (3.14) and Lemma 3.6. O

We may also guarantee a decrease in the objective function, large enough to ensure
that the trial point is acceptable with respect to the (6, f)-pair associated with z,
so long as the constraint violation is itself sufficiently small.

Lemma 3.9 Suppose that Algorithm 2.1 is applied to problem (1.1). Suppose
also that AS1-AS3, (2.15), (3.10) and (3.12) hold, that £ ¢ R, that ny satisfies
(3.4), and that

14+p
_1 m
O, < Foyl: (7’22\';‘7“_;6) &t 5. (3.15)

Then
f(@g) < f@w) — VA7

Proof. Applying Lemmas 3.5-3.7—which is possible because of (3.10), (3.12),
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k ¢ R and ny satisfies (3.4)—and (3.15), we obtain that

flae) = f@d) = nolmu(zr) — mu(z))]
2 %n?ﬁtmdeAk
1
T+
2 3M2Kuma€ (,%:) "
> /170
and the desired inequality follows. O

We now establish that if the trust-region radius and the constraint violation are both

small at a non-critical iterate z, TRQP (zx, Ax) must be compatible.

Lemma 3.10 Suppose that Algorithm 2.1 is applied to problem (1.1). Suppose
also that AS1-AS3, (2.10) and (3.10) hold, that (2.15) holds for £ ¢ R, and that

1 i 2(1 — ﬁ
Ar < min [705p, (I{_> : (’Yo( \/’YF)FJAFLM> ] def 5. (3.16)
i

K:usc K/ubt

Suppose furthermore that

Then k£ ¢ R.

Proof. Because 6 < d,, we know from (2.10) and Lemma 3.1 that ny satisfies
(2.10) and (3.4). Moreover, since 0 < dy, we have that (3.15) also holds. Assume,
for the purpose of deriving a contradiction, that & € R, that is

Inell > karuAL™, (3.18)

where we have used (2.12) and the fact that x, A} < 1 because of (3.16). In this
case, the mechanism of the algorithm then ensures that £k — 1 ¢ R. Now assume
that iteration k£ — 1 is unsuccessful. Because of Lemmas 3.7 and 3.9, which hold at
iteration k£ — 1 ¢ R because of (3.16), the fact that 6, = 61, (2.10), and (3.15),
we obtain that

pe—1 > and f(zf 1) < flze 1) — 770k 1 (3.19)
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Hence, if iteration k& — 1 is unsuccessful and this must be because z; , is not

acceptable for the filter. However, if we have that

Op_1 < (1 = V77)0k-1, (3.20)

then, using the second part of (3.19) and the fact that (6x_1, fr_1) € SW(Fr_1),

a(wﬁ_p Fr-1) 2 [f(wp—1) = f(xz—l)][gk—l - 9;—1] > ’Yfgl%—l > 7.7:[0]—:—1]2’

and z;_, is acceptable for the filter because of (2.20). Since this is not the case,
(3.20) cannot hold and we must have that

0 > (1= /7)1 = (L= /7).

But Lemma 3.5 and the mechanism of the algorithm then imply that

Ky
(]_ - \/"}/f)Ok < ’{’ubtAz—l < ry—;tAi.
0

Combining this last bound with (3.18) and (2.10), we deduce that

K:usc K’ubt

—Ai
1% (1 = \/7F)

KAKNA,ICJF“ < k]l € Kb <

and hence that

A,lc_“ > ’)/3(1 - \/’F)F&A"Gu.
Rusc Rubt
Since this last inequality contradicts (3.16), our assumption that iteration & —1 is
unsuccessful must be false. Thus iteration k — 1 is successful and 6y = 6 ;. We
then obtain from (3.18), (2.10) and (3.9) that

K’uscﬁubt

o

Eaku A < gl < Bl < FusckunAp_y < AL,

which is again impossible because of (3.16) and because (1 — /77) < 1. Hence
our initial assumption (3.18) must be false, which yields the desired conclusion.
O

We continue to follow Fletcher et al. (2002a) and now distinguish two mutually exclu-
sive cases. For the first, we consider what happens if there is an infinite subsequence
of iterates belonging to the filter.
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Lemma 3.11 Suppose that Algorithm 2.1 is applied to problem (1.1). Suppose
also that AS1-AS3, (2.10) hold and (2.15) holds for £ ¢ R. Suppose furthermore
that [U| = co. Then there exists a subsequence {k;} C U such that

Jim 6, = 0 (3.21)
and
jli)rglo Xk; = 0. (3.22)

Proof.  Let {k;} be any infinite subsequence of Y. We observe that (3.21)
follows from Lemma 3.4. Suppose now that

Xk)i 2 €2 > 0 (323)

for all 7 and some €5 > 0. Suppose furthermore that there exists e3 > 0 such that,
for all ¢ > 1,
Aki Z €3. (324)

Observe first that (3.21) and (2.10) ensure that
Jim s | = 0. (3.9

Thus (3.24) ensures that (2.12) holds for sufficiently large 7 and thus k; ¢ R for
such 7. Now, as we noted in the proof of Lemma 3.6,

|mki (xkz) - mk¢($1§1)| < ’{ubg“nki“ + %’{umh”nMHQ’
which in turn, with (3.25), yields that
lim [y, (wx,) — M, (23,)] = 0. (3.26)

1—00

We also deduce from (2.15) and AS2 that

M, (T3,) — M (T,) > Kima€2 Min [ © ,63] 5> 0. (3.27)

umh

We now decompose the model decrease in its normal and tangential components,
that is

M (k) — g, (2,) = g, (k) — g, () =+ g, () — g, ().
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Substituting (3.26) and (3.27) into this decomposition, we find that
lim inf[my, (zx,) — mu; (z5,)] > 6 > 0. (3.28)
71— 00

We now observe that, because k; € U \ R, we know from the mechanism of the
algorithm that (2.23) must hold, that is

my, (Tx,) — My, (xkt) < K,ge;fi. (3.29)

Combining this bound with (3.28), we find that 6, is bounded away from zero
for 4 sufficiently large, which is impossible in view of (3.21). We therefore deduce
that (3.24) cannot hold and obtain that there is a subsequence {k,} C {k;} for
which
eli{?o Ay, = 0.

We now restrict our attention to the tail of this subsequence, that is to the set
of indices k; that are large enough to ensure that (3.14), (3.15) and (3.16) hold,
which is possible by definition of the subsequence and because of (3.21). For these
indices, we may therefore apply Lemma 3.10, and deduce that iteration k;, ¢ R
for ¢ sufficiently large. Hence, as above, (3.29) must hold for ¢ sufficiently large.
However, we may also apply Lemma 3.8, which contradicts (3.29), and therefore
(3.23) cannot hold, yielding the desired result. O

Thus, if the filter is updated at an infinite subsequence of iterates, Lemma 3.2 ensures
that there exists a limit point which is a first-order critical point. Our remaining
analysis then naturally concentrates on the possibility that there may be no such
infinite subsequence. In this case, the filter is unchanged for k sufficiently large. In
particular, this means that the number of restoration iterations, |R|, must be finite.
In what follows, we assume that ky > 0 is the last iteration at which the filter was

updated.

Lemma 3.12 Suppose that Algorithm 2.1 is applied to problem (1.1), that finite
termination does not occur and that |U/| < oo. Suppose also that AS1-AS3, (2.10)
hold and that (2.15) holds for & ¢ R. Then we have that

lim 6}, = 0. (3.30)

k—00

Furthermore, ny satisfies (3.4) for all k > k, sufficiently large.
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Proof. Consider any successful iterate with k& > ky. Since the filter is not
updated at iteration k, it follows from the mechanism of the algorithm that py > n;
holds and thus that

Fxx) = f(@ran) > mmu(@e) — me(ay)] > meeb) > 0. (3.31)

Thus the objective function does not increase for all successful iterations with
k > ko. But AS1 and AS3 imply (3.3) and therefore we must have, from the first
part of this statement, that

k—o0

The limit (3.30) then immediately follows from (3.31) and the fact that 6; = 6,
for all unsuccessful iterations j that immediately follow the successful iteration &,
if any. The last conclusion then results from (2.10) and Lemma 3.1. O

We now show that the trust-region radius cannot become arbitrarily small if the

asymptotically feasible) iterates stay away from first-order critical points.
y Yy y

Lemma 3.13 Suppose that Algorithm 2.1 is applied to problem (1.1), that finite
termination does not occur and that || < co. Suppose also that AS1-AS3 hold
and (2.15) holds for £ ¢ R. Suppose furthermore that (3.10) hold for all & > k.
Then there exists a Ay, > 0 such that

Ak 2 AInin

for all k.

Proof. Suppose that ki > ko is chosen sufficiently large to ensure that (3.17)
holds and that ny satisfies (2.10) for all £ > k;, which is possible because of
Lemma 3.12. Suppose also, for the purpose of obtaining a contradiction, that

iteration j is the first iteration following iteration k; for which

1 - \/ OF e
Aj S ’Y() min lép, (K:—fy}-), Akl d:f 70635 (333)
ubt
where
0" ¥ min 0;

€U
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is the smallest constraint violation appearing in the filter. Note also that the
inequality A; < vAy,, which is implied by (3.33), ensures that j > k; + 1 and
hence that 7 — 1 > k; and thus that j — 1 € R. Then the mechanism of the
algorithm and (3.33) imply that

Ay i< LA, <4, (3.34)

Yo

and Lemma 3.7, which is applicable because (3.33) and (3.34) together imply
(3.12) with & replaced by j — 1, then ensures that

Pj-1 2 M2- (3.35)

Furthermore, since n;_; satisfies (2.10), Lemma 3.1 implies that we can apply
Lemma 3.5. This together with (3.33) and (3.34), gives that

0;—_1 < KfubtA?_l < (1 RV /Y]-")GF- (3'36)

We may also apply Lemma 3.9 because (3.33) and (3.34) ensure that (3.12) holds
and because (3.15) also holds for j — 1 > k;. Hence we deduce that

f(xj—ﬂ < f(zj—1) — Vb1

This last relation and (3.36) ensure that x;’_ is acceptable for the filter. Com-
bining this conclusion with (3.35) and the mechanism of the algorithm, we obtain
that A; > A, ;. As a consequence, and since (2.23) also fails at iteration j — 1,
iteration j cannot be the first iteration following k; for which (3.33) holds. This
contradiction shows that Ay, > 7,0, for all £ > ki, and the desired result follows
if we define

Apin = min[Ag, . .., Ak, Y00

We may now analyse the convergence of xy itself.

Lemma 3.14 Suppose that Algorithm 2.1 is applied to problem (1.1), that finite
termination does not occur and that |U/| < oo. Suppose also that AS1-AS3, (2.10)
hold and (2.15) holds for £ ¢ R. Then

hggglka = 0. (3.37)
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Proof. We start by observing that Lemma 3.12 implies that the second conclu-
sion of (2.10) holds for £ sufficiently large. Moreover, as in Lemma 3.12, we obtain
(3.31) and therefore (3.32) for each k € S, k > kq. Suppose now, for the purpose
of obtaining a contradiction, that (3.10) holds and notice that

my(xx) — mg(xf) = my(x) — my(zy) + mg(ay) — me(zy). (3.38)

Moreover, note, as in Lemma 3.6, that
(k) — M (2)] < Kl [l + K I8,
which in turn yields that
. o N —
Jim [y (2g) — my(zy)] = 0

because of Lemma 3.12 and the second conclusion of (2.10). This limit, together
with (3.31), (3.32) and (3.38), then gives that
klim [my(z}) — my(z;)] = 0. (3.39)
—00

kes
But (2.15), (3.10), AS2 and Lemma 3.13 together imply that, for all £ > kq

. Amin] (3.40)

my(xy) — me(2) > KymaXe Min [%, Ak] > Kima€ IIN -
k umh

immediately giving a contradiction with (3.39). Hence (3.10) cannot hold and the

desired result follows. O

We may summarize all of the above in our main global convergence result.

Theorem 3.15 Suppose that Algorithm 2.1 is applied to problem (1.1) and that
finite termination does not occur. Suppose also that AS1, (2.10) AS3 and AS2
hold, and that (2.15) holds for £ ¢ R. Let {zx} be the sequence of iterates
produced by algorithm. Then either the restoration procedure terminates un-
successfully by converging to an infeasible first-order critical point of problem
(2.16), or there is a subsequence {k;} for which

lim 7y, = z,
J—00

and z, is a first-order critical point for problem (1.1).




30 Nicholas I. M. Gould and Philippe L. Toint

Proof.  Suppose that the restoration iteration always terminates successfully.
From AS3, Lemmas 3.11, 3.12 and 3.14, we obtain that, for some subsequence

{&;},

jli}rgo O, = jli}rgo Xk; = 0. (3.41)
The conclusion then follows from Lemma 3.2. O

4 Conclusion and Perspectives

We have introduced a trust-region SQP-filter algorithm for general nonlinear pro-
gramming, and have shown this algorithm to be globally convergent to first-order
critical points. The proposed algorithm differs from that discussed by Fletcher and
Leyffer (2002), notably because it uses a decomposition of the step in its normal and
tangential components and imposes some restrictions on the length of the former. It
also differs from the algorithm of Fletcher et al. (2002a) in two main aspects. The
first and most important is that the rule for deciding whether a trial point is accept-
able for the filter is non-monotone, and allows, in some circumstances, acceptance of
points that are dominated by other filter pairs. This gives hopes that an SQP filter
algorithm can be developed without introducing second-order correction steps. The
second is that the algorithm no longer relies on the definition of a “margin” around

the filter, but directly uses the dominated area of the filter as an acceptance criterion.

References

R. H. Byrd, R. B. Schnabel, and G. A. Shultz. A trust region algorithm for nonlinearly
constrained optimization. STAM Journal on Numerical Analysis, 24, 1152-1170,
1987.

A. R. Conn, N. I. M. Gould, and Ph. L. Toint. Trust-region methods. SIAM, Philadel-
phia, 2000.

A. R. Conn, N. I. M. Gould, A. Sartenaer, and Ph. L. Toint. Global convergence of
a class of trust region algorithms for optimization using inexact projections on
convex constraints. SIAM Journal on Optimization, 3(1), 164-221, 1993.



A Non-monotone Trust-Region Filter Algorithm for Nonlinear Programming 31

J. E. Dennis and L. N. Vicente. On the convergence theory of trust-region based al-
gorithms for equality-constrained optimization. SIAM Journal on Optimization,
7(4), 927-950, 1997.

J. E. Dennis, M. El-Alem, and M. C. Maciel. A global convergence theory for gen-
eral trust-region based algorithms for equality constrained optimization. STAM
Journal on Optimization, 7(1), 177-207, 1997.

J. E. Dennis, M. El-Alem, and K. A. Williamson. A trust-region approach to nonlinear
systems of equalities and inequalities. SIAM Journal on Optimization, 9(2), 291
315, 1999.

M. El-Hallabi and R. A. Tapia. An inexact trust-region feasible-point algorithm
for nonlinear systems of equalities and inequalities. Technical Report TR95-
09, Department of Computational and Applied Mathematics, Rice University,
Houston, Texas, USA, 1995.

R. Fletcher and S. Leyffer. User manual for filterSQP. Numerical Analysis Report
NA/181, Department of Mathematics, University of Dundee, Dundee, Scotland,
1998.

R. Fletcher and S. Leyffer. Nonlinear programming without a penalty function.
Mathematical Programming, 91(2), 239-269, 2002.

R. Fletcher, N. I. M. Gould, S. Leyffer, Ph. L. Toint, and A. Wachter. Global
convergence of a trust-region SQP-filter algorithm for nonlinear programming.
SIAM Journal on Optimization, 13(3), 635-659, 2002a.

R. Fletcher, S. Leyffer, and Ph. L. Toint. On the global convergence of an SLP-filter
algorithm. Technical Report 98/13, Department, of Mathematics, University of
Namur, Namur, Belgium, 1998.

R. Fletcher, S. Leyffer, and Ph. L. Toint. On the global convergence of a filter-SQP
algorithm. SIAM Journal on Optimization, 13(1), 44-59, 2002b.

E. O. Omojokun. Trust region algorithms for optimization with nonlinear equality and
inequality constraints. PhD thesis, University of Colorado, Boulder, Colorado,
USA, 1989.



32 Nicholas I. M. Gould and Philippe L. Toint

A. Sartenaer. Automatic determination of an initial trust region in nonlinear pro-
gramming. STAM Journal on Scientific Computing, 18(6), 1788-1803, 1997.

Ph. L. Toint. Global convergence of a class of trust region methods for nonconvex
minimization in Hilbert space. IMA Journal of Numerical Analysis, 8(2), 231-
252, 1988.

Ph. L. Toint. A non-monotone trust-region algorithm for nonlinear optimization

subject to convex constraints. Mathematical Programming, 77(1), 69-94, 1997.

A. Vardi. A trust region algorithm for equality constrained minimization: conver-
gence properties and implementation. SIAM Journal on Numerical Analysis,
22(3), 575-591, 1985.

A. Wichter and L. T. Biegler. Global and local convergence of line search filter meth-
ods for nonlinear programming. CAPD Technical Report B-01-09, Department
of Chemical Engineering, Carnegie Mellon University, Pittsburgh, Philadelphia,
USA, 2001.

Y. Yuan. Trust region algorithms for nonlinear programming. n Z. C. Shi, ed.,
‘Contemporary Mathematics’, Vol. 163, pp. 205—225, Providence, Rhode-Island,
USA, 1994. American Mathematical Society.



A Non-monotone Trust-Region Filter Algorithm for Nonlinear Programming 33

initialization (k = 0)

attempt to compute ny

TRQP (xg, Ag) compatible?

n y
update the filter compute t
compute r and Ay x; acceptable?
y n

m(zg) — my () < kebY?

y n
update > 59 .
the filter P =Tt
y
Th+1 = Tk + Tk Tpi1 = Tp + Sk Tpi1 = Tk

reduce A

maybe) increase Ay — Agip N
kt1

— compute Hy,; and increment k£ by one

Figure A.1: Flowchart of the algorithm.



