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On Taylor series approximations 1

1 Introduction

Given a symmetric matrix H € IR™", a vector ¢ € IR" and positive scalars A, o and
p > 2, we are interested in computing solutions of the optimization problems

minimize ¢(z) Ty 4 1x"Hy subject to ||lz|y < A (1.1)
zelR"
and
minimize r(z) < Tz + 12T Ha + x|}, (1.2)
zelR"™

where the M-norm of z is ||z © VaTMz. Tn [1], we built on the pioneering work of Gay,
Moré and Sorensen [2], methods which obtain the solution of a sequence of parametrized
linear systems by factorization are used. Enhancements using high-order polynomial ap-
proximation and inverse iteration ensure that the resulting method is both globally and
asymptotically at least superlinearly convergent in all cases, including in the notorious
hard case. In this report, we give the full proof for Lemma B.6 in [1].
Let x(\) satisfy
(H+ M)x(\) = —c,

then
8
C(Ea)
(N B) = |lx(N)]|” = : ,
(5 8) = W ( (AM)Q)
where \; < Ay < ... < )\, are the eigenvalues of the generalized eigenvalue problem

Hzx =AMz, [1]. Let

def
As = max 0, — ;.

For problem (1.1) we often wish to find A € (As, 00) which solves the “secular” equation
(X B) = A

and for problem (1.2) we often wish to find A € (\g, 00) which solves the nonlinear secular
equation

8
T(A;B) = (AMo)r2,

where (3 # 0 for both these problems. One possibility is to approximate m(A; 3) by Taylor

series expansions of various degrees. To this end, we would like to know whether the Taylor

series expansion overestimates or underestimates 7(A; 3). If we define the k-th order Taylor

approximation

nioi) 2y ey

to m(Ac + d; 3), we see from Taylor’s theorem that the error is

1 'ﬂ_(kJrl)()\C _i_w;ﬁ)(;kﬂ

ﬂ-()‘C + 575) - 71-k((s; 6) = (l{? + 1)
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for some 1) strictly between 0 and ¢ so long as 6 > Ay — A¢. Thus, we are interested in
knowing when 7*+1()\; 3) is guaranteed to be positive or negative.

Differentiating 7(\; 3) = |lz(\)||3, = [W()\)]g with respect to A, using the chain rule,
we obtain

"8 = § O RO,
rA8) = T EP0) + 2 (5 - DI O],
P8 = T (P RO +3(2 - AT NTA0)  (13)

From this we may deduce the following result.

Lemma 1.1 Let w(\; 8) = ||z(\)||%,, where z()\) satisfies (H+AI)z(\) = —c. Suppose
that A > Ag. Then
(i) 7™M (X; 8) < 0 for all B> 0 while 7()(\; 8) > 0 for all 8 < 0;
(ii) 7@ (\; B) > 0 for all B > 0 while 72 ()\; 3) < 0 for all 3 € [~1,0);
(iii) 7@ (\; B) < 0 for all 3 > 0 while 73 (); 3) > 0 for all € [~2,0); and
(

iv) 7@ (X; 3) > 0 for all 3 > 0 while 7 (X; ) < 0 for all 8 € [-2,0).

The first two statements are proved within [1] but only a sketch of the methodology
for proving the last two statements is given. In Section 2 we give the proof for the third
statement and in Section 3 we provide the proof for the fourth statement.

Notation: perm(i, j, k,1) is defined to be the set of distinct permuations of the arugu-

ments. For example,

perm(2,2,4,4) = {(2,2,4,4),(2,4,2,4),(2,4,4,2),(4,2,2,4),(4,2,4,2), (4,4,2,2)}.
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2 Third derivative proof

Since m(\) = Z 72/ (A4 \i)? it follows that
i=1

A0 = —zgﬁ (2.5)
@) = Ggﬁ (2.6)
T®0) = —24;2# (2.7)
W0 = 120?%@3&)6 (2.8)

Lemma 2.1 Let 3 > 0, then 7®)()\; ) < 0 for all A € (A\g,00); let 3 € [—%,0), then
73 (X; 3) > 0 for all A € (Ag,00);

Proof. Substituting (2.5)—(2.7) into (1.3) and rearranging we obtain

7@ 8) = 8 [r()" n(x; 9),

where

PRSP (S N O I S o S
n(AB) = (=5 +68-8) (Z ()\‘l-)\i)?)) . (Z (/\+)\z‘)2> (Z ()‘+>‘i)5)

=1 i=1 =1

~ % —~ —~
—|—(18 —9ﬁ> (; (>\+)\1)2> (; <)\+)\z)3> (Z ()\+)\Z)4> .

=1

From Lemma 2.2 we deduce that 73 ()\;3) < 0 for all A € ()\s,00) and 3 > 0;
73 (\;8) > 0 for all A € (\s,00) and (3 € [—%, 0). This completes the proof. O
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Lemma 2.2 Let

PR TR S Y (S N o S
nxf) = (=57 +60 8)<Z<A+Ai)3> 12<Z(A+Ai>2> (Z(HW)

N2 ~ ) ~ )
+(18 — 95) (; (/\_i_)\i)Q) (; (/\_'_)\i>3> (; ()\+)\i_)4> .

The expression 7(); 3) is negative for all A € (Ag, 00) and § > —2.

Proof. The proof is by induction. Let p be such that v, # 0 and 7; = 0 for
t=1,...,p— 1. Define

T A S N CCN S N O N
s = 00 (Z(HW”) 12(Z(Hm2> (Z(H&)"’)

i=p i=p i=p

~ ~ 7 ~ 7
(Sl (Sads) (Bad)

i=p 1=p

Note that n(\; 3,n) = n(A; B).

Now n(\; B;p) = (=4 — 36 — 2) % < 0 for all A € (Ag,00) and 3 > —%,

Assume that n(\; 5;k — 1) < 0 for all A € (\g,00). Now

6
n\Bik) = n\Bik—1)+ (=8° - 38 —2) 5 :kAk)“’

o T2 m N A Ais B)
A+ )" (A+N)°

k—1

3 Yevivinz(A; Aes Aji Ais B)
A+ X" A+ 1) (A +N)°

4,J=p
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where

m(A; Ags Ais )

M2(A; Ak Ajs Ai; B)

(=96 — 6) (A +\)® + (=382 + 98— 6) (A + \)” (A + \p)
+(18=98) A+ X)) A+ M) = 12N+ M),
18 ; i A+ X7 (A M) )2+ A+ X)) (A + )

18 — 93
T

A+ X2 (A M) X))+ A+ X)) (A + )
| 18 - W) (A A2 A AP+ A AP (4 A)?)
+ (=382 4185 —24) A+ M) A+ M) (A + M)

120+ 0)P A+ ) =120+ )P A+ A)®
—12(0+X)° (A + )7

From Lemmas A.3 and A.4 we deduce that n(A\;3;k) < 0 for all A € (Ag,00) and

2
B> -2

3 Fourth derivative proof

Lemma 3.1 Let 3 > 0, then 7™ ()\; 8) > 0 for all A € (A\g,00); let 3 € [—%,0), then
7@ (X\; 3) < 0 for all A € (Ag,00);

Proof. Substituting (2.5)—(2.8) into (1.4) we obtain
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where

(XB) = (B-2)(8-4)(5-06) (Z G fw)

N AW N
(S (Sahr)

=1 =1

ot VY
+27 (8 — 2) (Z ()\+)\i)2> (Z (/\+)\i)4>

i=1 i=1

N A TN ~

i=1 i=1

H18(5=2)(6-4) (Z O+ Ai>2> (Z (A + A»‘”’) (Z A+ Wl)

=1 =1 =1

From Lemma 3.2 we deduce that 7*)(\; 3) is positive for all A € (A\g,00) and 8 > 0;
T (X; B) is negative for all X € (As,00) and 3 € [-2,0).

Lemma 3.2 Let

(B) = (B-2(B-1)(3-6) (Z 5 fMg)

o V(-
o0 (Z A+ W) (; A+ )\i)6>

=1

n V2 L ’7—3 2
+27 (8 - 2) (Z m) (Z (/\+)\i)4>

i=1 =1

o Y (e —~

=1 =1

~ 7 QU Y A
+18(6 - 2) (5 - 4) (Z (A+A,~)2> (Z (A+Ai)3> (Z (A+Ai)4>'

i=1 =1 i=1

The expression ((\; 3) is positive for all A € (A, 00) and 3 > —%.
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Proof. The proof is by induction. Let p be such that , # 0 and v = 0 for

t=1,...,p— 1. Define

(i) = (B-2)(B-4)(3-06) (Zﬁ)

N AN LN
o (Sorr) (Sair)

i=p 1=p

o ()
+27 (8 —2) (Zm) (Z ()\+)\i)4>

1=p 1=p

N I N ~ 7
T80 -2) (Z (A + Ai)2) (Z (A + >\Z-)3> (Z A+ )

i=p i=p i=p

we-00-9 (L) (S i) (B

i=p i=p i=p

Now ¢C(\; B;p) = (B + 6% + 118+ 6) — 2213 > 0 for all A € (As,00) and 3 > —2.

(AAp) "2

Assume that ((\; 35k — 1) > 0 for all A € (Ag, 00). Now

8
NBik) = CNBik—1)+ (8 + 65+ 115 +6) —
COBR) = Cifik =)+ (B + 65 +115+6) =
o W20 Ak A B)
A+ (AN
kz_i Veriv: G (A s Ags Ai; B)
S )T AN A+ )
S Ve vivECa (N Ak A Ajs Ais ) Ot A
l) >

A+ A +F XA+ ))°

t,5,l=1

7
A+ N\)
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where

GO A A B) = (1887 +428 +24) A+ A)* +60 (A + M\p)*
+ (48 = 1287+ 88) (A + A)° (A + A) =48 (2= B) (A + X)) (A + \)°
+ (186% — 548+ 36) (A + A2 (A + Ap)?,
G AN A B) = (7384 30) (A+ X)) (A+ )y)*
F90 A+ M) A F A HF90 A+ A) A+ )

+ (1887 — 608 4 48) (A + A)* (A + )" (A + \p)
+ (1862 — 608 +48) (A + X)) (A +2)* (A + A\p)
—48(2— B) A+ X)) A+ A) (A + )
482 = B) A+ A) (A +A) A+ A
—24(2= B) A+ X)) A+ 1) (A + A

24 (2= B) A+ M)A+ N) A+ )
—27(2—B) (A +N)° (A+)\) A+ M)

+ (982 = 36) A+ N)P A+ 2+ )

+ (987 = 36) A+ N)" (A + )7 (A + )

FI8 (82 =68+ 8) A+ X)) (A + 1) (A + A)°

FI8 (B2 =68+ 8) A+ X)) A+ 4)> (A + A\)°

+(68° — 5487 + 1568 — 144) (A + M) (A + X)) (A + \)?,

and

GA A A Aji Ais ) = 60 Z (A+A)" A+ A)™ A+ A0)™ (A + A)™

(n1,m2,n3,n4)
€perm(0,4,4,4)

H(168-32) > (AT A (A M) (A N)™

(n1,n2,n3,n4)
eperm(1,3,4,4)

+(183-36) Y (A )" A A A+ A)™ (A A)™

(n1,n2,n3,n4)
€perm(2,2,4,4)

+ (687 =368+48) > (A" (AN (A A" (A A)™

(n1,n2,n3,n4)
€perm(2,3,3,4)

+ (48° — 4857 + 1768 — 192) (A + Me)> (A + X7 A+ 2)° (A + \)°.

From Lemmas B.5-B.7 we deduce that ((\; ;&) > 0 for all A € (As,00) and § > —
This completes the proof.

(S]]
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Appendix A

Lemma A.3 Let

MmN A A B) = (=98 —6) (A + A)? + (—352 +906 — 6) (A+ A)? (A+ )
F (18 =98) A+ N) A+ A)* =12 (A + \p)°
and assume that \; < Ap. If \; < 0, the expression 71 (\; Ag; A;; 5) is non-positive for

all A € [—\;,00) and § > —1; if A\; > 0, the expression 11 (\; Ax; Ai; 3) is negative for
all A € [0,00) and § > —1;

Proof. Differentiating 7, (A; A\g; Ai; 3) with respect to A we obtain

MmN A A B) = =120+ A)° + (18=98) (A + M)* (A + )
+ (=382 498 — 6) (A + M) (A + \)?
+ (=98 —6) (A4 ), (A1)
A A B) = (18— 98) (A + A)” + (24— 65%) (A + M) (A+ X)) (A2)
H(—=38% — 183 — 24) (A + \)?,

PPN A A B) = (=682 — 183 — 12) (A + Ap) (A.3)
+(—126% =368 — 24) (A + ) ,
MO M A ) = —185% — 540~ 36. (A.4)

Clearly 77%3)()\; Ak; Ai; B) is negative for all 5 > —1.

Consider the case \; < 0. Subsituting in A = —); into (A.1)—(A.3) we obtain
m(=As A Ais B) = —12(A — \)° <0,

V(XA A 8) = (=18 =98) (e — A)? < 0forall 3> —2
V=N A i B) = (=682 —183—12) (A, — \;) < 0for all B > —1.

n
0
Hence, 11 (A; Ag; Ai; B) is non-positive for all A > —\; and § > —1. Since Ay > —\;, this
completes the proof for the case \; < 0.

Consider the case A\; > 0. Subsituting in A = 0 into (A.1)—(A.3) we obtain

m(0; M A B) = —12X% + (18 — 98) AN, + (=362 + 98 — 6) AeAZ + (—98 — 6) A2,
D0 0 A5 ) = (=18 — 9B8)AZ + (24 — 682)Ap; + (=367 — 188 — 24)A2,
M0 A A ) = (—63% — 180 — 12)A, + (—12062 — 360 — 24)\..

We wish to show that the above equations are all non-positive for all A\, > \; and
B>l
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Define n19(Ax; Ai; ) = m1(0; Ak; Ai; B). Differentiating n10(Ag; Ai; ) with respect to A
we obtain

Mmo(Ae; NisB) = —12X\0 + (18 = 9B8) A, + (=337 + 93 — 6) A\ (A.5)
+(=96 - 6) X},

DDk Ais B) = —36A2+ (—188+ 36)Aphi + (=38 + 98— 6) A2, (A.6)

Mo (W AisB) = =72 + (36 — 185) Ay, (A7)

my (s Az ) = —T72.

Substituting A\, = A; into (A.5)—(A.7) we obtain
mo(A\i; Ais B) = (=30% =98 = 6)A] < Oforall § > —1,
s\ B) = (=382 —98—6)A2 < 0forall > —1,
D\ 8) = (=183 —36)A% < 0 for all > —2.
Hence, 171(0; A\g; Ai; ) is negative for all Ay > \; and > —1.
Define ny1(Ag; Ai; B) = 7751)(0; Ak; Ai; 3). Differentiating 111 (Ax; Ai; ) with respect to Ay
we obtain
mi(Aks A B) = (=18 — 95»% + (24 - 652))%)\1 + (_352 — 180 — 24))‘?7 (A.8)
(s A ) = (=36 — 188) A + (24 — 66)
1P\ Az B) = —36—183 <0 forall B> —2.
Substituting A\x, = A; into (A.8) and (A.9) we obtain

(s \i; ) = (—98% =278 —18)A\? < 0 for all 3 > —1,
VO A B) = (—68% — 186 — 12)A < Oforall § > —1.
Hence, 77§1)(0; Ak; Ai; () is negative for all Ay > \; and § > —1.

Define ny2(Ag; Ai; B) = 7752) (0; Ak; Ai; B). Differentiating n12(Ax; Ai; ) with respect to A
we obtain

ma(Aki A B) = (=63° =188 — 12)A, + (—128° =363 — 24)\;,  (A.10)
DDA 8) = —682—188—12 < 0 forall > —1.

Substituting A\;, = \; into (A.10) we obtain
ma(Ni; Mis B) = (—188% — 548 — 36))\; < 0 for all B > —1.

Hence, n§2)(O;Ak;Ai;ﬁ) is negative for all A\, > X; and 8 > —1. This implies that
m (A Ag; Ai; ) is negative for all A > 0, Ay > \; and 8 > —1.

This concludes the proof.
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Lemma A.4 Let

BN AN ) = P A0 (A A A AP+ A (4 4)
+18 - 953

2

A+ 22 (A X))+ A+ X)° (A + )
.18 ; 9% A+ 2 (A X7+ A7+ A+ 0)° (A +2)%)
+ (=382 4188 — 24) (A + X)* (A + )2 (A + M)

S22+ AP A+ A =120+ AP (A + )

—12(+ NP (A + M)

and A, > max(\;, Aj).
If A; <0, the expression 72(\; Ag; Aj; Ai; B) is non-positive for all A € [-);, 00) and

6> —%; if A\; > 0, the expression 72(X; Ai; Aj; Ai; §) is negative for all A € [0, 00) and

2
B=>—3.

Proof. Without loss of generality assume that A; < A;.

Differentiating 7o(; Ax; Aj; Ai; 3) with respect to A we obtain

M2 (A Ak Aji Ais B) = <18;%> DT XA A+ A)™ (AL

(n1,n2,n3)
€perm(1,2,3)

+ (=33 + 186 — 24) (A +X)” A+ 1) (A + A’
—12 3 AT A (A )™,

(n1,m2,n3)
€perm(0,3,3)

—-54 -9
7 (4 M Aji A ) = (Tﬁ) Do AT O A (A )™ (A1)
(n1,n2,n3)
€perm(0,2,3)

HB6—-188) > (A" (AN (A M)

(n1,n2,n3)
€perm(1,1,3)

H(=682+98+6) D> (A A" (A A" (A + )™,

(n1,m2,m3)
eperm(1,2,2)
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DN A A A B) = (Z18=278) D A+ AT A A (A M) (A1)

(n1,n2,n3)
eperm(0,1,3)

+(—687 =188 —156) Y (A+A)" (A1) (A + )™

(n1,m2,n3)
€perm(0,2,2)

H(=2457 =188 +132) > (A A" (A )" (A4 )™,

(n1,n2,n3)
e€perm(1,1,2)
18 A A A B) = (=36 = 548) (A + M)® + A+ 0)° + (A + 1)) (A.14)
+(—1448% — 1083 + 792) (A + X)) (A + ;) (A + \x)
+(=3657 — 1353 —234) > (A+A)" (A A" (A4 )™,

(n1,m2,n3)
€perm(0,1,2)

ns) (S A A A B) = (=720% = 4328 — 576) (A + A0 + (A + A))° + (A + X)) (A1)
+(—2880% — 6483 — 144) > (A4 M) (A +A)" (A + W)™,

(n1,m2,n3)
€perm(0,1,1)

0 5 Ak A A B) = (—72082 — 21608 — 1440) (A + Ax) + A+ A) + (A +A)), (A.16)
BN A A A 8) = —216082 — 6480 — 4320. (A.17)
Clearly 7756)()\; Ag; Ajs Ai; ) is negative for all g > —1.
Consider the case \; < 0. Substituting in A = —); into (A.11)-(A.16) we obtain

m(=Ai A A A B) = =120 = X)° (4 = A)’

< 0,

50 (=i At Ajs A B) = (ﬂ) (k= A7 (5 = A"+ e = M) (0 = Ai)7) 2
0 for all B > —6,
s (=X A A A B) = (=18 = 278) (A = M) (O = A)” 4+ O = A)* (g = A0)) 2
+(=63% — 188 — 156) (A — Xi)> (A — \y)°
0 for all g > —g,
75 (=i A Aji A B) = (=36 = 548) (A = X)° + (4 = )’
H(=366% — 1356 — 234) (A — M) (4 — X2+ O — X)) (4 — \))
0 for all g > —%,

IN

IN

IN

1) (<X A A A ) = (726° = 4326 576) (A — M)* + (4 = A))
+(—2886% — 6488 — 144) (A, — o) (A — \)
(72082 — 21608 — 1440) (M — \i) + (A5 — Ai))

0 forall g > —1.

7755)(—)\@; s Aj; A B)

IN
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It remains for us to show that né )( Ais Ak; Aj; Ay B) is non-positive for all § > —% when
A <0.

Define 1a(Ag; Aj; Ais 5) = 7754)( Xis Ak; Ajs Ai; ). Differentiating 72 (Ax; Aj; Ai; 5) with re-
spect to A\, we obtain

(s A Ais ) = (7287 — 4328 — 576) (A — X)* + (N — X)?) (A.18)
+(—2883% — 6483 — 144) (M, — Ai) (N — \i)
Y\ A\ B) = (—14487 — 8643 — 1152) (A, — \,) (A.19)
+(—2883* — 6483 — 144) (\; — \i),
—1445% — 8643 — 1152
0 for all B > —2.

1@ (A Aji Ais B)

IN

Substituting Ay = A; into (A.18) and (A.19) we obtain

(N A A B) = 2(—4328% — 15128 — 1296) (\; — \;)°
< Oforall g > —g,
PN A A B) = (—4326% — 15128 — 1296) (\; — \;)

< Oforall g > _;
Hence, 772 ( Ais Ag; Aj; Ai; 3) is non-positive for all § > —% when \; < 0. From this we
deduce that na(A; Ag; Aj; Ai; B) is non-positive for all A > —A; and 5 > —%.

Consider the case \; > 0. Let us define the functions nao(Ag; Aj; Ais B), 721 (Aks Ajs Ais ),
N22(Aks Ajs Ais B)5 M23(Nes Ajs Ais B), maa(Aw; Ajs Ais B) and mas(Ax; Aj; Ai; 8) as follows:

N20(Ak; Aji Ais B) = 12(0; )\k,)\w)\uﬁ%

M1 (M A A B) = 18 (05 Ay Ajs Aas B),
Do A A B) = 8 (05 M Ajs At B).
Ne3( Ak Aji Ais B) = é )(O Ak; )\]7 Ais B),
Mt (N A A B) = 18 (05 Ay Ajs Aas B),
Nos( Ak Aji Ais B) = é (0; Ais Ajs A B).

We will show that the above equations are all negative for all A\, > A; and 3 > —%. This
combined with 77(6)()\; ki Aji Ay B) < 0 for all g > —% will prove that n2(A; Adg; Ajs Ais )
is negative for all A > 0 and § > —%.
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Differentiating 799(Ag; Aj; Ai; ) with respect to A\, we obtain

18 -9
M20(Ak; Aj; Ais B) = ( 5 ﬂ) Z ATATENE

(n1,m2,m3)
e€perm(1,2,3)

+ (=387 + 188 — 24) AIAIA;
—192 Z M )\?2)\23,

(n1,n2,n3)
€perm(0,3,3)
54 — 270
M i A A B) = —36XF (AF + A7) + (T) A () A0 + (18 = 95) A (A + A7)
~18-93
" (T) NIAZ (A, 4 M) + (=652 + 368 — 48) AN,
s e A Ais ) = =720 (A2 4+ 22) + (54 — 278) MAjhi (A + A
+ (18 = 98) MjAi (A + A7) + (=667 + 360 — 48) A3A7,
M s A A B) = =72 (X2 4+ A2) + (54 — 278) \Ai (A + \y) -

Define nm903(A;; Ai; ) = ngg)()\k; Aj; iy ). We wish to show that 7503 is non-positive for
all \; > \;. Differentiating 103 with respect to A; gives

N203(Aj; Ais ) = =72 (/\? + A7) 4 (54 = 278) MA (A + )
Moy (Aji A B) = —216X2 + (=546 + 108)\;\; + (54 — 275) A2,
sos(\ji i) = —432X; + (108 — 548) \;,

Moy (Vi Ais @) = —432 < 0.

Now

2
naos(Ni; \i; ) = (=36 — 548) A} < 0 for all 8 > —3

MO A 0) = (81— 548N < Oforall > —,

Nos(Nii A B) = (=324 —545) \; < 0 for all § > —6.
Hence, né%)(Ak; Aj; Ai; B) is non-positive for all A, > A\; and 5 > —%.

Define n902(Aj; Ai; 8) = 77%)()\]; Ajs Ais B)/A;. We wish to show that ny02 is non-positive
for all \; > \;. Differentiating 1,02 with respect to A; gives

moz(Ajs Ai B) = —T2X\3 4 (72 — 368) A2\, + (=657 + 98 + 6) \A7 + (—54 — 9B8) AY,
Maop(Aji Ais B) = —216X2 + (144 — 728) M\ + (=667 + 93 +6) A2,

02D (A hiB) = —432); + (144 — 728) A,

NN AiB) = —432 <0,
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Now

Moe(Nis Ais B) = (=687 — 368 — 48) A¥ < 0 for all B > -2,
WA B) = (—66% — 636 — 66) A2 < 0 for all § > —1.1803,
Mop(Ni AisB) = (—288—728) N < 0forall § > —4.

Hence, 77%)(/\]; Aj; Ai; B) is non-positive for all A; > \; and 3 > —%.

Define 101(Aj; Ais 8) = 7720 ()\ Aj; Ais B)/A3. We wish to show that 7501 is non-positive
for all A\; > )\,. Differentiating 101 with respect to A; gives

90 — 45 18 — 27
mot(Aj; Ai3) = —36A% + (T[i) A2Ni 4 (=667 + 183 — 12)A;A7 + (Tﬁ> A2,
77201( AisB) = —108X\% + (90 — 453)A\;\; + (—68% + 183 — 12) A7,
nm(AJ; Ni; B) = —216); + (90 — 456) A,

D (A A B) = —216 < 0.
Now

Mot (A A B) = (—66°— 188 —12) A} < Oforall g > —1,
775%))1()\1'; Aii ) = (—652 — 276 — 30) M <0 forall B> —2,
77%)1()\@'; Ai; B) = (=126 —4508) A\; <O forall § > —2.8.

Hence, 7]20 ()\ Aji Ai; B) is non-positive for all A; > \; and § > —2.

Define 1200(Aj; Ais 8) = m20(Aj; Ajs A ﬁ)/)\? We wish to show that 7999 is negative for
all \; > \;. Differentiating 1,099 with respect to A; gives

mooo(Aj; Ais B) = —12X7 + (18 — 98) A2\, + (=367 + 98 — 6)\; A7 + (—6 — 98) A2,
Soo(Aji it B) = —36M% + (36 — 188) AN + (—33% + 98 — 6) X2
DB (A B) = —T2\ + (36 — 186) Ay,
M\ A B) = —72 <0,
Now

n200(Ai; Ai B) = (—352 - 98 — 6) A< 0forall p>—1,
nioy(Nis Ais ) = (=38° =98 —6) X2 < 0forall > —1,
(A A 8) = (=36 —188)\; < 0forall > —2.

Hence, n90(Aj; Aj; Ai; ) is negative for all \; > A, and 8 > —%. This implies that
n2(0; Ak; Aj; Ai; B) is negative for all A\, > A; and g > —%.
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Differentiating 791 (Ag; Aj; Ai; ) with respect to A\, we obtain

—-54 -9
o1 (Aks Ajs Ais B) - = (Tﬂ> Z AN

(n1,m2,n3)
€perm(0,2,3)

+(36—188) > ATARARS

(n1,n2,n3)
€perm(1,1,3)

H(=682+98+6) D> (A A" (A" (A4 M),

(n1,n2,n3)
€perm(1,2,2)

162 — 27
n5) ks Ajs A B) = —5) (ARAZ + A2X7) + (108 — 545) AfAjA;

(36 — 1808) (AIXi + AjA?) + (—653° + 968+ 6) ATA7,
162 — 2706) (AeAS + AeA?) + (216 — 1085) Aedj A
54 —983) (A2 + A7) + (—126° + 183 4+ 12) (A3N + A7),

162 — 273) (A? + A7) + (216 — 1080) ;A

E (=54 — 98) (MeA? + MeA?) + (=126 + 188 + 12) (AATA; + AeAAY)
n

s ki \jidis B) = (=

(=

(=

775?(%; N B) =

Define n913(A\j; Ai; 8) = ngi)()\k; Aj; Ais B). We wish to show that 723 is non-positive for
all \; > \;. Differentiating 7,3 with respect to A; gives

moas(Aj; Ais B) = (=162 —2783) (A7 + A7) + (216 — 1086) AjA

P i A 8) = (—324— 548) A, + (216 — 1085) A,
D2 (A M) = (—324—548) <0 for all > 6.

Now

2
No1s(Ai; A3 B) = (=108 — 1628) A\? < 0 for all 3 > -3

2
ML AGB) = (~108 = 1628) X, < 0 for all = .
Hence, 7721 ()\ Aji Ai; B) is non-positive for all A\, > A; > \; and > —2.

Define 112(Aj; Ai; 5) = 7721 ()\ Aj3 Ais 3). We wish to show that 7,15 is non-positive for
all A; > \;. Differentiating 7,12 with respect to A; gives

ma2(Aj; A B) = (=216 — 3603) A] + (=126 — 905 + 228) AJ\,
+ (—128% — 98 = 150) \;A7 + (=54 — 98) A?,
Mo (Aj; Ai ) = (—648 — 1086) A2 + (—243% — 1808 + 456) A\, + (—128° — 98 — 150) A2,
N\ A B) = (—1296 — 2168) \; + (—248> — 18083 + 456) \;,
77212(>\j§ ANi; ) = —1296 — 216 < 0 for all B > —6.
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Now
mo2(Ai; Ais B) = (—240% — 1445 — 192) A
M (N Az ) = (—3642 — 2978 — 342) A
s (A Az B) = (—246° — 3963 — 840) \;

Hence, ng)(/\j; Aj; Ais 3) is non-positive for all A; > \; and 3 > —%_

<0 forall g > —2,
< 0 for all 5 > —1.3835,
<0 forall 5 > —2.5.

3
i
2
%

Define n911(Aj; Ai; B) = néi)()\j; Ajs Ais B)/A;. We wish to show that 1,17 is non-positive
for all A\; > \;. Differentiating 7911 with respect to A; gives

—270 — 45
77211()\3‘;)\1';5) = (%

) AY+ (=126 — 548 + 156) A3\
2
+(—186% + 775 — 63)M A7 4 (—276 — 18) A},

(—810 — 1358

WOy A ) = 5 ) A2+ (=246 — 1086 + 312) A\,

+ (—18ﬁ2 + 2775 - 63) A,
NS Ai ) = (=810 — 1358) \; + (—248% — 10853 + 312) \,,
i) (A A B) = —810—1358 < 0 for all 3 > —6.
Now
moi(Ais Ais B) = (=308% — 908 — 60) A} < 0 for all 8 > —1,
m (i A B) = (—4202 — 1628 — 156) A2 < 0 for all 5 > —1—73,
2 (A A B) = (=247 — 2438 — 498)\; < 0 for all 8 > —2.8537.
Hence, 77%)()\]-; Aj; Ai; 3) is non-positive for all A; > \; and 3 > —%.
Define n210(Aj; Aii B) = n21(Aj; Ay Ass ﬁ)/A? We wish to show that 7519 is negative for
all A; > \;. Differentiating 7,19 with respect to A; gives
mio(A3 Ai B) = (=54 —=98) AJ + (=65 — 2706 + 78) A3\
+ (—128% + 98 — 42) \A7 + (—18 — 278) A7,
M (A A B) = (=162 — 270) A2 + (=126 — 546 + 156) A\,
+ (—126% + 98 — 42) X7,
(Nt A @) = (=324 —548) \; + (—1267 — 548 + 156) \;,
A\ B) = —324—548 <0 forall 3 > —6.

Now

mio(Ai; A B) = (—188% =543 — 36) A} < 0 forall § > —1,
Ms16(Ai; A
77%%)()\1‘; A

iB) = (—2487 =728 —48) X} < Oforall 8 > —1,
iB) = (1267 — 1088 — 168) \; < 0 for all 3 > —2.
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Hence, 791(Aj; Aj: Ai; ) is negative for all \; > A; and 3 > —%. This implies that
nél)(O; Ak; A Ai; B) 1s negative for all Ay > A; > A; and 5 > —%.

Differentiating n9a2(Ag; Aj; Ai; ) with respect to A\, we obtain
MM Aji AisB) = (=18 =278) Y AMAPRAR

(n1,m2,n3)
€perm(0,1,3)

+(—63% — 183 — 156) (AIAT + AZAT + A2A7)
+(—246% — 183 4 132) (AN + M AT + MAjAT) |
) (s A A B) = (=54 —818) (A2 + A2\) + (—126° — 312 — 368) (A2 + \A2)
+ (=368 — 483 + 264) M\ jA; + (=278 — 18) (AJ + A7)
+ (=245 + 132 = 183) (A + \jA7)
s (e Ajs Ais B) = (=108 — 1623) (\eA; + Aede) + (=126 — 312 — 365) (A2 + A?)
+ (=363 — 486% 4 264) A1\,

2

Define n922(Aj; Ai; B) = 7722 ()\ Aj; iy ). We wish to show that 7992 is non-positive for
all A; > A;. Differentiating 1229 Wlth respect to A; gives

Maaa(Aji Ais ) = (=420 — 1983 — 123%) A? + (=48> — 19803 + 156)\;\;
7+ (—126° — 368 — 312) A7,

N\ A B) = (—3968 — 840 — 245%) \; + (—4832 — 1985 + 156) A,

(A A B) = —3968 — 840 — 2437 < 0 for all § > —2.5.

Now

M2 (Ais Ay B) = (=576 — 4326 — 724%) A7 < 0 for all § > -2,
BN B) = (—5948 — 684 — 7263%) A, < 0 for all § > —1.3835.

Hence, ng)()\j; Aj; Ai; 3) is non-positive for all A; > \; and 3 > —%.
Define 121 (Aj; Ai; 5) = néé)()\j; Aj; Ais 3). We wish to show that 7,9, is non-positive for
all \; > \;. Differentiating n,2; with respect to A; gives
Moor(Ajs Ais B) = (1448 —123° — 384) X7 + (—7252 + 342 — 1350) A7\
+ (=180 — 368> — 54B) A\ + (=278 — 18) A2,
M (A A B) = (—366% — 1152 — 4320) A2 + (2703 + 684 — 14452)
+ (=180 — 368* — 5483) A
D (A i B) = (—8648 — 726 — 2304) Aj + (—2708 + 684 — 1443%) A
(A A B) = —8648 — 7262 — 2304 < 0 for all 3 > —4.
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Now
= (—3608 —1208° —240) A} < 0 for all 3 > —1,
= (—2168° — 648 — 75603) A7 < 0 for all 3 > —1.5,
nom (i A B) = (—11345 — 2164% — 1620) \; < 0 for all .
Hence, néé)(/\j; Aj; Ai; B) is non-positive for all \; > \; and 3 > —%.
Define n220(Aj; Ai; 3) = m22(Aji Aj; Ai; B)/A;. We wish to show that a0 is negative for
all \; > \;. Differentiating n290 with respect to A; gives
Ma2o(Aji Xis ) = (—66% — 723 — 192) X3 + (228 — 906 — 484%) A7\
+ (—180 — 36> — 543) A\jA? + (—36 — 543) A},
Moy (Aji A B) = (—2168 — 576 — 186%) A2 + (—964% — 1805 + 456) \;\;
+ (—180 — 365 — 543) A7,
Mo\ A B) = (—368% — 1152 — 4326) A, + (—9632 — 1803 + 456) X,
(A A B) = —360% — 1152 — 4328 < 0 for all 3 > —4.
Now
Mazo(Ais Ais B) = (—908% — 2708 — 180) A} < 0 for all § > —1,
e\ Ais ) = (—4508 — 300 — 15052) A2 < 0 for all § > —1,
Mo A B) = (—1328% — 696 — 6123) A, < 0 for all § > —2.
Hence, m2(Aj; Aj; Ai; 5) is negative for all A; > \; and § > —%. This implies that
7752)(0; Ak; A Ai; B) 1s negative for all A, > A; > \; and > —2.
Differentiating 723(Ax; Aj; Ai; §) with respect to Ay we obtain
N3k Ajs Ais ) = (=36 —543) (A + AJ + A)) + (—1446% — 1086 + 792) A\ A\
+(—3657 — 1353 —234) > NI,

(n1,m2,m3)
€perm(0,1,2)

1% ks A A B) = (=108 — 1628) A2 4 (—468 — 7267 — 2708) (AsA; + Aehs)
+ (—366% — 1353 — 234) (X + X)) + (—1445° — 1080 + 792) \;\;,

sy s A A B) = (=216 — 32403) Ay + (—468 — 7252 — 2708) (\i + ;)

2
0 for all g > -3

IN

Define 131 (A5 Ai; 5) = néé)()\j; Aj; Ais 3). We wish to show that 7,3, is non-positive for
all \; > \;. Differentiating n,3; with respect to A; gives
mst(Aj; A B) = (=810 — 5678 — 1083%) A7 + (—2165° + 324 — 37808) A\,
+ (—366% — 1358 — 234) A7,
N\ A B) = (11348 — 2166% — 1620) (\; + A;) < 0 for all 3.
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Now
ma (A A B) = (=720 — 10803 — 3603%) A7 < 0 for all § > —1.

Hence, 77%)()\]-; Aj; Ai; B) is non-positive for all \; > \; and 3 > —%.

Define 1230(Aj; Ais 8) = m23(Aj; Aj; Ais 8). We wish to show that 7,30 is negative for all
Aj > A;. Differentiating 7231 with respect to A; gives

mso(Aj; Ai B) = (3788 — 7267 — 540) A? + (—2165° 4 324 — 3788) A\,

+ (=727 — 2703 — 468) \;A7 + (—36 — 545) A2,

Mysp(N\js Ais B) = (—11348 — 21642 — 1620) A2 + (=756 + 648 — 4326%) \\;
+ (—726% — 27083 — 468) A7,

—3240 — 226803 — 432(3%) \; 4 (—75603 + 648 — 4325%) \;,

3240 — 226873 — 432(3%) < 0 for all 3.

77%)0(/\% iy B) =

1S\ A B) =

Now
Maso(Ais Ais B) = (=720 — 10803 — 3603%) A} < 0 for all § > —1,
NogNii A B) = (—216053 — 7208° — 1440) A2 < 0 for all 5 > —1,
N\ Ai; ) = (—2592 — 30245 — 8646%) \; < 0 for all > —1.5.
Hence, m23(Aj; Aj; Ai; 5) is negative for all A; > \; and § > —%. This implies that
7753)(0; Ak; Aji Ais 8) 1s negative for all A, > A; > \; and 8> —2.
Differentiating 724 (A; Aj; Ai; §) with respect to A, we obtain
Ma(Aes Aji A B) = (=T23% — 43206 = 576) (A} + A2 + X?)
+(—2883% — 6483 — 144) (MAj + Mhi + AjA)
o) s A A B) = (—86403 — 14467 — 1152) A, + (—28802 — 64873 — 144) ),
+ (—144 — 288> — 6480) \;,
néi)()\k; N B) = —86483 — 1448% — 1152 < 0 for all 3 > —2.

Define 1241 (A3 Ai; 5) = néi)()\j; Aj; Ais B). We wish to show that 7,4 is non-positive for
all \; > \;. Differentiating 7,41 with respect to A; gives

Moa1(Aj; Ais ) = (—1296 — 151208 — 4328%) A; + (—2885° — 64803 — 144) A,
(A A B) = —1296 — 15123 — 43202 < Ofor all 3 > —1.5.

Now
a1 (Ai; A B) = (—21608 — 7204% — 1440) A; < 0 for all 5 > —1.

Hence, néi)()\j; Aj; Ai; 3) is non-positive for all A; > \; and 3 > —%.
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Define 1240(Aj; Ais B) = m2a(Aj; Aj; Ais B). We wish to show that 7949 is negative for all
Aj > A;. Differentiating 7249 with respect to A; gives

moao(Aj; Ais ) = (—1296 — 15128 — 4326%) A7 + (—129673 — 576% — 288) A\;\;
+ (=576 — 4323 — 723%) A7,

N\ A B) = (2592 — 30248 — 8645°) \; + (—129673 — 57632 — 288) A,,

nS (A A ) = —2592 — 302408 — 86447 < 0 for all § > —1.5.

Now

Moao(Ai; s B) = (—2160 — 32403 — 10805%) A7 < 0 for all § > —1,
o A B) = (—2880 — 432003 — 14404%) \; < 0 for all 5 > —1.

Hence, n24(Aj; Aj; Ai; B) is negative for all \; > A; and 3 > —%. This implies that
7754)((); Ak Aji Ais ) is negative for all Ay > \; > \; and 3 > —%.

Differentiating 7s5(A; Aj; Ai; §) with respect to Ay we obtain

Mos(Aks Ajs Ais B) = (—1440 — 21608 — 7203%) Ay, + (—7205 — 1440 — 21608) A,
+ (—1440 — 72053 — 21603) \;,
S (A Ay A B) = —1440 — 21603 — 7208% < 0 for all 3 > —1.

Define 1250(Aj; Ais 8) = 125(Aj; Aj; Ais B). We wish to show that 7950 is negative for all
Aj > A;. Differentiating 7250 with respect to A; gives

Moso(Aj; Ai; B) = (—2880 — 432083 — 144053%) A; + (—7208% — 216083 — 1440) A,
(A A B) = —2880 — 43203 — 144082 < 0 for all § > —1.

Now
Moao(Ais Ais B) = (—4320 — 648083 — 21605°) \; < 0 for all 3 > —1.

Hence, m25(Aj; Aj; Ai; B) is negative for all A\; > \; and § > —%. This implies that
7755)(0; Ak Aji Ais ) is negative for all Ay > A\; > \; and 3 > —%.

This completes the proof.
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Appendix B

Lemma B.5 Let

GO A A 0) = (1862 + 428 +24) (A + X)) + 60 (A + M)
+ (48% = 1282+ 88) (A + X)° (A + \i)
—48(2—B) (A +X) A+ A’
+ (1887 — 543+ 36) (A + \)2 (A + M)
and Ay > N\ If \; < 0, the expression (i(A; A\g; Ai; 5) is non-negative for all A €

[—Ai,00) and 5 > —1; if \; > 0, the expression (3(A\; Ag; Ai; ) is positive for all
A€ [0,00) and > —1.

Proof. Differentiating (i (A; Ax; Ai; §) with respect to A we obtain

G A A B) = (1887 +428 +24) (A + A) 460 (A + \p)? (B.1)

+(48° — 1287+ 88) (A + X)° (A + \)
—48(2—B) A+ M) (A + M)’
+ (188% — 548+ 36) (A + \)2 (A + )%,

VA A B) = (1444 488) (A + \)°
+ (=216 4360 + 365%) (A + Ax)* (A + A) (B.2)
+ (72 +126° = 848) (A + M) (A + A)?
+ (608% + 17653 + 96 + 48%) (A + \)*

PN A A B) = (216 + 1808 + 366%) (A + \)
+(246° + 72687 = 968 — 288) (A + M) (A + X)) (B.3)
+ (1808 + 4446 + 360 + 245%) (A + \)°

O AN S) = (240° + 1446 + 2645 + 144) (A + Ay)
+ (43207 4+ 7928 + 432 + 728%) (A + \)

> 0Oforall g > —1.

Consider the case \; < 0. Substituting A = —); into (B.1)-(B.3) we obtain

G(=Xi; A Ais B) = 60 (A — i)' >0 for all 3,
V(A A A B) = (144 +486) (A — A)* > 0 for all § > 3,
(=AM A B) = (216 4+ 1808 +368%) (A — Ai)* > 0 for all § > —2.



On Taylor series approximations 23

Hence, (i (A; Ak; Ai; B) is non-negative for all A > —\; and § > —1.

Consider the case \; > 0. Substituting A = 0 into (B.1)-(B.3) we obtain

G0 M A 8) = (186° + 428 + 24) Af + 60X
+ (46° — 126% + 88) AP Ap — 48 (2 — B) LA}
+ (186% — 543 + 36) A7 A},
DO 0505 8) = (144 +4809) A} + (=216 + 367 + 3642) A2\,
+ (72 +123% — 8453) M A7 + (608 + 1763 + 96 + 45°) A7,
D0 0505 8) = (216 + 1808 + 366%) A2 + (245° + 7262 — 963 — 288) M
+ (18037 + 4448 + 360 + 245°) A;.

We will show that the above equations are all positive for all Ay > \; and g > —1. This
will then imply that (3 (A; Ag; A; ) is positive for all A > 0 and 5 > —1.
Define Cio(Ag; Ai; B) = (1(0; A\g; Ai; B). Differentiating (10(Ag; \i; 3) with respect to Ay

we obtain

Co(Aks A B) = (1807 + 426 + 24) A} + 60, (B.4)
+ (48° — 126 + 88) M)\ — 48 (2 — B) M,
+ (186% — 543 + 36) A7 A},

GO A B) = 240A3 + (—288 + 1445) A2\, (B.5)
+ (72 = 1086 + 363%) M A + (46° — 126 + 86) A2,

GO i B) = 72003 + (2883 — 576) A, (B.6)
+ (72 — 10806 + 363%) A7,

¢ (M A B) = 1440\, + (2886 — 576) A, (B.7)

DN B) = 1440.

Substituting A\x, = \; into (B.4)—(B.7) we obtain

Co(hi; A B) = (244448 + 2457 +48%) AL > 0 for all § > —1,
G A B) = (24+ 445 +246° + 46%) X! > 0 for all 5> —1,
CoNi A B) = (216 4 1808 + 366%) A2 > 0 for all § > —2,
N\ B) = (8644 28883) \; > 0 for all > —3.

Hence, (1(0; Ax; Aj; B) is positive for all Ay > \; and § > —1.

Define (11(A\x; \i; B) = Cl(l)(O; Ak; Ai; B). Differentiating (11 (Ag; Ai; B) with respect to A
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we obtain
CGi(Ae;Ais B) = (1444 4808) A} + (—216 + 365 + 368%) AL\ (B.8)
+ (72 +123% — 843) MA7 + (606° + 1763 + 96 + 45°) A7,
WO\ B) = (4324 1448) A2 + (7207 — 432 4 726) Mo\ (B.9)
+ (72 + 128° — 8453) A7,
DO\ B) = (864 4 2886) Ay + (7206 — 432 + 726) A, (B.10)

B (i) = 864+ 2883 > 0 forall §> —3.

Substituting A\x, = A; into (B.8)—(B.10) we obtain

Gi(As A B) = (96 + 1763 + 9637 +165°) A} > 0 for all B > —1,
YA 8) = (1241328 +726% +126%) A2 > 0 for all 3 > —1,
PN hiB) = (43243608 + 7268%) A > 0 for all § > —2.

Hence, dl)((); Ak; Ai; ) is positive for all A, > A; and § > —1.

Define (12(Ax; Ai; B) = sz)(O; Ak; Ai; ). Differentiating (12(Ax; Ai; 3) with respect to Ag

we obtain

Ga(A A B) = (216 + 1808 + 3653°) A, (B.11)
+ (245 + 726% — 963 — 288) A\
+ (1803% + 4448 + 360 + 245°) A7,
SO A 8) = (43243608 + 726%) A + (248° + 7262 — 963 — 288) A:(B.12)
DA i B) = 432+ 3608 + 7262 > 0 for all B > —2.

Substituting A\ = A; into (B.11) and (B.12) we obtain

Ga(AisAis B) = (288 + 5283 4 2883° +483°) A} > 0 for all # > —1,
SO 0) = (248° + 14405 + 2640 + 144) X2 > 0 for all § > —1.

Hence, C{Q)(O;)\k;/\i;ﬁ) is positive for all A\, > A\; and § > —1. This implies that
C1(A; Ak; A\i; B) is positive for all A >0, A\, > A\; and > —1.

This completes the proof.
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Lemma B.6 Let

Sab)= > (A" (A+A)™

(n1,m2)
€perm(a,b)

and

GA AR Ajs A B) = (750 +30) 5(4,4)
+90 (X + M)t 5(0,4)
+ (186% — 603 + 48) (
—48(2 = ) (A + M)? 5(1,4)
—24(2 = B) (A + \) " 5(1,3)
—27(2 = B) (A + M) " 5(2,2)
+(98% = 36) (A + i) 5(2,4)
+18 (B2 — 68 +8) (A + M)’ 3(2,3)
+ (68% — 54537 + 1568 — 144) (A + \)?5(3,3)

A+ M) 5(3,4)

and A, > max(\;, A;). If min(\;, \;) < 0, the expressmn Co(A; Ak Ajs Ais ) is non-
negative for all A € [max(—\;, —\;),00) and 5 > —5, if min(\;, A;) > 0, the expression
C2(N; Ak Ajs Ais B) 1s positive for all A € [0,00) and 3 > —%.

Proof.
Without loss of generality assume that \; < A;.

Differentiating (o(X; Ax; Aj; Ai; §) with respect to A we obtain

GA A Az Ais ) = (756 4 30) 5(4,4) (B.13)
+90 (A + Ar)* 5(0,4)
+ (1882 — 608 + 48) (A + Ag) 5(3,4)
—48(2 — B) (A + M) 5(1,4)
—24(2 - B) (A + M)t 5(1,3)
—27(2 - B) (A + \)*5(2,2)
+(98% —36) (A + M) 3(2,4)
+18 (6% — 68 +8) (A + M\)* 3(2,3)
+(68% — 54537 + 1564 — 144) (A + \)? 3(3,3),
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WA A B) = (3124248) (A + \)* 5(1,3) (B.14)
+126 (6 — 2) (A + Xp)* 3(1,2)
+24 (26 +11) (A + A)? 5(0,4)
+36 (8% + 8 —8) (A + M) 3(1,3)
+108 (6% — 58 +6) (A + A\r)? 3(2,2)
+18 (8% + 83 — 20) (A + M\i,)? 3(1,4)
+18 (8% — 48° + 88 — 8) (A + M) 5(2,3)
+36 (2687 — 56 +2) (A + \g,) 3(2,4)
+12 (8% +38% — 143+ 8) (A + \i,) 5(3,3)
+6 (387 + 408 + 28) (A + \g,) 5(3,3),
DA A hisB) = (1988 +684) (A + M) 5(1,2) (B.15)
+504 (6 — 2) (A + Mp)*5(1,1)
+(2016 + 3662 + 3608) (A + \p)? 5(1, 3)
+(—=576 + 32442 — 3603) (A + \p)? 5(1,2)
+(432 4 1842 + 2883) (A + A\x)? 5(0,4)
+(365% + 10808 + 364 — 2592) (A + A\,)? 5(1,3)
(—7563 — 10862 + 1080 + 1083%) (A + \p)? 5(2,2)
(-
(
(

+

+(=728 + 18037 — 576) (A + Ap) 5(1,4)
+(723% + 25232 + 288 — 936) (A + A\) 5(2,3)
+(1263% + 576 + 5403)5(2, 4)
+(1803% + 17520 + 124° 4 1440)3(3, 3),
B Ms A A B) = (9008 4 360) (A + Ae)* (A + X)) + A+ X)) (B.16)
+(4323% 4 8208 4 15123) (A + \p)* 5(0,2)
+(—6336 + 576 4 129662) (A + M) 5(1,1)
+(331206 + 5184 + 366° 4 2168%) (A + A\)? 5(0, 3)
+(—7344 4 86452 + 3243 + 6483) (A + M)? 5(1,2)

(—
(
(—
(2162 + 288 + 50403) (A + Ax) 5(0,4)
(
(
(
(

+

+(129652 + 2163 — 6912) (A + M) 5(1, 3)
+(6483° — 71283 + 12963% + 3888) (A + \x) 5(2,2)
+(576 4+ 10083 + 4323%)5(1,4)

+(1296% + 648083 + 6912 + 1083%)3(2, 3),
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P A A 8) =

Pk Aji A B) =

O A\ i B) =

DA Ak A A B) =

v

Consider the case \; < 0.
Ca(=Ais Ak Ajs Ais B)

GV (=N Ak Mg A B)

P (=i A Aji Ais B)

P (=N Ak Mg A B)

(180083 + 720) (A + Ap)* (B.17)
+(72008 + 216052 + 11520) (A + A,)* 5(0,1)

+(4323% 4 28083% + 151200 + 32832) (A + A,)? 5(0,2)
+(—48384 + 43208 + 73443% + 12965°) (A + A\)* 5(1,1)
+(25923% 4 4608 + 86403 + 2883%) (A + \x) 5(0,3)

+(820832 + 25922 — 129603 — 27648) (X + \i,) 5(1,2),

(25920 + 216003 4 43208%) (A + A.)? (B.18)
+(51840 4 561603 4 1944052 + 21608%) (A 4+ Ax)? 5(0,1)
+(43206% + 51840 + 432003 + 216005?) (A + \¢) 5(0,2)
+(—432000 + 1296033 — 207360 + 475208%) (A + \g) 5(1,1)
+(7203° 4 108005% + 17280 + 316803)5(0, 3)

+(90720 + 64803 + 1015208 + 432003%)5(1, 2),

(43203 + 1771203 + 181440 + 518403%) (A + Ay )? (B.19)
+(15552008 4 2592032 4+ 1296003%) (A + Ax) 5(0,1)

+(23976073 + 194400 4 1296033 + 9720032)3(0, 2)

+(22032047 + 388804° + 3628803 + 155520)5(1, 1),

(66528073 + 36288032 + 604803% + 362880) (A + Ap)
+(5443203% 4- 9979200 + 544320 + 9072053%)5(0, 1)

0 for all 6 > —1.

Substituting in A = —\; into (B.13)—(B.19) we obtain

90 (A — X)) (e — A)*

> 0,

= (3124 248) (e — M) () = N)°
+24 (284 11) (A — M) (A — M)’

> Oforall 3> —5.5,

= (1988 +684) (Ax — A)* (A = \)°
+(2016 + 3682 + 3608) (A — \i)* (A — \)?
+(432 + 1862 +2886) (A, — A)2 (N — \)*

> Oforall 8> —1.6754,

= (9008 +360) (A — M) (\; — \i)
+(4328% 4 8208 4 15128) (A — Ai)® (N — \i)?
+(33126 + 5184 + 368% + 2168%) (A — )2 (A — A)?
+(2164% 4 288 + 5043) (A, — Ai) (Aj — \i)?

> Oforall 3> —04,
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GUOS A A A B) = (18008 + 720) (A — Ap)’
+(72008 + 216062 + 11520) (A\x — X)) (Aj — Ai)
+(4323% + 280832 + 1512083 + 32832) (M — Xi)2 (N — \i)?
(259262 + 4608 4 86405 + 2883%) (A, — Xi) (\j — \i)?
> Oforall 5> —0.4,
O N M A A B) = (25920 + 216003 + 43208%) (A — Ai)®
+(51840 + 56160 + 1944082 + 21608%) (A, — Mi)? (Aj — \y)
+(43206% 4 51840 + 432008 + 216008%) (A — Ai) (A — Ai)?
+(7206° + 1080082 4 17280 + 316805) (A; — \;)°
> Oforall 8> —0.7085,
O (A A A A B) = (43208 + 17712083 + 181440 + 5184052) (A, — Ai)?
+(1555208 + 259208% + 12960062) (A, — Ai) (Aj — i)
+(2397608 + 194400 + 129605% + 972003%) (A; — \i)?.

Define Co(Aki Ajs Ais B) = G (= Ais Ak Agi Ais B). We wish to show that Ca(Ai: Aj Ais 3)
is non-negative for all § > —%. Differentiating (o(Ag; Aj; Ai; 3) with respect to A, we
obtain

~

G Aji i B) = (432062 + 17712083 + 181440 + 5184062) (A — \i)? (B.20)
+(1555203 + 259203 + 1206003) (Ak — Ai) (A — Ay)
+(2397608 + 194400 + 129608° + 972008%) (A; — A\i)?,
EV e A A B) = 2(43208° + 1771208 + 181440 + 518408%) (\p — ;) (B.21)
+(1555203 + 259203 + 12960032) (\; — ;)
EP A A B) = 2(43208% + 1771203 + 181440 + 518405%)
0 for all § > —2.

v

Substituting A\, = A; into (B.20) and (B.21) we obtain

G Az i B) = (375840 + 4320062 + 27864052 + 57240008) (A; — ;)
0 for all 6 > —1.45,

(3456052 + 509760 + 23328032 + 362880) (A, — \i)
> Oforall 3> —1.75.

Vv

Y e s Ais B)

Hence, Cém(—)\i; Ag; Aj; Ai; 3) is non-negative for all 5 > —% when \; < 0. From this
we deduce that (a(A; Ax; Aj; A;; B) is non-negative for all A > —\;.

Consider the case A; > 0. Let us define the functions Cao(Ar; Aj; Ais 3), Coa(Aks Ajs Ais ),
Caa( Ak Mg Ais B), Cas(Ak; Ajs Ais B)5 Caa(Ans Ajs Ais ), Gas( Ak Aji; Ai; B), and Cag (Aws Aj; Ai; )
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as follows:

CQO )‘k7
C21 )\k7

(

(
Ca2(A

(

(

(

<25 >\k -
Cos(Mis A A B) = 8205 Mgs A

:C2

Gy

= CQ(O ks Aji i ﬁ)
(O Ak Aj
(O )\k,)\],)\l

QNOM,
(0;
(

),
,B),
z,ﬂ),

)

)

Y

C2(5 O )\]ﬁ)\jﬂ)\l?ﬁa
ja l)ﬂ)
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We will show that the above equations are all positive for all Ay, > \; and 5 > —% and,

hence, prove that (o(A; \x;

Aj; Ais B) is positive for all A > 0.

Differentiating Cao(Ax; Aj; Ai; 3) with respect to Ay we obtain

Coo(Aks Aji Ais B)

Vs Aji A B)

Céﬁ)(kk; i3 iy B)

444
(755 + 30) XA

FI0X X, + 90NN
— 6003 4 48) (AJAIN, + ATAIN,)
—48(2 — B) (AL + A D)
—24(2 = B) (NI + AP L)

— B) NNINL

+ (967 = 36) (AAIA: + ATAIAD)

— 66+ 8) (AfA?Ai + AINIAT)

+ (186

—27(2

+18 (6

+(66° — 548% 4 156 — 144) APXIAZ,

360A% (A + A7)

+ (963 — 192) A} (MAD + A%N;)
+ (1085 — 216) \gATAS

+ (5407 — 3245 + 432) (A)NT + A700) X
+ (14473 — 288) A7 (MiA] + AjN;)

+ (1887 — 72) A (AFAT + APAY)
+(1253° — 1086% + 3123 — 288) A\pAJA]
— 603 +48) (AJA] + A{AD)

+ (185°

(2883 — 576) A (APA; 4+ AiAY)

+ (3243 — 648) \{AZAS
+1080A% (Af 4+ X))

+ (10837 — 6483 + 864) A, (A X7 + A7A?)
+ (2886 — 576) A (AN + X))

184% — 72
+ (123 —

(
+
(

) (1)

1084° + 3123 — 288)

A3\3

1)
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G0 ki A A B) = (5768 — 1152) A, (AAS + A2N))
+ (64853 — 1296) A AT NS
+2160; (A + AY)
+ (108537 — 6483 + 864) (AJA7 + A\7X7)
+ (2883 — 576) (A{A; + AiAY)
Go i Aji Ais B) = (5768 — 1152) Ay (NS + APN,)
+ (6485 — 1296) A7 A2
+2160 (A} + A7) .

Define (o04(Aj; Ais B) = Cég)()\k; Aj; Ais B). We wish to show that (a4 is non-negative for
all \; > A;. Differentiating (204 With respect to A; gives
Cooa(Nji A B) = (5763 — 1152) A (MA] + A)N))

(64806 — 1296) A7 A3

2160 (A} + A7)

S NiasB) = 86407 + (—3456); 4+ 1728X\;8) A% 4 (1296X7 5 — 2592\7)\; + (5765 — 1152) A7,
G\ A B) = 259203 + (—6912); + 3456X;8); + 120673 — 25927,
CGor(Aj A B) = B1840X; — 6912 + 3456,
Y (A A B) = 51840 > 0.
Now
2
Cooa(Ai; Ais B) = (18008 + 720)A! > 0 for all 3 > —=
2
G s B) = (1440 + 36003)\) = 0 for all § > —,
DN Ai B) = (16416 + 47528)\% > 0 for all 3 > _§

DA B) = (44928 + 34568)A; > 0 for all 3 > —13.
Hence, (20 (Ak; Aj; Ai; B) is non-negative for all A; > \; and 8 > —2.
Define Co03(Aj; Ai; B) = ég)()\j; i iy B)/Aj. We wish to show that (a3 is non-negative
for all A\; > \;. Differentiating (203 with respect to \; gives
Caos(Ajs Ais B) = 2160A7 + (8645 — 1728) AN, + (1085 — 432) A2\
+(=T728 + 1083% — 288) \jA? + (1584 + 2883) A/,
Gos(\js Ais ) = 8640X% + (25928 — 5184) A2\, + (—864 + 2165%) A\
+(—7283 + 1083% — 288) )7,
G A\ B) = 259207 + (51843 — 10368)A\;\; + (—864 + 2163%) )7,
G\ AsB) = 51840, + 51843 — 10368,
DN B) = 51840 > 0.
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Now
Coos(Mis Ais B) = (1296 + 10803 + 2163*)\; > 0 for all > —2,
8 (i A B) (2304 + 25208 + 3240%)A3 > 0 for all 3 > —1.05,
G A hi;B) = (14688 4 518443 + 2163%)A2 > 0 for all 3 > —3.28,
B\ A B) = (41472 + 51848)\; > 0 for all 8 > —8.

Hence, Cég)()\j; Aj; Ai; B) is non-negative for all A\; > A; and [ > —%.

Define Cop2(Aj; Ais B) = Cé?(Aj; Ajs A ﬁ)/)\?. We wish to show that (599 is non-negative
for all A\; > \;. Differentiating (202 with respect to A; gives

Goz(Aji A B) = 1080A] 4 (5768 — 1152)AIN; + (144 — 32405 + 1265%) AN
+(126% — 483)\jA? + (2883 + 432 + 183%)\/,
Gor(\js Az ) = 432003 + (17286 — 3456)A2\; + (—6483 + 25252 + 288)\; A2
+(1208° — 488) N},
S\ A B) = 12960A2 + (—6912 + 34565)\; A + (—64803 + 2523 + 288) A2,
N A B) = 25920); — 6912); + 34565,
oA B) = 25920 > 0.

Now

) = (504 + 4926 + 1443 + 123*)\} > 0 for all B > —2,

) = (11524103283 + 2523* + 126°)A? > 0 for all 3 > —2,
) = (6336 4 28083 + 2523*)A\F > 0 for all 8 > —3.14,

) = (19008 + 34565)\; > 0 for all 5 > —5.5.

Hence, (ég)(/\j; Aj; Ai; B) is non-negative for all A\; > A; and 5 > —%.

Define Co01(Aj; A\is B) = <§é)()\j; Ajs i ﬁ)/)\?. We wish to show that (591 is non-negative
for all A\; > \;. Differentiating (20 with respect to \; gives

Co1(Aji A 3) = 360AT + (—480 + 2408)AIN; + (726° — 21603 + 144) X3\
+(—363% + 243 + 126°)\j A3 + (845 + 36537 + 48) A},
Gor(\js Ais B) = 144003 + (—1440 + T205) A2\, + (288 — 4320 + 1445\ ;)2
+(—363% + 243 + 126%)\2,
OB = 432007 + (—2880 + 14403)\;A; + (288 — 4323 + 1445%) )7,
(A AsB) = 8640A; — 2880, + 14403,
Cot(\ji A B) = 8640 > 0.
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Now

Coot(Ais Ais B) = (7241328 + 728 +126°)A! > 0 for all 3 > —1,
A B) = (288 + 3123 410852 + 126%)A2 > 0 for all B > —2,
O N\ dsB) = (1728 4 100803 + 1448%)A% > 0 for all § > —3,
B\ Ai;B) = (5760 + 14408)A; > 0 for all 8 > —4.

Hence, CQ((l))()\j; Aj; Ai; B) is non-negative for all A; > \; and 5 > —%.

Define Co00(Aj; Ai; 3) = Cao(Aj5 Ajs As; ﬁ)//\?. We wish to show that (g9 is positive for all
Aj > A;. Differentiating (200 with respect to \; gives

Cooo(Aji s B) = 90XT + (—144X; + T2X,0) N + (54X7 + 27A7 57 — BIA7 3) N
+(—18N2B% 4+ 6A3 3% + 1202 3)\; + 36AF + 27! 57 + 637 3,

Gooji A B) = 360A2 + (—432X; + 2160;8)A2 + (—162)253 + 540252 + 108)?)\;
—18\} 32 + 6N} 37 + 12075,

Goo(Aji Aii B) = 1080AZ + (43208 — 864X,)\; — 162073 + 54\7 3% + 108)?,
Gob(\ji i B) = 2160); + 432),8 — 864\,
Gov(Nji A B) = 2160 > 0.

Now

Caoo(Ni; Ai; B) = (36 + 668+ 363> +63°)\; > 0 for all 8 > —1,
A B) = (364668 +368% 4 68°)A° > 0 forall 3> —1,
&) (i Ais B) (324 + 27083 + 543%)A% > 0 for all 3 > —2,
B\ A B) = (1296 + 4326)); > 0 for all 3 > —3.

Hence, (a0(Aj;Aj; i 8) is positive for all A\; > X; and § > —%. This implies that
C(0; Ak; Ajs Ag; ) is positive for all Ay, > A; and g > —%.
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Differentiating (a1 (Ax; Aj; Ai; 3) with respect to A we obtain

C1( A Ajs Ais B) =

Cz(})()\k; NN B) =

CQ(?()\k; NN B) =

Cz(:i)()\kQ N B) =

Cz(zll)()\k; N B) =

(3124 248) A (A2 + N)) +126 (8 — 2) Ay (A3A; + \,X7)

+24 (26 + 11) A} (AT 4+ XF) +36 (6% 4 6 — 8) Ap (A3, + A,A7)

+108 (8% =58+ 6) AAZA? + 18 (8% 4 86 — 20) A7 (AjA, + A, A7)

+18 (8% — 487 + 86 — 8) AL (AJA + A7A7)

+36 (207 — 50 +2) A, (\JAT + A3N)

+12 (6% 4 367 — 148 + 8) A AIA? + 6 (307 + 4083 + 28) A A0N?,

(963 4 1248) X7 (A7 + X)) 4 (5048 — 1008) A7 (AZA; + X))

(488 + 264)A7 (AT 4+ Af) + (—288); + 3687 + T2A;8) A0 (XA + A;A7)
+(648 — 5403 4 1083%) AT AN

+(36X:3% 4 28803 — T20X:) A, (AJAi + AjAT)

+(365° + 2883 — 1448% — 288) A (AIAT + A2N))

+(726% 4+ 72 — 18083) (AJA? + A3AT) + (363% — 1683 + 96 + 123°) XIN7,
(3744 + 288B) A7 (X3 + A)) + (15126 — 3024) A7 (A3A; + A7)

+(2883 + 1584) A; (A] + AY) + (21687 — 1728 + 4323) A, (AIN; + \;A7)
+(—32403 4 64837 + 3888) A\ ATAY + (363° + 2883 — 720) (AjA:i + A A7)
+(363° + 2880 — 1444 — 288) (XIA? + X2N7) |

(7488 + 5763) X (A) + A7) + (30245 — 6048) X (AZA; + A;A7)

+(28803 + 1584) (A] 4 A7) + (2165° — 1728 + 4320) (AJA; + A\;\))
+(—32400 + 6483% 4 3888)A2\?

A

(7488 + 5763) (AJ + A7) + (302453 — 6048) (A7, + A A7) .

Define (o14(Aj; Ai; B) = g‘é‘l‘)(Ak; Aj; Ais B). We wish to show that (214 is non-negative for
all A; > \;. Differentiating (214 with respect to A; gives

C214<)\j;)\ 5
G i B
) i B
) i B

14( =
§4(/\j;
45?4()‘ i3

]

)
)
) =
)

Now

(7488 +5763) (AJ + A7) 4 (302453 — 6048) (A3, 4+ N A7),

(172803 4 22464) A3 + (6048)\; 8 — 12096A;)A; — 6048X7 + 302473,
(34560 + 44928)\; + 6048)\;3 — 12096,

= 34560 + 44928 > 0 for all § > —13.

2
Cora(Nis Nis B) = (72008 + 2880)\? > 0 for all 3 > -

OO Az B) = (108008 + 4320)A% > 0 for all 3 > -5

(DA B) = (95043 + 32832)); > Ofor all 3 > —==.

2

38
11
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Hence, (51 (A Aj; Ai; B) is non-negative for all A; > \; and § > —2.

Define (o13(Aj; Ais B) = S’)(/\j; Aj; Ais B). We wish to show that (215 is non-negative for
all A; > \;. Differentiating (213 with respect to A; gives

CrsNi A B) = (8648 + 9072)AL + (216087 + 34568 — TTT6)0) A2

+(—216A73 — 2160A7 + 648)\73%)\7
+(57607 + 100838 + 21677 3%)\; + 1584\ + 28813,

(A B) = (34560 + 36288)A2 4 (—23328); + 103686 + 648X 5%)\2
+(129677 3% — 432X73 — 4320A7)\; + 57607 + 1008\?3 + 21677 57,

D5 A B) = (103688 + 108864)A2 + (1296032 — 46656); + 20736):/5)
+1296)7 3% — 432773 — 43207,

B\ asB8) = (217728 4 207365)A; + 1296,3% — 46656, -+ 207363,

W (\iasB) = 217728+ 207368 > 0 for all 3 > —10.5.

Now

Cous(Ai; Ai; B) = (540083 + 6480 + 10805%)Af > 0 for all 3 > —2,
WA B) = (144008 + 14400 + 21608%)A3 > 0 for all 3 > —1.22,
B i dsB) = (3067208 4 57888 + 25923%)A2 > 0 for all 3 > —2.35,
BN hsB) = (171072 4 414728 + 12968%)A; > 0 for all 3 > —4.86.

Hence, Céi’)(/\j; Aj; Ai; B) is non-negative for all A; > \; and 5 > —%.

Define (o12(Aj; A\i; B) = é?)()\j; i3 Ai; B)/Aj. We wish to show that (512 is non-negative
for all A\; > \;. Differentiating (212 with respect to \; gives

Caz(Aji i B) = (5328 +5T63)A] + (223200 + 252X;6° — 5472X)AJ
+(504A7 3% 4 36A73° — 1440773 4 BT6A7)\;
+(1008X3 8 4 1728\F + 3677 3% + T2X33) )\,
+576M13 + 3671 3% + 8647,
G AsB) = (23045 + 21312)A% + (—16416); + 66965 + T56),52)\2
+(115227 + 1008A7 3% + T2A73% — 28807 8) \;
+1008AF 3 + 17287 + 3677 3% + 720332,
G\ AiB) = (63936 + 69126)A2 + (151267 — 32832\, + 13392\,0)\;
+115207 4+ 1008M\2 3% + 7202 3% — 288023,
i asB) = (1382408 4 127872) A, + 151267 — 32832); 4 133923,
DOy B) = (138248 + 127872) > 0 for all > —9.25.
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Now

3024 + 29523 + 8643% + 726°)A} > 0 for all 3 > —2,
712803 4 7776 + 18363 + 108°)\? > 0 for all 3 > —2,
32256 + 174243 4 25203% + 723*)A? > 0 for all B > —3.18,
272163 + 95040 + 15128%))\; > 0 for all 3 > —4.74.

o~ o~ o~~~

Hence, Cg)(/\j; Aj; Ai; B) is non-negative for all A; > \; and 5 > —%.

Define (o11(Aj; Ais B) = Qé})(/\j; Aj; /\i;ﬁ)/A?. We wish to show that (217 is non-negative
for all A; > \;. Differentiating (211 with respect to \; gives

G\ i B) = (2040 4 2403) X% + (144,67 — 2592); 4 1008); 5) A3
+(720A7 — 1008X7 5 + 36A73° + 25277 %) A3
+(192)03 + 48M2 3% + 432X\ B)\; + 144X} + 252X} 8 + 108)} 32,
GuAi A B) = (8160 +9605)A2 + (302403 + 432X, 32 — TT76);) A2
+(50477 3% + 144077 — 2016773 + 7277 3%) ),
+192X7 + 48X73° + 432223,
Gui A B) = (28805 + 24480)A2 + (—15552); + 6048)5 + 864),52) )\,
+504A3 5% 4 144007 — 2016773 + 7207 3%,
SN AsB) = (48960 + 5T608)A; — 15552); + 6048);3 + 864,32,
DA B) = 48960 + 576083 > 0 for all 3 > —8.5.

Now

(s \i; B) (504 4 9243 + 5044% + 843*)\} > 0 for all B > —1,

A B) = (2016 4 24008 + 9363 4 1208%)A% > 0 for all § > —2,
(i \i; B) (69123 + 10368 + 13683* + 723*)A? > 0 for all 3 > —3,
(Ai; \i; B) (33408 + 118084 + 8645%)\; > 0 for all 3 > —4.

Hence, (é})(Aj; Aj; Ai; B) is non-negative for all A\; > A; and 5 > —%.

Define Ca10(Aj; Ais 8) = Ca1(Aj5 Ajs A ﬁ)/)\?.. We wish to show that (»1 is positive for all



36 H. S. Dollar
Aj > A;. Differentiating (10 with respect to \; gives

Cao(Aji A B) = (5764 T206)A] + (—900X; + 54N 5% + 3421, 8) X
+(—450A7 5 + 18X7 3% + 3247 + 108A73%) A
+(3003 5% + 312X33 + 18M2 5% + 144X3)\;
+108A} 3% + 252073 + 1447,

S0\ A B) = (2886 4 2304)A2 4 (102603 — 2700),; + 162X, %)\
+(216A73% — 900)7 8 + 36A73% + 648)7) ),
+30023% + 312023 + 18X\ 3% 4 144\3

S5 AsB) = (6912 + 8648)A2 + (324052 + 2052),3 — 5400\,
+216A73% — 90023 + 362 3% 4 648)7,

B A B) = (172803 + 13824) )\, + 324,52 + 2052),3 — 5400,

WA B) = 17283+ 13824 > 0 for all 8 > —8.

Now

Coro(Ais Ais B) = (288 + 52803 4 2883% + 483*)A! > 0 for all B > —1,
D i Ay B) (7263 + 396 4 3963 + 663%)A? > 0 for all 5 > —1,
A B) = (2160 + 201643 + 54087 + 363%)A2 > 0 for all 5 > —2,
DA B) = (37808 + 8424 + 3248%) )\, > 0 for all 3 > —3.

Hence, (o1(Aj; A3 A;3) is positive for all A\; > A; and g > —%. This implies that
CW(0; Ag; Aj; Ai; B) is positive for all A\, > A; and 8 > —%.

Differentiating Cao(Ax; Aj; Ai; 3) with respect to A we obtain

Coo(Nii Aji Nis ) = (1988 +684) Ay, (A + A7)
+504 (6 — 2) ApA; A
+(2016 + 363> + 3608) A} (A2 + A7)
+(—576 + 3245 — 3608)X; (A7A; + A;X7)
+(432 4 183 + 2883)A¢ (XS + \))
+(36 + 10808 + 363% — 2592) (AFAZA; + AN N))
(=756 — 1087 + 1080 + 10853 ) \fATA?
(=
(
(
(

+

+(=T728 4 1808% — 5T6)\,, (TN, + A, A7)

+(726° + 2526% + 288 — 9363) (M AIA] + M AZN))
+(1265° 4 576 + 54008) (AJA7 4+ A3AT)

(18047 + 17523 + 123° 4 1440) A3 \3

Jo
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G2 s A A B) = (7928 + 2736)A (A2 + A2) + (—4032 + 20165) A3 A\,
+(1085% 4 6048 + 10808) A} (A2 + A7)
+(9726% — 10803 — 1728) A7 (A3 + AjA7)
+(864 4 365 + 5763) A (A} + A))
+(—5184 + 21603 4 723° + 723%) A (AINi + X))
+(2160 — 15128 — 2165* + 2165 ) \pATA?
+(=T726 + 1805 — 576) (AJAi + A X;)
+(723° + 25267 + 288 — 93603) (AIA? + ATAY)

G3 (A A his B) = (23768 + 8208)A2 (A2 + A2) + (—12096 + 60483) A2 A\
+(2163% + 12096 + 21603) A, (A + A7)
+(—3456 — 216073 + 19445%) A, (A3X; + AjA7)
+(864 + 3647 + 57613) (A] + A})
+(—5184 + 21603 4 723° + 723%) (AXIX; + A\ \))
+(2160 — 15126 — 2164% + 2168%) A2 N7,

G2 (M A Ais B) = (16416 + 47526) A (A2 + A2) + (—24192 + 120965) M\ A
+(2163% + 12096 + 21603) (A} + X?)
+(—3456 — 21603 4 19443%) (AX? + A2)N;)

G2 M A Az B) = (16416 + 47523) (A2 + A2) + (24192 + 12096) A\,

Define (o24(Aj; Ais B) = cé;‘)(Ak; Aj; Ais B). We wish to show that (294 is non-negative for
all A; > \;. Differentiating (224 with respect to A; gives

Co2a(Aji A B) = (16416 + 475208) (A5 + A7) + (—24192 + 12096 3) A\,
O A B) = (32832 + 95048\, + (—24192 + 120963\,
38

A B) = 32832495048 > 0 for all 3 > -1

Now

2
Coas(Ai; Mis B) = (8640 + 216003)\? > 0 for all 3 > —=

2
(A Ai B) = (8640 + 216008)); > 0 for all 3 > -

Hence, Cég)()\k; Aj; Ai; B) is non-negative for all A\; > A; and 5 > —%.

Define Coa3(Aj; A\is B) = Cg)(}\j; Aj; Ais B). We wish to show that (293 is non-negative for
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all A; > \;. Differentiating (293 with respect to A; gives

Caas(Aj; \is B) = (28512 + 21647 + 69123) A% + (99363 + 194437 — 27648) A\ \?
+(12960 + 25923 + 19448*) A2\, + (2163* + 12096 + 21603) A7,

A Az B) = (85536 + 64807 + 20736/3) A7 + (198723 4 38883% — 55296) A \;
+(12960 + 25923 + 19443\,

A\ B) = (171072 + 4147283 4 129682\, + (198720 + 388832 — 55296).\,;,

AN AsB) = 171072 4 4147208 4 12964 > 0 for all 3 > —4.86.

Now

Coms(MNis Ais B) = (25920 + 43203% + 216008)\? > 0 for all 3 > —2,
AN A B) = (43200 + 64803 + 432008)A2 > 0 for all 8 > —1.22,
A

G A Ai;B) = (115776 + 613443 + 51848%)\; > 0 for all 3 > —2.35.

Hence, Cég)()\j; Aj; Ai; B) is non-negative for all A\; > A; and § > —%.

Define Co22(Aj; Ni B) = ;i)(Aj; Aj; Ais B). We wish to show that (299 is non-negative for
all A; > \;. Differentiating (222 with respect to A; gives

Co2(Nji A B) = (511203 + 252037 + 21168)\; + (604803 + 72 — 20736 + 20165%) A\
+(2163% + 17285 — 129603 + 6912) A7\
+(6912 + 723° + 432083 + 2883*) A2\,
+(864 + 363* + 5763) A},
G\ A B) = (204486 + 100847 + 84672)\2 + (181440 + 216° — 62208 + 604852\, \2
+(4323% + 34563* — 25923 + 13824) A7 \; + (6912 + T23° + 43203 + 2883°) A7,
G\ A B) = (613445 + 302452 + 254016) A2 + (362883 + 4326 — 124416 + 120965%) A\
+(4323% 4 3456 3% — 259203 + 13824)\2,
S NiasB) = (12268808 4 60486 + 508032) ) + (362884 + 4323° — 124416 + 120964%) \;,
DA B) = 1226888 + 604832 + 508032 > 0 for all 3 > —5.79.

Now
Como(Ais Ais B) = (15120 + 43203% + 147603 + 3605°) A\ > 0 for all B > —2,
DA B) = (4032083 + 1080082 + 43200 + 7208%)A3 > 0 for all 8 > —2,
@ i Mi; B) (950400 + 185763% + 143424 + 8643°)A2 > 0 for all § > —14.8,
B i Mis B) (1589763 + 1814432 + 383616 + 4323%)\; > 0 for all § > —4.34.

Hence, Cg)()\j; Aj; Ai; B) is non-negative for all A\; > \; and 5 > —%.



On Taylor series approximations 39

Define Co01(Aj; Ai; B) = éé)()\j; i Ais B)/Aj. We wish to show that (91 is non-negative
for all A; > \;. Differentiating (221 with respect to \; gives

Coat(Ajs Ais B) = (9648 + 1447 + 2448B) X7 + (302403 + 122457 + 723% — 11520) A, A3
+(3456 — 27360 + 1008”4 2883°) A7\
+(23043 + 1443% + 1152 4 4326%)AJN; + (21687 + 5043 + 288) A\,
G\ Ais B) = (97923 + 57602 + 38592)\2 + (90720 — 34560 + 2164° + 36726%)\,\2
+(2016% + 5763° — 547203 + 6912) A7)\,
(23043 + 1443% + 1152 + 4325%) A2,
G (A A B) = (203766 + 172802 + 115776)A2 + (181445 — 69120 + 43263° + 73445%) A\,
+(201652 4 5763° — 54723 + 6912)\2,
(N AsB) = (587528 + 34560 + 231552)\; + (181443 — 69120 + 4323 4 734437\,
(N A B) = 5875208 4 3456/ + 231552 > 0 for all 8 > —6.20.

Now
Coot(Nis Ais B) = (302437 + 55443 + 3024 4 5043*)\} > 0 for all 8 > —1,
O A B) (156960 + 66963 + 12096 + 9365°)A2 > 0 for all 3 > —2,
D (A AisB) = (4204803 4 11088437 + 53568 + 10083%)A% > 0 for all § > —3,
B\ Ai;B) = (768963 + 1080052 + 162432 + 4326%)\; > 0 for all B > —4.

Hence, Cé;)(/\ﬁ Aj; Ai; B) is non-negative for all A; > \; and 5 > —%.

Define Coo0(Aj; Ai; B) = Ca2(Aj; Ajs Ais B)/A7. We wish to show that (a9 is non-negative
for all A; > \;. Differentiating (200 with respect to \; gives

Caao(Ajs Ais B) = (3132 + 5457 + 8468) X} + (1152 — 4752 + 363° + 5403°) A\
+(5944% + 1803° — 13143 + 2052) A7 A3
+(22568 + 50437 + 1206 + 1152) AP\,
+(324/3% + 7563 + 432) A},
Gan\ji A B) = (33845 + 21667 + 12528) A2 + (3456 — 14256 + 1084° + 162052)\\2
+(11883% 4 3603 — 26283 + 4104)\? ),
(22563 + 5043% 4+ 1204° 4+ 1152) A2,
G\ A B) = (101526 + 64867 + 37584)A2 + (691208 — 28512 + 2166 + 324052\ \;
+(11883% + 3603 — 262803 + 4104)\2,
A B) = (203048 4 12968 + 75168)); + (69123 — 28512 4 2163 + 32405%)\;,
(A A B) = 203048 + 129642 + 75168 > 0 for all 3 > —6.
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Now

Caso(Ni3 A3 B) = (2016 + 369603 + 2016 + 3363°)\! > 0 for all B > —1,
o Ais ) = (64680 + 352852 + 3528 4 5883°)A2 > 0 for all § > —1,
&) (N Ny B) (144363 4 50763% + 13176 4 5765°)A? > 0 for all § > —2,
S\ B) = (272168 + 45367 + 46656 + 2165°)\; > 0 for all 3 > —3.

Hence, (22(Aj;Aj; A B8) is positive for all A\; > X\; and § > —%. This implies that
C(0; A3 Aj; Ai; B) is positive for all Ay > A; and 3 > —2.

Differentiating Co3(Ag; Aj; Ai; 3) with respect to A, we obtain

Cos(Mei Ajs As B) = (9003 + 360) Ay (A + X;)
+(43203% + 8208 + 15126) A} (A2 4 X?)
+(—6336 + 5763 + 12965%) \pA; A
+(33123 4 5184 + 36> + 21662))\2)\3
+(331283 + 5184 + 363% + 2163%) \; A}
+(—7344 + 864/3° + 3243 + 6485) \p A7\,
7344 4 8643° + 3243° 4 6483) A\, A7

(—
(
(
(—
(—
+(2163% + 288 + 5040) A, (A} + A))
(
(
(
(
(

+

+(12963% + 2165° — 6912) 1, (XI, + A, A7)
6483% — 71280 + 12963% + 3888) A\ A2
+(576 4 100873 + 432/3%) (A\j\; + AjA))
+(12963% + 64803 + 6912 + 1083°) AIX?
+(12963% + 64803 + 6912 + 1083*) A3\

Jo

+
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G s A A ) = (36008 + 1440)A3 (N, + A;) + (24624 + 129657 + 45365)\2 (A2 + A2)
+(—19008 + 17283 + 38883%) A2\, \;
+(17283% — 14688 4 6483° + 12965) A (A7 Ni + A A7)
+(4326” 4 10368 + 726% + 662458) \e (A} + AY)
+(2165° 4 50403 + 288)(A] + A})
+(12964% + 2165° — 6912)(AIA; + A7)
+(6483% — 71283 4 129637 + 3888) A2 A7,
A A B) = (108008 + 4320)A2(A; + A;) + (777687 — 38016 + 34565) \eAi;
+(90720 + 49248 + 259257 A (A7 + A7)
+(172837 — 14688 4 6483% + 12963) (A7 \; + A\ A7)
+(4326° 4 10368 + 720% + 66248) (A} + A7),
Ve A A B) = (216008 + 8640)A,(A; + ;) + (777667 — 38016 + 34568) A\
+(90720 + 49248 + 25925%) (A + A?),

2
GO A A B) = (2160083 + 8640)(\; + A;) > 0 for all > -

Define (a33(Aj; Ais B) = (ég)()\j; Aj; Ai; 3). We wish to show that (o33 is non-negative for
all A; > \;. Differentiating (233 with respect to A; gives

Cass(Nji Ais B) = (306723 4 57888 + 2592%) A3 + (250563 — 29376 + 77763°) A;);
+(90723 + 49248 4 25923%)\2,
DN\ AiB) = (613443 + 115776 + 5184532)\, + (250563 — 29376 + T7765%)\;,
AN A B) = 613448 + 115776 4 51843 > 0 for all 8 > —2.35.

Now

Goss(Ais Ais B) = (6480083 + 77760 + 129605%)A? > 0 for all 3 > —2,
GO AzB) = (8640083 + 86400 + 1296082)A; > 0 for all 8 > —1.22.

Hence, (é?(/\j; Aj; Ai; B) is non-negative for all A\; > \; and 5 > —%.

Define Co32(\j; i B) = Cé?()\j; Aj; Ais B). We wish to show that (a3 is non-negative for
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all A; > \;. Differentiating (230 with respect to A; gives

Gaz(Aj; A B) = (63936 + 30246% + 264960 + 723%)\3
+(6483% + 155523 4 950437 — 48384) A, N7
+(43208 + 103683 + 6483° + 34560)\7 ),
+(4326% + 10368 + 725 + 66243) A2,
S\ A ) = (191808 + 907232 + 794883 + 2164°) A2
+(12964° + 311043 + 19008 3% — 96768) \;\,
+(43203* + 1036803 + 6483 + 34560)\2,
B (\ixsf) = (1589760 + 1814452 + 383616 + 4326°) ),
+(12963° + 311043 + 190083% — 96768)\;,
A\ B) = 1589760 + 181443 + 383616 + 4323° > 0 for all 5 > —4.35.

Now

Coza(Ai; A\is B) = >0forall g > —2,
<2(§)2(/\i; Ai;8) = >0forall g > -2,
DA B8) = >0forall 8> —3.18.

Hence, Cz(?()\j; Aj; Ai; B) is non-negative for all A; > \; and 5 > —%.

Define (o31(Aj; Ais B) = (éé)()\j; Aj; Ai; 3). We wish to show that (p3; is non-negative for
all \; > A;. Differentiating (23 with respect to A; gives

Cst(Aji i B) = (726° 4+ 1526405 + 19443° + 36720) A
+(6624 — 39168 + 864”4 69123%)\; A3
+(432053° 4 12963° — 12963 + 13824) A7\
+(66243 + 17283 + 2883 + 3456) A2 \; + (21647 + 5043 + 288) A},
G B) = (2886° + 610560 + 777647 + 146880)\2
+(198726 — 117504 + 25926° + 207363%) A\
+(86404% + 25923% — 25923 + 27648) A7)\,
+(66243 + 17283 + 2883% + 3456)\?,
S\ A B) = (8644° + 18316803 + 233283 + 440640) A2
+(397443 — 235008 + 51843% + 414725%) \;\;
1(86403% + 25923% — 25923 + 27648)\2,
B (\idsB) = (881280 4 4665652 + 3663360 + 17286°) )\,
+(397443 — 235008 + 51843% + 4147253%) \;,
GO B) = 881280 + 4665637 4 36633605 + 17283° > 0 for all § > —5.
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Now
Gos (A3 Ais B) = (1512032 + 277208 + 15120 + 25208*)\F > 0 for all 3 > —1,
B\ h:B) = (57608% + 849603 + 388803% + 60480)A2 > 0 for all 8 > —2,
B\ AiB) = (86408° + 2203203 + 73440532 + 233280)A% > 0 for all 8 > —3,
B\ A B) = (646272 + 8812832 + 4060803 + 69123%)A; > 0 for all 8 > —3.70.

Hence, Cz(?()\j; Aj; Ai; B) is non-negative for all A; > \; and 5 > —%.

Define (a30(Aj; Ais ) = Cas(Aj3 Aj; Ais B)/A;. We wish to show that (530 is non-negative
for all \; > \;. Differentiating (230 with respect to \; gives

Caso(Aji A B) = (368° + 86437 + 62283 + 14040) X}
+(5403% — 19656 + 38883% + 31326)\;A)
+(11664 + 10804° + 388837 + 15126) A7 \;
+(3603% + 97923 + 28083* + 5184) A2\,
+(864 + 64837 + 15123)\},

Ga\i A B) = (56160 + 249120 + 345667 + 1445%)\
+(16208% + 93963 + 116643” — 58968) A\
+(23328 + T7763% + 21603% + 30243) A7 \;
+(36083% + 97923 + 28083% + 5184)\?,
G\ A B) = (168480 + 7473608 + 1036842 + 4326°)\
+(32406° + 187923 + 2332837 — 117936)\; )\
+(23328 + 77763 + 21603° + 30243)\7,
A B) = (336960 + 14947203 + 207363 + 8643%) )
+(32404° 4 1879203 + 233283* — 117936) \;,
G (N B) = 336960 + 1494723 + 207367 + 8643 > 0 for all § > —5.

(12096 + 1209632 + 221763 + 20163*)\} > 0 for all 3 > —1,
(25704 + 471243 + 257043% + 42843%)\3 > 0 for all 3 > —1,
(73872 + 965523 + 414723% + 58323°) A7 > 0 for all 5 > —2,
(219024 + 1682643 + 440643* + 41043°)\; > 0 for all 8 > —3.

Hence, (a3(Aj; ;i 08) is positive for all A\; > X; and § > —%. This implies that
CW(0; Ag; Aj; Ai; B) s positive for all A\, > \; and 3 > —%.
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Differentiating Cos(Ax; Aj; Ai; 3) with respect to Ay we obtain

Caa(Aks Ajs Ais B) = (18008 + 720) A, + (72005 + 21605 + 11520) A7 (A; + ;)
+(43203% + 28085” + 151200 + 32832) A} (A + A7)
+(—48384 4 432003 + 73445% 4+ 12963%) \p A, A,
+(2592(3% + 4608 + 86403 + 2883°) X, (X + \))
+(82083° + 25923° — 129603 — 27648) A\ A2\,
+(82083 + 25923° — 129608 — 27648) \ A\, A7
VO A A B) = (2880 + 72008)A% + (2160003 + 34560 + 648052)A2(A; + ;)
+(146883% + 2592/3° — 96768 + 86408) \p\i )
+(302408 + 864" 4 65664 + 56160%) A, (A 4 A7)
+(4608 + 25926% + 86403 + 2883%)(A] 4 X?)
+(—27648 + 820837 — 129600 + 25923%) (XA + A7),
i A A B) = (8640 + 216008)\2 + (432008 + 69120 + 129608%) A(A; + A)
+(146883% + 2592/3° — 96768 + 864058)\;\;
+(302403 4 8644”4 65664 + 56163%) (A7 + A7),

Ve A A B) = (17280 + 432008) 0, + (432008 + 69120 + 129608%)(A; + ;)

2
0 for all § > —E

v

Define (aa2(Aj; Ais B) = (ﬁ)(}\j; Aj; Ai; 3). We wish to show that (a49 is non-negative for
all \; > \;. Differentiating (242 with respect to \; gives

Gaz(Aj; N B) = (143424 + 950403 + 185763% + 8643°) A7
+(—27648 + 2764832 + 25920% + 5184068) A\,
+(302403 + 864/3° + 65664 + 56163%)\7,
GL(O\i A 8) = (286848 4 1900808 + 3715203 + 17286%) ),
+(—27648 + 2764852 + 25925° + 518403)\;,
B (A AiB) = 286848 + 1900803 + 3715262 + 17283 > 0 for all 3 > —14.8,

Now

Con(MNis Ais B) = (17712083 + 43203 + 181440 + 518405%)\2 > 0 for all 3 > —2,
WA B) = (259200 + 2419208 + 648003 + 432058%)A; > 0 for all B > —2.

Hence, Céi)()\j; Aj; Ai; B) is non-negative for all A\; > \; and § > —%.

Define Co41(Aj; Nis B) = Céi)()\j; Aj; Ais B). We wish to show that (»41 is non-negative for
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all A; > \;. Differentiating (241 with respect to A; gives

Gar(Nji A 8) = (107712 + 11526° 4 146886% + 676803) X7

+(293763% — 89856 + 5184/3% + 172808) \;A;
+(34563° + 38016 + 172803 + 138243*) A7),
+(4608 + 259237 + 86400 + 2883\,

A B) = (323136 + 34563° + 4406437 + 2030403) A3
+(587523% — 179712 + 103683° + 345603) \; )\,
+(3456/3° + 38016 + 172803 + 138243%)\2,

A\ B) = (646272 + 881283 4 4060803 + 69123°) ),
+(58752(% — 179712 + 103683% + 345605) \;,

B (A AiB) = 646272 + 8812832 + 4060803 + 69123 > 0 for all 3 > —3.70.

Now

Conr(Ai; Ai; B) = (60480 + 604803% + 1108803 + 100803*) A3 > 0 for all B > —1,
GO A B) = (181440 + 172803 + 11664082 + 2548803)A2 > 0 for all B > —2,
‘AirB) = (466560 + 1468805 4 44064005 + 172805%)\; > 0 for all B > —3.

241(

Hence, Céi)()\j; Aj; Ai; B) is non-negative for all A; > \; and 5 > —%.

Define Caso(Aj; Ai; B) = Caa(Aj; A3 Ai; 8). We wish to show that (o4 is non-negative for
all \; > A;. Differentiating (249 with respect to A; gives

Cao(Nji A B) = (72053° + 3427203 + 50544 + 82083%) A
+(155520 + 2332837 4 43206° — 55296) A\
+(339120 + 200883° + 43208” + 50544) A7 \?
+(7203% + 13824 + 82083% + 256323) A\ ),
+(6483% + 15123 4 864) 7,

G\ AiB) = (28305° + 137088 + 202176 + 328325%)\°
+(46656/3 + 699843 4 129603° — 165888)\;\7
+(678243 + 401763% + 86403% + 101088) A2\,
+(7203% + 13824 + 82083% + 256323) A7,

G\ B) = (86404° + 411264 + 606528 + 984963%) A
+(9331283 + 1399683 + 25920 — 331776)\;\;
1-(67824/3 + 401763% + 86403 + 101088))\?,

DA B) = (172808° + 8225280 + 1213056 + 1969926%));
1+(933123 4 1399683 + 259203° — 331776)\;,

Gy B) = 172808% + 8225280 + 1213056 + 1969923 > 0 for all 3 > —3.58.
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Now
Coaso(Nis Ais B) = (60480 + 6048057 4 1108803 + 100805*) A > 0 for all B > —1,
Wi\ B) (252008° + 2772008 + 151200 4+ 15120082)A% > 0 for all 3 > —1,
B\ Ai;B) = (432008° + 5724003 + 375840 + 27864032)A% > 0 for all 8 > —2,
B\ hiB) = (432008° + 9158403 + 881280 + 33696032)); > 0 for all 8 > —3.

Hence, (24(Aj;Aj; i B8) is positive for all A\; > X\; and § > —%. This implies that
C(0; A3 Aj; \i; B) is positive for all Ay > A; and 3 > —2.

Differentiating Co5(Ax; Aj; Ai; 3) with respect to Ay we obtain

Cos(A; Aj; Ais B) = (25920 + 216003 + 43208%)\}
+(51840 + 5616005 + 1944037 + 21605 ) AF (A, + A,)
+(432053° 4 51840 + 432003 + 2160058%) A, (A + A7)
+(—432008 + 129608° — 207360 + 475205%) A\, A,
+(7203% + 108003 + 17280 + 316803) (X} + A7)
+(90720 + 64808” + 1015208 + 4320057)(AZ\; + A, A7),

ki A A B) = (77760 4 648008 + 1296032) A2
+(11232083 4 103680 + 388803 4 43203%) A (A, + Ai)
+(216008% + 432008 + 51840 + 43205°) (A + A7)
+(129603% — 432008 — 207360 + 475208%) A,
DN A A B) = (155520 + 1296008 + 259205%) Ay
+(11232003 4 103680 + 3888032 + 43203%)(A; + ;)
> Oforall 8> —2.

Define Co51(Aj; i B) = Cé?()\j; Aj; Ais B). We wish to show that (o5 is non-negative for
all \; > A;. Differentiating (25; with respect to A; gives
Cs1(Aji A B) = (86403° + 22032003 + 734406% + 233280)\7
+(691203 — 103680 + 864003% + 172805%)\; \;
+(216003% + 432003 + 51840 + 43203°) 7,
A5\ B) = (466560 + 14688032 + 4406403 + 172803°) ),
+(691208 — 103680 + 864003* + 172805%)\;,
2 (A A B) = 466560 + 14688032 + 44064003 + 172803 > 0 for all 3 > —3.

Now

Cos1(Nis Mis B) = (1814403% + 3326403 + 181440 + 302405°)\? > 0 for all 3 > —1,
DA B) = (362880 + 2332803 + 5097608 + 345608%)\; > 0 for all 3 > —1.75.
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Hence, (éé)(Aj; Aj; Ai; B) is non-negative for all A; > \; and 5 > —%.
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Define Co50(Aj; Ai; B) = Cas(Aj; Aj; Ai; B). We wish to show that (a5 is non-negative for
all A; > \;. Differentiating (250 with respect to A; gives

4250(/\3‘; Ais 5)

S A B)

i A B)

é?%(kj; i 5)
Now
C250()\i;>\i;5) =
CROs A B) =
G s B) =

= (72005° 4 146880 + 1526403 + 561603°) X}
+(1144808 + 216003* — 64800 + 1101606%) A\;\3
+(108003% + 648003% + 1447203 + 142560) A7)\,
+(108008% + 7203° + 316803 + 17280) 7,
= (2160003* + 440640 + 45792003 + 1684803%) A
+(2289603 + 4320043% — 129600 + 2203203%)\; )\,
+(108003° + 648003 + 14472073 + 142560) )2,
= (432008 + 91584003 + 881280 + 3369603%)\;
+(22896003 + 432003° — 129600 + 2203205%)\;,
= 432003 4 91584073 + 881280 + 3369603% > 0 for all 3 > —5.

(24192057 4 403203° + 44352083 + 241920)\% > 0 for all > —1,
(756003 + 453600 + 8316003 + 4536003*)A\F > 0 for all > —1,
(86400° + 11448003 + 751680 + 5572803*)\; > 0 for all > —1.45.

Hence, (o5(Aj;Aj; i 08) is positive for all A\; > X\; and § > —%. This implies that
CI(0; A3 Aj; Ai; B) is positive for all Ay > A; and 3 > —2.

Differentiating Cos(Ai; Aj; Ai; 3) with respect to A, we obtain

Cos( s Aj3 Ay B) = (43208° + 1771208 + 181440 + 518408%)\F

+(1555200 + 259203% + 1296003%) A, A,
+(1555203 + 259203% + 1296003\, \,
+(23976003 + 194400 4 129603° + 972003%) A2
+(2397603 + 194400 + 129603° + 972008)\7
+(2203203% + 388803° + 3628803 + 155520)\; A,

37N

GOk A A B) = (3542400 + 86408% + 362880 + 1036805%) A

+(12960057 + 259203 + 1555208)(A\; + \i),

A As B) = 3542408 + 86403% + 362880 + 1036804% > 0 for all § > —2.

Define Cog1(Aj; Ai;

B) = Céé)(/\j; Aj; Ais B). We wish to show that (61 is non-negative for

all A; > \;. Differentiating (261 with respect to A; gives

C261(/\j; Ai; ﬁ)

Go (g A B)

= (362880 + 2332803% + 5097600 + 345603°) ),
+(1296008% + 259203% + 1555203) \;,
= 362880 + 2332803% + 5097603 + 345603* > 0 for all B > —1.75.
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Now
Ger(A\i; A\i; B) = (362880ﬁ2 + 604803 + 66528003 + 362880)\; > 0 for all B > —1.

Hence, Céé)()\j; Aj; Ai; B) is non-negative for all A\; > \; and § > —%.

Define (a60(Aj; Ais B) = Ca6(Aji Aj; Ais 8). We wish to show that (569 is non-negative for
all A; > \;. Differentiating (260 With respect to A; gives

Caso(Aj; Ais ) = (4320083 + 5724000 + 375840 + 2786406%) A7
+(349920” + 648003° + 5184008 + 155520)\; \;
+(23976003 + 972003 + 129603 + 194400)\?,

G A B) = (864008% + 11448008 + 751680 + 5572805%)\;
1(3499205% + 648003% + 51840083 + 155520)\;

2
0 for all g > —E

v

Now
Caso(Ai; Ais B) = (13305608 + 7257605 + 1209603° + 725760)A7 > 0 for all 3 > —1.

Hence, (a6(Aj;Aj;\i;8) is positive for all A\; > X; and § > —%. This implies that
¢9(0; A3 Aj; Ai; B) is positive for all Ay > A; and 3 > —2.
O

Lemma B.7 Let

GG G A A B) = 60 > (A E A" )™ (A M) (A + )™

(n1,m2,n3,m4)
€perm(0,4,4,4)

H(168-32) Y (M)A A (A (A )™

(n1,n2,n3,n4)
€perm(1,3,4,4)

+(186-36) Y (AFA)TAEX) )™ (A A)™

(n1,m2,n3,n4)
€perm(2,2,4,4)

+ (687 =368+48) > (A+A)" (AN A+ )™ A+ )™

(n1,m2,n3,m4)
€perm(2,3,3,4)

+ (46 — 4862 + 1766 — 192) (A + A)” A+ 0)> A+ 2)° A+ A)°

and A, > max(\;, Aj, \;). The expression (3(\; Ag; Ai; Aj; Ai; §) is non-negative for all
A€ (Ag,00) and 3> —2.
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Proof.

Without loss of generality assume that A\; < \; < \;.

Define

s(abye,d) = Y (A )" (A A)™ (A A)™ (A4 A)"™.

(n1,m2,n3,n4)
eperm(a,b,c,d)

Differentiating (3(\; Ax; Ai; Aj; Ai; 3) with respect to A we obtain

GA A A A3 A B) =

C?El)()\S)\kQ)\ZS)\jQ)‘iSﬁ) =

C?EQ)()‘;)\k;)\IQ)\jQ)\iQﬁ) =

C?ES)()\S)\M)\ZS)\]';)‘Z'Sﬁ) =

60s(0,4,4,4) + (168 — 32) s(1,3,4,4) (B.22)
+ (183 — 36) s(2,2,4,4) + (63% — 363 + 48) 5(2,3,3,4)
+ (487 — 486 + 17653 — 192) 5(3, 3,3, 3),

(563 + 12% — 160)s(1, 3, 3,4) (B.23)
+(—1443 4 365% + 144)5(2, 2, 3, 4)

+(208 + 163)s(0, 3,4, 4)

+(84 — 168)s(1,2, 4, 4)

+(=T726% 4+ 963 + 126%)s(2, 3,3, 3)

(—129603 + 324/3% + 1296)s(2,2,2,4) (B.24)
+(33683 — 672)s(1, 1,4, 4)

+(—864 + 1083% + 21603)s(1, 2, 3,4)

+(123* + 1504 + 184.3)5(0, 3, 3, 4)

+(132/3 4 456)5(0, 2, 4,4)

+(24/3° + 8643 — 1920)s(1, 3, 3, 3)

+(1152 + 723° — 1443* — 576/3)s(2,2, 3, 3),

(6484 + 15552 — 1036843)s(2,2, 2, 3) (B.25)
1(22083 + 4323% — 6144)s(1,1, 3, 4)

+(12965% — 12963 — 2592)s(1,2,2, 4)

+(5763% + 31684 + 216> — 10368)s(1,2, 3, 3)

+(1448% + 12963 + 5472)5(0,2, 3, 4)

+(240 + 6008)s(0, 1, 4,4)

+-(1445% + 3072 4 16128 + 243*)5(0, 3, 3, 3),
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Cg(,4)(/\;/\k;/\l;)\j;>\z‘;ﬁ) =

PN M As A B) =

67 M s Ajs Ais B) - =

GO s As Aji Ais B) =

Cgss)()\;/\k;/\l;Aj;)\z‘;ﬁ) =

O M As A B) =

H. S. Dollar

(12008 + 480)s(0,0, 4, 4) (B.26)
+(72003 + 7203? + 5760)s(0, 1, 3,4)

+(30240 + 64800 + 216052)s(0,2,2, 4)

+(—28800 + 64803% + 14408)s(1,1,2,4)

+(216062 + 28833 + 81792 + 2275243)5(0,2, 3, 3)

+(303365 + 8643% 4+ 576062 — 90624)s(1,1, 3,3)

+(2592° + 864042 — 41472 — 691243)s(1,2,2,3)

+(T7765° + 186624 — 124416()5(2,2,2,2),

(86403 + 388803% — 172800)s(1,1,1,4) (B.27)
+(129606% 4 48960 + 360008)s(0, 1,2, 4)

+(14406? + 192003 + 13440)5(0,0, 3,4)

+(158403% + 119040 + 13344005 + 14405°)s(0, 1,3, 3)

+(129608% — 552960 + 6912045 + 777608%)s(1,1,2,3)

+(302406? + 432033 + 570240 + 1555200)5(0,2, 2, 3)

+(—3110403 + 3888032 + 777603%)s(1,2,2,2),

(345600 4 4204803 + 432006 4 28803%)5(0, 0, 3, 3) (B.28)
+(1140480 + 92448073 + 23760032 + 259205°)s(0, 1,2, 3)

+(1526408 4 23040 + 907205%)5(0,1,1, 4)

+(777605% — 4008960 + 4492803 + 62208052)s(1,1,1,3)

+(7776005% — 8294400 4 2332803% — 3317760)s(1, 1,2, 2)

+(1296003 + 3024032 + 138240)5(0,0, 2, 4)

+(3499206% + 777606 + 5132160 + 1088640.3)s(0,2,2,2),
20160(322560 + 5644800 + 2419203%)5(0,0,1, 4) (B.29)
+(604803% + 3870720 + 36288000 + 7257603%)s(0, 0,2, 3)
+(19353603% + 18144033 + 645120 + 475776005)s(0,1, 1, 3)
+(29030403% + 54432033 + 13789440 4 689472043)5(0,1,2,2)
+(—36288003 + 653184042 — 31933440 + 16329603%)s(1, 1,1, 2),
(72576052 + 967680 + 16934400)5(0,0, 0, 4) (B.30)
+(10321920 + 48384033 + 1903104043 + 62899203%)5(0, 0,1, 3)
+(38223360 + 2395008032 + 25159680 + 43545605°)s(0, 1,1, 2)
+(50803200 + 1016064032 + 355622403 + 14515203%)5(0, 0,2, 2)
+(—290304008 + 522547205% — 255467520 + 130636803%)s(1,1,1,1),
1451520(1532 + 443 + 5% +24)5(0,0,0, 3) (B.31)
+4354560(36° + 42 + 478 + 205%)5(0,0, 1, 2)

+4354560(93° + 453% — 24 + 463)s(0,1,1,1),
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SO M A A A B) = 21772800(28 + 5)(8 + 3)(8 + 2)s(0,0,0,2) (B.32)
+43545600(33 + 2)(3 + 3)(3 + 2)s(0,0,1,1),
éll)(/\; Ak At Ajs A B) = 479001600(3 + 3)(3 + 2)(8 + 1)s(0,0,0,1)
> Oforall 8> —1.

Consider the case A\; < 0. Substituting in A = —); into (B.22)—(B.32) and defining

3(a,b,c) = Z (Aj = A)™ (A = A)™2 (A — A"

(n1,n2,n3)
eperm(a,b,c)

we obtain

G(=Ais Aes A Ajs A B) = 605(4,4,4) >0,
V(=X A As A A B) = (208 + 1683)3(3,4,4) > 0 for all 8 > —13,
P (=M A An A A B) = (1262 + 1504 + 18453)4(3, 3, 4)
(1328 + 456)5(2, 4, 4)
38

> 0 forall -
> Oforall g > 1

(=AM A A A B) = (14452 + 1296 + 5472)5(2, 3, 4)
+(240 + 60083)3(1, 4,4)
+(1443% + 307253 + 16128 + 243%)5(3, 3, 3)
> Oforall g > —%,

(=AM A A A B) = (12008 + 480)5(0, 4, 4) + (72008 + 72052 + 5760)5(1, 3, 4)
+(30240 + 64808 + 21603%)3(2, 2, 4)
+(21603% 4 28833 + 81792 + 227523)5(2, 3, 3)

> Oforall 8> —%,

(=M A A A A B) = (1296082 + 48960 + 360003)(1, 2, 4)

+(14403? + 192003 + 13440)5(0, 3, 4)

+(1584052 + 119040 + 13344073 + 14403%)5(1, 3, 3)
+(302403% + 43203 + 570240 + 155520)3(2, 2, 3)
0 for all 5 > —0.74,

v
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(A Akt Ms Aj A B)

(=X e M

:’58)(—/\1'; s Al

O (=X e s

C 10)( )\27 )\ka )\l>

)\j; >\i; B)

s Ai; B)

)\j; >\i; B)

;)\i;ﬁ)

v
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2880(120 + 1463 + 154 + 3%)5(0, 3, 3)
+4320(264 + 2143 + 55037 + 63°)3(1, 2, 3)
+1440(1063 + 16 + 635%)5(1,1,4)
+4320(308 4 76% + 32)5(0, 2, 4)
+38880(95° + 28° + 132 + 2803)5(2, 2, 2),
80640(4 + 78 + 35%)3(0,1,4)
1+60480(3° + 64 + 603 4 125%)5(0, 2, 3)
+20160(963° + 93° + 32 + 2363)3(1, 1, 3)
+181440(165% + 33° + 76 + 383)3(1, 2,2),
(72576057 + 967680 + 169344013)5(0,0, 4)

+(10321920 + 4838403% + 190310408 + 6289920/3)5(0, 1, 3)
+(382233600 + 239500805 + 25159680 + 43545605°)5(1, 1,2)
+(50803200 + 101606403% + 3556224003 + 14515203)3(0, 2, 2)
0 for all 3 > —0.69,
1451520(153% 4 443 + 8 + 24)5(0,0, 3)
+4354560(33° + 42 + 478 + 205%)5(0, 1, 2)
+4354560(93° + 453 — 24 + 463)3(1, 1, 1),
21772800(263 + 5)(8 + 3)(8 4+ 2)5(0,0,2)
+43545600(38 + 2)(8 + 3)(8 + 2)5(0,1,1)

2
0 for all B > —3

From Lemmas B.8—B.10 we deduce that §§6)(—)\,~; Ak A Ajs A B), C?E?)(—)\i; Ak A Aj A B)
and Cég)(—)\i; Ak A Aji A B) are non-negative for all § > —%. Hence, (3(A; Mg Ai; Ajs Ais B)
is non-negative for all A > —\; and § > —%.

Consider the case A; > 0. From Lemmas B.11-B.21 we deduce that (3(0; A\g; Ai; Aj; Ais ),

G0 A i X ),
and 3 > — 5. Hence, §3()\, Ak AL A Z,ﬁ) is non-negative for all A > 0 and 3 > —%.

05 Ak Az A A B) are positive for all Ay > A > A; >



+24(906 + 96 + 215%)(\; — \;)?
+24(1066 + 16 4 636%)(X; — \) (A — o),
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Lemma B.8 Let
Eks A3 Ajs A ) = (1063 416 + 633%)3(1,1,4)
+3(308 + 78° + 32)§(0 2,4), (B.33)
where
Slabe) = Y (=AM = M) (N — A
coermiai)
The expression £(Ag; Ai; Aj; Ai; B) is non-negative for all Ay > N > A; > \;, and
pg>-2
Proof. Differentiating &(Ax; Ai; Aj; Ai; 3) with respect to A, we obtain
EM s Az Aji Ais B) = 2(908 4 96 + 215%) (A — A) (A — A)* (B.34)
+4(908 + 96 4 215%) (A — M) (N — )2
+4(908 + 96 + 218%)(A; — i) *(Ap — \)°
+2(908 + 96 + 218%)(\; — M) (O — \i)
+(10683 + 16 + 638%)(\; — M) (N — \i)?
+4(1063 + 16 + 635%)(Aj — X)) (Ax — A)* (N — )
+(10683 + 16 + 638%)(\; — M) (A — N\),
ED N A A i B) = 2(908 + 96 4 218%) (A — \i)* (B.35)
+12(9083 + 96 + 215%) (A — M2 (N — Ni)?
+12(908 + 96 + 218%)(N; — X2 (A — \)?
+2(908 4 96 4+ 216%) (A, — \i)*
+12(1068 4 16 + 635%) (A; — A) (A — M) (N — \),
ED s Az Aji Ais B) = 24(908 + 96 + 215%) (A — i) (A — Ai)? (B-36)
+24(9083 + 96 + 218%)(\; — X\)* (A — \)
+24(1063 + 16 + 638%)(\j — N) (A — A) (N — No),
ED N A Ajs Ais ) = 24(908 + 96 4 215%) (A — Ni)? (B.37)
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Define
S A5 A5 8) €O A A A B),
E (A A A B) & 5 ()‘l;>\l7)\ is ),
SN\ B ¢ (AZ,AMJ,AZ,m
E3(Ai; A3 A B) déf (A A Ajs Ais B),
GO B) Y o¢ (Akvxl,AJ,w»

We will prove that the above equations are non-negative for all Ay > A\ > A; > A; and
8 > —% and, hence, deduce that £(Ag; A\i; A\j; Ai; ) is positive for all Ay > A > A; >
)\i>0and52—%.

Differentiating &,(A;; Aj; Ai; §) with respect to \; we obtain

SN A A B) = (426° + 192+ 1808) (N — \)
+(426% + 192 + 1808) (\; — Ai)2 (N — \)?
+(2128 + 32 + 1268%) (\; — A) (N — N)°
+(1058% 4+ 208 + 2868) (A — M) (A — A%,
&N\ A B) = 6(426% + 192+ 1808) (A — A;)°
+4(428% + 192 + 1808) (A — M) (A — \)?
+5(2126 4+ 32+ 1268%) (A — M) (N — \i)?
+2(1058% 4 208 + 2865) (A — Xi)* (N — ),
PO A A B) = 30(428% 4192 4 1808) (A — Ai)*
+12(424% + 192 + 18083) (\; — Al)z( M)
+20(21283 + 32 + 1263*)(\; — A) (A — \)?
+2(1058% 4 208 + 2865) (\; — A%,
PN A B) = 120(428% + 192 + 1808) (A — A)?
+24(426% + 192 + 1808) (A; — X\i)* (N — \i)
+60(2123 + 32 + 1263%) (A, — M) (A — M),
&7 A A B) = 360(4262 + 192 + 1803) (A — A;)?
+24(423% + 192 + 1808) (A; — ;)
+120(2123 + 32 + 1263%) (A; — M) (A — i),
PN A B) = T20(428% + 192 + 1808) (A — )
+120(2128 + 32 4 1268%)(\; — \i),
s A A B) = 1296000 + 138240 + 3024032
> (forall g > —2.
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Now
o(Ngs A A B) = 3(1058% + 208 4 2865) (A, — A)® > 0 for all 3,
M i Az i ) 12(1055% + 208 + 28658)(A; — A;)° > 0 for all 3,
P (A Ay Aii B) 6(N; — X)) (7496% + 20623 4 1520) > 0 for all 3,
PN A\ B) = 168(A; — A)*(818% 4 176 + 2303) > 0 for all 3,
PO A A B) = 48(A; — A)2(19708 + 1616 + 6513%) > 0 for all 3,
PN A A B) = 240(1898% + 592 + 6463)(\; — ;) > 0 for all 3,

and, hence, & (A;; Aj; Aj; ) is non-negative.

Differentiating &; (A3 A;

: A\i; B) with respect to \; we obtain

E(A; A5 A 8) = (5408 + 576 + 1266%) (A — \)°
+(3603 + 384 + 845%) (\; — X)) (N — N)?
+(5308 + 80 4 3153%) (\; — M) (A — Ao
+(1053% + 208 + 2863) (Aj — M) (A — ),
DA\ B) = 5(5408 + 576 + 1268%) (A — Ay)*
+3(3600 + 384 + 845%) (N — Ai)2 (N — \i)?
+4(5308 4+ 80 + 3158%)(\; — M) (N — \i)?
+(1058% + 208 + 2868) (A — \i)?,

P A AiB) = 20(5408 + 576 + 12682) (A — A;)®
+6(3608 + 384 + 843%) (N — M) (A — )
+12(5303 + 80 + 3158%) (\; — A\i) (A — \)?,

PN\ AiB) = 60(54008 + 576 + 12682) (A — A;)?

95

+6(3603 + 384 + 845%)(\; — \;)?
+24(5308 4 80 + 3158%) (A — X)) (A — \i),
120(54083 + 576 + 1268%) (N — \i)
+24(53083 + 80 + 3155%) (\; — ),

§§4)(>\l;)\j;/\i;ﬁ) =

P As A A B) = 648008 + 69120 4 1512043°
> 0forall 5> —2.
Now

LA A A 8) = 6(1056% + 208 + 2868) (A — A;)? > 0 for all 3,
D A A B) 3(7494% + 20628 + 1520)(A; — A;)* > 0 for all 3,
PN A A B) = 84(818% + 176 + 2308) (A — A)® > 0 for all 8,
PN A A B) = 24(19708 + 1616 + 65182)(A; — A;)® > 0 for all 3,
DA A B) = 120(1898% + 592 + 6463)(\; — ;) > 0 for all 3,
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and, hence, & (A\;; Aj; A;; 3) is non-negative.

Differentiating & (A; Aj; Ai; B) with respect to A; we obtain

SN\ A A B) = 14(908 + 96 4 2162) (N, —
+12(908 + 96 + 215%) (N — A)2 (N —
+2(9083 + 96 + 218%)(A; — A;)*
+12(1060 + 16 4 635%)(A; — A\ (N —

& (N A i B) = 56(905 + 96 +216%)(\ -
+24(908 + 96 + 2132) (A, —
+36(1063 + 16 + 6332)(\; —

&7 A5 Xis B) = 168(908 + 96 + 215) (A -
+24(908 4+ 96 + 215%)(\; — A;)?
+72(1065 + 16 + 6332)(\; —

&7 Ay s B) = 336(908 + 96 + 215) (A -
+72(1065 + 16+ 635%) (A; — \),

YA A B) = 302400 + 32256 + 70562
> 0forall 5 > —2.

Now

E2(Aj A Ais 8
(1)(%)\]7)\1‘;5
IPYPVIDYYC
(i Ajs his B

72

and, hence, &(\;; Aj; A;; ) is non-negative.

Differentiating &3(\;; Aj; Ai; B) with respect to \; we obtain

&N A A B) = 24(908 + 96 + 216%) (A —
+24(9083 + 96 + 215%) (A, —
+24(1066 + 16 + 633%)(\; — X)) (N —

SN i B) = T2(908 496 4 2157) (N —
+24(908 + 96 + 218%) (A; — A)?
+48(1063 + 16 + 635%)(\; —

PAAGE) = 14008+ 96+ 218°)(\ —
+48(1063 + 16 + 636%)(A\; — \,),

EP s A A B) = 129600 + 13824 + 302432
> (forall 8> —2.

) = 48(798 + 283% + 60)(\; —
) = 12(9188 + 688 + 3295%)(\; — \;)* > 0 for all 3,
) (

(
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M)

>\i)37

- /\i)27

- /\1)7

M) > 0 for all 3,

= 1198% 4 272 + 3468)(\; — A;)? > 0 for all 3,
5 B) = T2(52603 + 464 4+ 1615%)(\; — \;) > 0 for all 3,

—\)

/\i)27

- /\1)7
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Now

&N A A B) = 24(1056? + 208 + 2863)(\; — \i)* > 0 for all 3,
A\ B) = 48(105582 4 208 4 2865)(A; — A;)? > 0 for all 3,
PN A B) = 96(1838 4 152 4 638%)(\; — A;) = 0 for all 3

YR

(2

K

3

and, hence, &(A;; Aj; Aj; ) is non-negative.

Differentiating £4(A;; Aj; Ai; §) with respect to \; we obtain

E(Ni; Ajs A B) = 24(908 + 96 + 218%) (N — \i)°
+24(908 + 96 + 218%)(\; — \;)?
+24(1063 + 16 + 6358%)(N\; — M) (AN — A,
&N A A B) = 48(908 + 96 + 218%) (A — )
+24(1063 + 16 + 638%)(\; — \i),
VA A B) = 43208 + 4608 + 100832
> Oforall > —2.

Now

G0 A A B) = 24(1058% 4 208 4 2863) (A, — A;)® > 0 for all 3,
WA A B) = 24(1058% + 208 + 2868)(A; — A;) > 0 for all 3

and, hence, £,(A\;; Aj; A;; ) is non-negative.

This completes the proof.
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Lemma B.9 Let

E A A A B) = 3(8° + 64+ 608+ 123%)3(0,2, 3)
+(968% + 93° + 32 + 2363)5(1, 1, 3),

where
Slabc) = ) (= A" (k= A)™ (=A™

(n1,n2,n3)
eperm(a,b,c)

The expression £(Ag; Ai; Aj; Ai; B) is non-negative for all Ay > N > A; > \;, and
f=-3
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Proof. Differentiating &(Ax; A\i; Aj; Ai; 3) with respect to A we obtain

EVNs A A\ B) = (9687 4+ 98% +324-23668) (A — ) (A — \i)?
+(965% +96° + 32 + 2368) (A — M) (A; — )
+3(966% + 9% 4 32 4 2360) (Ae — Xi)* (A — M) (N — \i)

(
+2(366% 4 35° + 192 + 1808) (A — A) (A — A)°
+2(363% + 3% + 192 + 1808) (A, — M) (A — \)®
+3(365% + 33° + 192 + 1808) (A, — )\1)2(/\] Ai)?
+3(368% + 36 + 192 + 1808) (Ak — A)2(A — A2,
(

PN A Aji A B) = 6(968% + 96° + 32 4 23658) (A — Ai) (A — M) (A — Ay)

+2(364% + 34 + 192 + 1803)(\; — \;)®
+2(368% 4+ 3% 4+ 192 + 1808) (\; — \i)?
+6(364% + 33 4+ 192 + 1808) (A, — M) (N — )2
+6(366% + 38 + 192 + 1808) (M — Ao) (N — A2,

ED N A AN B) = 6(9662 + 96 4+ 32+ 2363) (N — M) (A — i)
+6(366% + 36° + 192 4 1803)(\; — \;)?
+6(363% + 33% + 192 + 1808) (N — \i)?,

Define

oA A5 A 8) = (A5 A Ay Ais B),

E1 (N Aji s B) S NN A A A B),
SO B) E D\ A5 A B),
E3(Nis Aji Ais B) « B (s Mz Ajs \is B).

We will prove that the above equations are non-negative for all Ay > Ay > A; > A; and
G > —% and, hence, deduce that &(Ag; A\i; Aj; Ai; ) is positive for all Ay > A > A; >
)\i>0and52—%.
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Differentiating {(A;; Aj; Ai; ) with respect to A; we obtain

S\ Aji A B) = (9687 +96° + 32 4 2366) (M — Ai)* (N — X))’
+2(963% + 98% 4+ 32 4+ 2363) (A, — M) (N — \)
+2(368% 4 34% 4+ 192 4 1803) (A — Xi)2(\j — \i)?
+2(366% + 33% + 192 + 1808) (A — Ai)*(N; — \)?
+2(3667 + 33 + 192 + 1808) (A — \i)°,

&7 (N5 A A B) = 2(9682 +98° + 32+ 2368) (A — M) (A — A
+8(96% + 98% + 32 + 2363) (A — N> (A; — \i)
+4(366% + 33% 4+ 192 + 1808) (A — Ai) (A — \)?
+6(368% 4 36% 4+ 192 4 1803) (A — Ai)2(\j — \i)?
+10(364% + 33° + 192 4+ 1803) (A — A%,

&AM B) = 2(965% + 96 + 32 + 2363) (\; — A)?
+24(964% + 98° + 32 + 2368) (A — X\i)* (N — Ni)
+4(365% + 33% + 192 + 1808) (A, — \;)?
+12(364% + 36 + 192 4+ 1808) (A — M) (A — \i)?
+40(363% + 35 + 192 + 1808) (N, — \;)?,

P A A B) = 48(9608% 4+ 98° + 32 4 2368) (A — A (A — Ai)
+12(3662 + 36 + 192 + 1808) (\; — \;)?
+120(3662 + 33% 4 192 + 1808) (A — \)?,

A A B) = 48(9608% 4 98° + 32 4 2368) (A — A)
+240(3662 + 38% 4+ 192 4+ 1808) (A — ),

PNz A A B) = 8640832 4 7203 4 46080 + 432003

> 0 forall § > —1.4242.

(Nis A A B8) = 3(\ — \)°(1686% + 153% + 416 + 5963) > 0 for all 3 > —0.9145,

(\j; A A 8) = 10(N\; — \)*(1683% + 154° + 416 + 5963) > 0 for all 8 > —0.9145,
DA A 8) = 200 — \)P(2015° + 81088 + 5792 + 22565%) > 0 for all 5 > —0.9393,

(N A i B) = 12(0 — \)2(7803% 4 29243 + 2240 + 694%) > 0 for all B > —1.0173,

(\j; A A B) = 192(696% + 66 + 248 + 2843)()\; — A;) > 0 for all B > —1.1738

and, hence, & (\;; Aj; A;; ) is non-negative.
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Differentiating & (A;; Aj; Ai; ) with respect to A; we obtain

S AGB) = (9657 +95° + 32+ 2368) (M — A) (N — M)

+4(965% + 98% + 32 4+ 2368) (A — Ao)2 (N — )
+2(366% + 33 + 192 + 1808) (A — ) (Aj — \i)?
+5(366% + 33% 4+ 192 + 1808) (A, — \)*

+3(363% + 38% + 192 + 1808) (A — Mi)*(A; — \)?,

EVO A A B) = (968% 4+ 98% + 32 4 2368) (A — \i)® + 12(963
+96% + 32+ 2368) (A — M) (A — )
+2(365% + 33 + 192 + 1808) (\; — \)?
+20(364% + 3% + 192 + 1803) (N — \;)?
+6(366% + 33 4+ 192 + 1808) (A — X)) (A — \i)?,

PO A B) = 24(9682 +98° + 32+ 2368) (A — M) (A — \y)
+60(365% + 35° + 192 + 1803) (N — \;)?
+6(366% 4 36° + 192 4 1803)(\; — \))?,

BN A B) = 24(968% +95° 4 32 4 23658)(A; — Ay)
+120(363% + 38% + 192 + 1808) (A — \i),

VNN A B) = 432087 + 36037 4 23040 + 2160073

> 0forall § > —1.4242.

Now

Nis A A B) = 500 — X\)*(1686% + 153% + 416 + 5963) > 0 for all 3 > —0.9145,

WA A 8) = (A — M)P(2018° 4 81085 + 5792 + 2256/3%) > 0 for all 3 > —0.9393,
(Aji A A B) 6(N\; — \)*(7803% + 29243 + 2240 + 693°) > 0 for all 8 > —1.0173,
(Ais A A B) = 96(698° + 63 + 248 + 2843)(\; — \;) > 0 for all 3 > —1.1738,

and, hence, & (A\;; Aj; A;; 3) is non-negative.
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Differentiating £ (A; Aj; Ai; ) with respect to A; we obtain

E(Nis A A B) = 6(965% +96% + 32 4 2368) (N — Xi)* (A — \i)

+2(368% 4 36% + 192 4 1803) (N, — \)®
+8(363% + 33% 4192 + 1808) (\; — \i)?
+6(365% + 33 + 192 + 1808) (A — X)) (Aj — \i)?,

&V A A B) = 12(965% + 98° + 32 + 2368) (A — X)) (N — A
1+24(363% + 36 + 192 + 1808) (A — \;)?
+6(363% + 33 + 192 4+ 1803)(\; — \i)?,

PN A B) = 129687 + 95 4 32 4 23658)(A; — Ay)
+48(364% + 35 + 192 4+ 1808) (A — \o),

Pz A A ) = 1728037 + 14443 4 9216 + 86403

> (forall § > —1.4242.

SN A i ) = 6(N — N)?(1928% + 178 + 544 + 7163) > 0 for all 8 > —1.0079,
DA A B) = 6(N — \)2(3726% + 13728 + 1024 + 335%) > 0 for all 8 > —0.9877,
BN A B) = 12(2408% + 218% + 800 + 95658)(A; — A;) > 0 for all § > —1.1217

and, hence, &(A;; \j; Aj; ) is non-negative.
Differentiating &3(\;; Aj; Ai; §) with respect to \; we obtain

SN i B) = 6(968% +98% + 32+ 2360) (A — A) (A — \i)
+6(363% + 34 + 192 4+ 1803)(\; — \;)?
+6(366% + 33 + 192 + 1808) (A — \i)?,
5:&1)(/\1; A A B) = 6(966° +93% + 32+ 23603)(\; — \)
+12(364% + 36 + 192 + 1808) (N, — \y),
PN A B) = 43267 + 366° + 2304 + 21608
> 0 forall § > —1.4242.

Now

&N A A B) = 6(0; — \)A(1688% + 154° + 416 + 5963) > 0 for all B > —0.9145,
§1)( Ais A A B) = 6(1686% + 158% + 416 4 5965)(\; — A;) > 0 for all 5 > —0.9145
and, hence, &(\;; Aj; Aj; ) is non-negative.
This completes the proof.
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Lemma B.10 Let

Ee AN i B) = (156 + 448 + 3° + 24)3(0,0,3)
+3(33° + 42 + 478 4+ 208%)5(0,1,2)
+3(96° + 453% — 24 + 46/3)5(1,1,1),

where

Slabc) = ) (A= A" (k= M) (=A™

(n1,m2,n3)
eperm(a,b,c)

The expression §(Ag; Ai; Aj; Ai; B) is non-negative for all Ay > N > A; > \;, and
g>—2

Proof. Differentiating &(Ax; Ai; Aj; Ai; 3) with respect to A, we obtain

EV s Ais Mg Ais B) = (1507 + 5% 4 24 4 448) (A — Ai)?
+2(608% + 94° + 126 + 1413)(\; — \)?
+(608% + 98° + 126 + 1418) (A, — \;)?
+2(606% + 98% + 126 + 1418) (A, — M) (N — \)
+2(603% + 98% + 126 + 1418) (A — X)) (A — )
+(1353% +275° — 72+ 1388) (N — M) (N — \i),
EP s Az A Ais B) = 6(150% + 5° 4 24 4 448) (A — \)
+2(606% + 98% + 126 + 1418) (N — ;)
+2(603% + 93% + 126 + 1418) (A — No),
ES N A A iy B) = 9083% +66° + 144 + 2640
> 0 forall § > —0.7085

Define

So(Ais A A B) = (A A Ajs Ais B),
S A 8) S €W A A 8),
SN A8) = BN A A A5 B).
We will prove that the above equations are non-negative for all Ay > A\ > A; > A; and

8 > —% and, hence, deduce that &(Ag; A\i; Aj; Ai; ) is positive for all Ay > A > A; >
)\i>0and52—%.
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Differentiating {(A;; Aj; Ai; ) with respect to A; we obtain

oA\ Ajs i B) =

(()I)O\l?)\j;)\i;ﬁ) =

DA A B) =

&()3)()\1; Ny A B) =

(158% 4+ 3% 4+ 24 +44B)(\; — \;)?

+2(156% + 8% + 24 + 4468) (N — \)®

+3(606% + 98% + 126 + 1418) (N — X)) (Aj — \i)?
+2(603% + 98% 4+ 126 + 1418)(\; — \i)?

+(608 + 96° + 126 + 1418) (A — Ao)* (N — i)
+(1356% + 276% — 72 + 1383) (A — M)? (N — \o),
6(150% + 3% + 24 + 44B) (N — \)?

+3(608% + 94° + 126 + 1413)(\; — \;)?
+6(603% + 98% 4 126 + 1418)(\; — \i)?
+2(608% + 98° + 126 + 1418) (A — X)) (Aj — \i)
+2(1356% + 273% — 72 + 1383) (A — X)) (Aj — ),
12(1562 + 33 + 24 + 448) (N — \y)

+12(605% + 96 + 126 + 1413) (N — \y)

+2(603% + 98% + 126 + 1418)(\; — \i)

+2(1358% 4+ 278% — 72 + 1383)(\; — \),

9003 + 1204° + 1800 + 222073

0 for all g > —2.

A
A

S\ A i B) = 1200 — N)*(B+3)(78% + 248 +21) > 0 for all B > —3,
VA A B) = 3N — M)A(B+3)(530% + 1813 + 154) > 0 for all 8 > —1.6073,
A A

PN A A B) = 6(3+3)(328% 4+ 1198 4 106)(A; — A;) > 0 for all 3 > —1.4789

and, hence, & (\;; Aj; A;; ) is non-negative.

Differentiating &; (A;; Aj; Ai; §) with respect to \; we obtain

S\ AN 8) =

%1)(>\l;)\j;)\i;ﬁ) =

3(1562 + 3% 4 24 + 448) (N — \)?
+2(603% 4 98% 4+ 126 + 1413)(\; — \;)?
+3(606% + 98% 4+ 126 + 1418) (N — \)?
+2(608% + 98 + 126 + 1418) (A — M) (\j — i)
+(1358% +278° — 72+ 1388) (A — M) (N — A,
6(1562 + 3% + 24 + 448) (N — \y)

+6(603% +93% + 126 + 1418) (N — \i)

+2(606% + 98% 4+ 126 + 1418)(\; — ;)

+(1353% +275° — 72+ 1388)(\; — \i),

63
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DA A B) = 45082 4 603 4 900 + 11103
> (forall 5> —2.

Now

(NN A B) = 3\ — \)A(B+3)(316% + 1078 + 98) > 0 for all 3 > —3,
DA s B) = 15(8+3)(B+2)(TB+12)(\; — \;) > 0 for all 3 > —1.7143
and, hence, & (A\;; Aj; A;; 3) is non-negative.
Differentiating & (A; Aj; Ai; B) with respect to A; we obtain
E2(A Ajs Ais B) = 6(150% + 8% + 24 4 448) (A — i)
+2(605% +93% + 126 + 1418)(\; — ;)
+2(604% + 96°% 4+ 126 + 1413)(\; — \o),
VA A B) = 21087 4 243 4 396 + 5463
> 0 forall 5 > —1.2120.

Now
SN AN B) = 6(8+ 3)(762 + 3484+ 36)(\; — A\;) > 0 for all B > —1.5596

and, hence, &(A;; Aj; A;; ) is non-negative.

This completes the proof.

Lemma B.11 Let

f()\ka )\l; )‘j; )‘i; ﬁ) = 3Ot(07 47 47 4) + (SB - 16) t(1> 37 47 4)
+ (98— 18)¢(2,2,4,4) + (38° — 183 + 24) (2,3, 3,4)
+ (28° — 245° + 886 — 96) £(3,3, 3, 3),

where
tla,be,d) = Y NTARAEN

(n1,m2,n3,n4)
eperm(a,b,c,d)

The expression §(Ag; Ai; Aj; Ai; ) s positive for all Ay > X\ > A\; > \; > 0and § > —%.




On Taylor series approximations

Proof. Let

s(a,b,c) =

> AT,

(n1,n2,n3)
eperm(a,b,c)

Differentiating £(Ag; Ai; Aj; Ai; B) with respect to Ay we obtain

3

£

@

38

S A A iz B) =

Yk A A i B) =

Y A A i B) =

Sk s A \is B) =

120)75(0,4, 4)
+2(183 — 36)A\;5(2,2,4)

+2(663% — 363 + 48)A3(2, 3, 3)
+3(23% — 243% + 883 — 96)\15(3, 3, 3)
3(38% — 188 + 24)A\;5(2,3,4)
(85
(

+ +

3(86 — 16)A25(1,4,4)
+2(168 — 32)A35(1, 3, 4)
+(188 — 36)\5(2, 3,4)
+(63* — 368 + 48)\.3(3, 3, 4)
+(83 — 16)5(3,4,4),
360A75(0,4,4)
+6(183 — 36)A\75(2,2,4)
6(653% — 363 + 48)A75(2,3,3)
+6(168 — 32)A\75(1,3,4)
+3(1683 — 32)\e5(1, 4,4)
+3(43° — 486% + 1763 — 192)\:5(3, 3, 3)
3(65% — 363 + 48)\5(2, 3,4)
+(603% — 3603 + 48)5(3, 3, 4)
+(186 — 36)3(2, 4, 4),
720):5(0,4,4)
+12(186 — 36)\r3(2,2,4)
+12(168 — 32)\3(1, 3, 4)
+12(68% — 363 + 48)\5(2, 3, 3)
(486 — 96)5(1, 4, 4)
+(123% — 1448% 4 5283 — 576)5(3, 3, 3)
+(183* — 1083 + 144)5(2, 3,4),
7205(0, 4, 4)
+12(186 — 36)5(2, 2,4)
+12(168 — 32)5(1, 3, 4)
+12(63* — 36 + 48)3(2,3,3).

+
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Define

H. S. Dollar

= S As B)/AL

= WO NN B) /A,
2 (N A A A B) /A7
D N Ajs Ais B)/
(

5(
= g(
W (s Mz Ajs \is B).

We will prove that the above equations are non-negative for all Ay, > A\ > A\; > A\, >0
and 0 > —% and, hence, deduce that £(Ag; A3 Aj; A3 3) is positive for all A\, > A >

)\32)\1>0and52—§

Differentiating £ (A;; Aj; Ai; ) with respect to A; we obtain

oMz A Ais B) =

VN AsB) =

5(()2)()\15 N B) =

30X + 3007\

+(98 — I8)ATNIN!

+(88 — 16) A/ (AAT + AP

+(163 = 32)A (XA + ATN)

(63% — 365 + 48) A/ (AZAT + A/ X%)
(

(

(

+

337 — 12)AT (XA + AIND)

+(—48 — 1847 + 526 + 28°) A AN
+(—208 4 657 + 16)\(AJA] + AAD)
+(10 + 258)A{AS,

12007 (A + A7)

+(=T72 4 3606) AN,

(=64 + 328) A7 (N2 + A X))

+(483 — 96) A7 (XA 4+ AX;)

+(186% — 1083 + L44) AT (AJAZ + AZA?)
+(68% = 24)N(ATAT + AfA)

+(—368 +48° — 96 + 1043) A A2\,
+(—208 4 65 + 16)(AJX] + AAD),
360A7(A] + AY)

+(—216 + 1085) A AT N7

+(—192 4 968) AT (A X + AiXD)
+(365% + 288 — 2163) A (ATA? + A/ A3)
+(—192 + 968) \(A] A + X))

+(66% = 24) (AJAZ + A7X))
+(=366% + 44% — 96 + 1045)A3\3

R B
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&7 A A B) = T20M(N + X9
+(19203 = 384) N (MAT + A0N))
+(—432 + 2165) M AT
(=192 + 963) (AiA] + AfA;)
+(36% + 288 — 2163) (ATA? + N/ A3),
&V A5 A B) = T20(\ 4+ XD + (—432 + 2165) A2\
+(19203 — 384) (XA + A2N;).

Define &ya(Aj; Ai; B) = 5(()4)()\1; Aj; Ais B). We wish to show that &4 is non-negative for all
Aj > A; > 0. Differentiating {4 with respect to \; gives

Soa(Nj; Ais B) = T20(N] + A) + (=432 4 2163) A7 N7
+(19203 — 384) (A + APN),
&1 (A his B) = 2880A2 + 3(—384 + 1926)\,\2
+2(—432 + 216 3)AIN; + (—384 + 1928)\2,
7 (N hisB) = 8640A2 + 6(—384 + 1928) A
+2(—432 + 2168) A7,
DN A B) = 17280\ + 6(—384 + 1926)\,,
&7\ A B) = 17280 > 0,

Now

2
Sos(Ni; A B) = 120X} (24 53) > 0 for all § > —=

2
S 8) = 20002458 2 0forall > —Z,

DA ) = 14402(38 + 116) > 0 for all § > —3.4545,
DA f) = 11520(13+ 8) > 0 for all 5> —13,

Hence, 554) is non-negative for all A; > \; > 0 and § > —2.

Define &p3(Aj; \is B) = (()3)()\j; AjsAis B)/Aj. We wish to show that y3 is non-negative
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for all A; > \; > 0. Differentiating §y3 with respect to A; gives

Now

§os(Ajs Ais B)

eSO Ais )

&2 (i Ais )

720\ 4 (=576 + 2883) A\

+(363% — L44)ATX2 4 (3637 — 96 — 24B) A} ),

+(528 4+ 966) X},
2880A% + 3(—576 + 2883) A\, A7

+2(368% — 144)AI\; + (365% — 96 — 243) A\,

8640A7 + 6(—576 + 2883)\;);
1+2(363% — 144)\2,

17280\ + 6(—576 + 2883)\;,
17280 > 0.

7204 (B4 3)(6 +2) > 0 for all § > —2,

H. S. Dollar

(
1203(64 + 703 + 95%) > 0 for all 3 > —1.0583,
(

T2)\2(68 + 243 + %) > 0 for all B > —3.2822,
1728\;(8 + 3) > 0 for all 3 > —8.

Hence, 5(()3) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &pa(Aj; Ais B) = 5(()2)(/\j; Aj; /\i;ﬁ)/)\?. We wish to show that &y, is non-negative
for all A; > A\; > 0. Differentiating &y, with respect to \; gives

Now

502()\3'; A B)

(()é)()\j; Ai; B)
BN )
(i i B)

I CTEDWYC)

502()\2‘; Ai; 5)
f(%)()\i; Ai; 5)
5(%)(&'; Ai; 5)

&9 (N M )

360A] + (—384 + 1928) X A7

+(42% — 10803 + 48) A7 AT + (—166 + 46°) XA

+(144 + 63 + 963) A7,
14407 + 3(—384 + 1923) X\

J

+2(423% — 10883 + 48) A2\ + (=168 + 45°) A,

432007 + 6(—384 + 1925) A );
+2(423% — 1083 + 48) A7,
8640); + 6(—384 + 1925) A,
8640 > 0.

ANBAT)(B+3)(B+2)>0forall g > 2,

ANN(B 4 3)(6+2)(B + 16) > 0 for all § > —2,

22
12X3(8 + 6)(76 +22) 2 0 for all § > — =,

11
576A;(11 +23) > 0 for all 5 > -5



On Taylor series approximations 69

Hence, 5((]2) is non-negative for all \; > X; > 0 and § > —2.
Define &1 (Aj; i B) = 581)(/\3'5 Aj; Ai;ﬁ)/kg. We wish to show that & is non-negative
for all A; > A\; > 0. Differentiating §y; with respect to \; gives
So1(Aj; N B) = 1207 + (=160 + 80B8)\AD
+(=T28 + 48 + 248%)ATNZ + (86 + 453° — 128°) A%\,
+(286 4 16 + 128%) AL,
WOy AsB) = 48002 + 3(—160 + 808)A;A2
+2(=T28 + 48 4+ 248%) A2\, + (88 + 48° — 128%)\,
DA B) = 144002 4 6(—160 + 808) A\
+2(=T720 + 48 + 243*)\7,
B\ A:B) = 2880\, + 6(—160 + 805) s,
WA B) = 2880 > 0.

Now
Co1(NisAis B8) = AN (B+3)(B+2)(B+1)>0forall > —1,
5(%)(/\1‘; NiiB) = AN (BH+4)(B+3)(B+2)>0forall B> 2,
f((ﬁ)()\i; i B) = 48\ (B+4)(8+3)>0forall 3> -3,
DN i B) = 480M(B+4) > 0forall B> —4.

Hence, 561) is non-negative for all A\; > A\; > 0 and 5 > —%.
Define £oo(Aj; Ai; B) = &o(Aj; Ajs i 5)//\?. We wish to show that &y is non-negative for
all A; > \; > 0. Differentiating £y with respect to \; gives
Soo(Aj; Ais B) = 30A] + (243 — 48) AN\
+(=278+ 987 + 1A XY + (—66° 4 23° + 4B) A} ),
+(98% + 12 + 218) A},
0N A B) = 12002 + 3(248 — 48)A N2
+2(=278 + 96 + 18)AI\; + (—63% + 23° + 48)\},
&0 (A Ais B) = 360A2 +6(245 — 48)\)\;
+2(—278 4+ 95% + 18)\2,
&\ i B) = T20); +6(248 — 48));,
DA 8) = 720 > 0.
Now
) = 2M(B+3)(B+2)(B+1) > 0forall §>—1,
) = 2\(B+3)(B+2)(8+1) > 0forall 5> —1,
Aishii B) = 18A}(B+3)(B+2) > 0forall § > -2,
Ai; 3) 144);(8 + 3) > 0 for all 3 > —3.
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Hence, & is positive for all \; > \; > 0 and § > —%. This implies that £(A;; Ai; A\j; Ai; )
is positive for all \; > A\; > \; > 0 and § > —%.

Differentiating &; (A;; Aj; Ai; §) with respect to \; we obtain

G 8) = 1200 (] + A)) + (=724 368) A\ AN

+(328 — 64N (XNA] + XPA)) + (=112 + 5668) A/ (AiX] + ATA;)
+(218% — 1266 + 168) A/ (A7AT + A/ X)
+(—144 + 1563 + 6% — 545%) A2 AIA]
+(=36 + 981 AT (NIX] + AIXY)
+(156 4 40 — 503) A (APAT + AfAD)
+(503 4 20)A{AS,
DA A8 = 2(=36 + 965NN + (1552 + 40 — 508)AAS

+3(—112 + 563) A7 A; + 480A7 AT + (1537 + 40 — 508) A/ N7

+4(328 — 64)APNAT 4 2(—144 4 1563 4 65° — 543 AN N]

+3(213% — 1265 + 168) AT AIX? + 2(—36 + 93%) AT AT

+3(216% — 1266 + 168) AT AIAS + 4(—T72 + 3606) N AT

+3(=112 + 563) AN, + 4(328 — 64) AT AN,

+480A1 N,
PO A 08 = 2(=36+ 9NN+ 6(—112 + 568) M AN

+1440M7X] + 12(3283 — 64) AT AT + 2(—144 + 1565 + 66° — 545%) AI NS

+6(213% — 1265 + 168) A\ AT AT + 2(—36 + 95°)AjAS

+6(215% — 1266 + 168) N ATAZ 4 12(—T72 + 365) A\ AT

+6(—112 + 563) AT, + 12(328 — 64)AIAPN,

+144001 )7,
PO A s 8) = 6(—112 4 568) AL + 2830\ N2

+24(320 — 64) NN + 6(216% — 1263 4 168) A7 N

+6(213% — 12653 + 168)AJAZ + 24(—72 + 363) M AT A

+6(—112 + 563)Af N, + 24(323 — 64) N AP N,

+2880A7 N,
DA A B) = 2880A1 +24(3258 — 64) AN

+24(=T2 4 368)\] A7 + 24(328 — 64)\) A

+2880);.

Define &14(Aj; Ai; B) = 5%4)()\1; Aj; Ais B). We wish to show that &4 is non-negative for all



On Taylor series approximations

Aj > A; > 0. Differentiating &4 with respect to \; gives

Now

§ua(Nj; A ) = 2880A] 4 24(3203 — 64)\\)

+24(=T2 + 368)AIAT + 24(328 — 64) A7\
12880\,

DA B) = 1152007 +72(328 — 64)A\2

+48(—T2 + 363) A2\, + 24(3283 — 64)A?,

€D (A B) = 3456002 + 144(328 — 64NN,

+48(—T2 + 365)\7,

ED(\i A B) = 69120\ + 144(323 — 64)\,,
&7\ B) = 69120 > 0.

2
EuNis M B) = 480M (24 56) > 0 for all § > -

2
O A8 = 960X (2+50) = 0 forall = —Z,

D\ AiB) = BTEAX(38 + 118) > 0 for all f > —3.4545,
DA B) = 4608M(13+ ) > 0 for all § > —13.

Hence, §§4) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &13(A\j; i B) = 553)()\]; i Ai; B)/Aj. We wish to show that &3 is non-negative
for all A\; > \; > 0. Differentiating &3 with respect to A; gives

Now

513()\9‘; A 5)

€5 (0 Ai; B)
€2 (i \i; B)

5%3)()\;'; )‘i; 5)
€5 (Vi \i; B)

§13(Ai; i
&5 (i dis
&5 (s A

fg) (A5 Ais

7y

s
s

B
g

)
)
)
)

(2208 + 3368) A} + (=528 + 1283 + 1263*)\,; A}

+(1083 — 720 4+ 1263%) A2 A7 4 (—2208 4 11043) X3\,
+2880A;,

(=528 + 1283 + 1263%) X + 2(1083 — 720 + 1263*)\j\?
+3(—2208 4 11043) A7\, + 115207,

2(1083 — 720 + 1268%)A7 + 6(—2208 + 11048)\;\;
+34560)3,

6(—2208 + 11043)\; + 69120,

69120 > 0.

4

= 12X/(73 +34)(30 +4) 2 0 forall > .

= 6)\J(488 + 5903 + 633%) > 0 for all 3 > —0.9169,
= 36A7(1908 + 552 + 78%) > 0 for all 3 > —3.3086,
= 288)\;(194 4 233) > 0 for all 3 > —8.4348.

71
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Hence, §§3) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &12(Aj; \i; B) = §§2)()\j; Aj; )\i;ﬁ)/)\?. We wish to show that &5 is non-negative
for all A\; > \; > 0. Differentiating £;o with respect to \; gives

512()\j; /\z‘;ﬁ)

5 (s \i; B)
€S\ A )

€5 (N \i; B)
€5 (i A )

Now

(2

512()\1;
S)O\i;
oW
SAO¥

(2]

A
Ais
A
A

(2

Hence, & §2)

144077 + (7205 — 1440) A\

+(72 = 32453 4 1445°)A7N; + (126° — 48 + 1837 — 60B) A} A,
+(696 + 3365 + 185%)\f,

5760A7 + 3(7208 — 1440) A7

+2(72 — 32453 + 1445%)NI)\; + (126° — 48 + 18% — 605) A,
172807 + 6(7208 — 1440)\;);

+2(72 — 3243 + 1445%) 2,

34560, + 6(72083 — 1440)\;,

34560 > 0.

1208 + 10)(8+ 3)(8+2) > 0 for all § > -2,
6A3(256 + 24203 + 5152 4 26%) > 0 for all 3 > —1.5098,
7T2)\2(122 + 513 + 4/3%) > 0 for all B > —3.1906,
4320)\;(6 + 5) > 0 for all § > —6.

is non-negative for all A\; > \; > 0 and § > —%.

Define &11(A\j; \i; B) = él)(/\j; Aj; Ai;ﬁ)/)\?. We wish to show that &;; is non-negative
for all A\; > \; > 0. Differentiating £;; with respect to \; gives

11 (/\j; A 5)

0 (i Ais )

&2 (N

3
§§1)(/\j;
4
3

A
A

i B

(2

Now

i;ﬁ)

480X + (2963 — 592) A\

+(144 — 2348 + 815%)AIAT + (126 — 3087 + 126°) A%\,
+(112 + 1183 + 335%)Af,

1920X7 + 3(2963 — 592)N; A7 + 2(144 — 2340 + 815%) A7),
+(128 — 308% + 123°) X3,

57607 + 6(2963 — 592)\;\; + 2(144 — 2343 + 813%) A7,
11520 + 6(2968 — 592) A,

11520 > 0.

122048+ 3)(B +2)2 > 0 for all 3 > —2,
12X} (B8 +3)(B+2)(6+ ) > 0forall B > —2,

67 (416 + 2183 + 273%) > 0 for all 5 > —3.0935,
166

48X;(166 + 373) > 0 for all § > — T
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Hence, él) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &10(Aj; Ai; B) = &1(Aj5 A3 s ﬁ)//\?. We wish to show that & is non-negative for
all A; > \; > 0. Differentiating £;p with respect to \; gives

Go(Aj; Ais B) = 1207 + (883 — 176) A\
+(60 — 908 + 306%)AIAT + (128 — 1853 + 63°) A\,
+(32 4+ 563 + 245%)\},

E A B) = 480X2 + 3(888 — 176)\iA2 + 2(60 — 903 + 305%)A2);
+(123 — 184 + 63*) A7,

£\ ) = 144002 + 6(888 — 176) A\
+2(60 — 9043 + 3052)A2,

DA 8) = 2880\ + 6(883 — 176) A,

&0 (A B) = 2880 > 0.

Now

Go(Mis A B) = 6A(B+3)(B+2)(B+1)>0forall 3> —1,
G0 (i A B) = 6B +3)(8+2)?>0forall f> -2,

14
0 (i B) = 12X2(B+3)(56 + 14) > 0 for all 5 > —=
DN\ B) = 48M(38+113) > 0 for all 3 > —%.

Hence, & is positive for all A; > \; > 0 and § > —%. This implies that £(A;; Ai; Aj; Ais §)
is positive for all Ay > A; > \; > 0 and 3 > —%.

Differentiating £ (A; Aj; Ai; ) with respect to A; we obtain

E(Ms A A B) = 360ATN 4 (=216 4+ 1083) AIAI ]
+(9653 — 192)MAIN] 4 (963 — 192) AP A\
+360A; N + (—288 + 1443) A AN
+(—288 + L44B) AN A + (—3243 4 5437 + 432) A7 AIN]

+(—3248 + 545 4+ 432)AININ] + (183 + 183 — 108)ATATN]
+(—1026° — 240 4 2763 4 123°)AJXIN] + (1867 + 185 — 108) A AN
+(—483 4 24B%) NI XA, + (=486 + 2487 AININ,

+(228 + 665) A/ A],
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PO A8 = 4(360X% + (216 + 1085) A2\
+(9658 — 192)M: X7 + (965 — 192) A\,
+360A1) A + 3((—288 + 1448) A\
+(—288 + 14405) N[N + (—3243 4 543% + 432) A7 A3
+(—3240 + 546% + 432) A XA + 2((186% 4 183 — 108) A7 A}
+(—1026% — 240 + 27653 + 128%) A/ A2 + (183 + 183 — 108)A{AT)\,
+(—480 + 245%)NIX] + (—4806 + 247NN,
P Ai A B) = 43200002 4 12(—216 + 1085)AZA2N?
+12(968 — 192)X\AIA7 + 12(963 — 192) AP A\
+43200]A] + 6(—288 + 1448) M AT\,
+6(—288 + 1445) N A\ + 6(—3240 + 5407 + 432)AI N0 N,
+6(—32408 + 543% + 432)A] A7\, + 2(184% + 183 — 108) A7 A}
+2(—1023% — 240 + 2766 + 126°) A X? + 2(185° 4 183 — 108) A} )7,
P As A B) = 8640XIN + 24(—216 + 1085)A2A2N,
+24(963 — 192)\A3N; + 24(963 — 192)AI A\,
+8640A] N + 6(—288 + 1443) X\
+6(—288 + 1445) A} X + 6(—3240 + 5437 + 432)A7\)
+6(—32405 + 5437 + 432) A N2,
PO AN 8) = 8640X% + 24(—216 + 1088)A2\2
+24(960 — 192)A; A7 + 24(965 — 192)\) ),
+8640)\7.

Define &a4(Aj; Ais ) = 554)()\1; Aj; Ai; ). We wish to show that &y is non-negative for all
Aj > A; > 0. Differentiating 4 with respect to A; gives

S4(Nji N B) = 8640)] 4 24(—216 + 1083) A7 A3
+24(96 — 192)A\;A7 + 24(965 — 192)A}\; + 8640A;,
) = 34560\7 + 48(—216 + 1083)A7X; + 72(963 — 192)A;\7 + 24(96 — 192) X7,
) = 1036807 4 48(—216 4 1083) A7 + 144(963 — 192)\;);,
) = 207360)\; + 144(963 — 192)\;,
) = 207360 > 0.
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Now

2
Eaa(Nis Ai; B) = 1440 (2 +504) > 0 for all § > 5

2
DA 8) = 2850X(2+56) 2 0 forall § > =,

DN\ AiB) = 1728)2(38 + 116) > 0 for all § > —3.4545,
D0 A ) = 138240(13 4+ §) > 0 for all § > —13.

Hence, 554) is non-negative for all A; > \; > 0 and § > —2.

Define &a3(Aj; A\is B) = §§3)()\j; i3 Ai; B)/Aj. We wish to show that £»3 is non-negative
for all A\; > \; > 0. Differentiating &»3 with respect to A; gives

E23(Nji i B) = 8640A] + (31683 — 6336)\; A7
+(—2592 + 64803 + 3243%)ATAZ 4 (—2016 + 3603 + 3243%) A\,
+(6912 + 8643) A7,
S\ Ais B) = 34560X% + 3(31680 — 6336)A,\2
+2(—2592 + 6483 + 3245%) AN, + (—2016 + 3603 + 3245%) A7,
(A B) = 103680A2 + 6(31688 — 6336)\;\;
+2(—2592 + 6483 + 3245%)\2,
BN A:B) = 207360, + 6(31685 — 6336)\;,
WA B) = 207360 > 0.

Now

Eozs(Ni; Ay B) = 720} (64 + 708 + 96%) > 0 for all 3 > —1.0583,
DA B) = 36A3(232 + 3108 4 276%) > 0 for all § > —0.8048,
1
DOeAi) = 206X(3+28)(35+10) > 0forall > — 2,
Bz B) = 17280,(98 4+ 118) > 0 for all 3 > —%.

Hence, 553) is non-negative for all A\; > \; > 0 and § > —%.

Define &2(Aj; \i; B) = 552)()\]-; Aj; )\i;ﬁ)/)\?. We wish to show that &£, is non-negative
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for all A; > \; > 0. Differentiating &2 with respect to A; gives

E2(Nji N B) = 4320 4 (20165 — 4032) A\
(=216 — 61203 + 3608%)A2A2 + (245° — 192 + 1208 — 2408) A} )\,
+(2376 + 90083 + 365%) AL,
&N\ ) = 1728002 + 3(20168 — 4032)\\2
+2(—216 — 6128 + 3608%)AI\; + (24° — 192 + 1203 — 2408)\?,
D\ f) = 51840X2 +6(20165 — 4032\,
+2(—216 — 612 + 3605%) 2,
(N A B) = 103680\ + 6(20163 — 4032)\;,
&9 A B) = 103680 > 0.

) = 12X1(B+2)(28% + 398+ 94) > O for all 5 > —2,

) = 24X}(190 + 1913 + 353> + 3°) > 0 for all § > —1.2872,
)

)

= T2)\}(378 + 1518 + 105%) > 0 for all 3 > —3.1679,

4
= 1728);(46 4+ 73) > 0 for all 5 > —76.

Hence, 552) is non-negative for all A\; > \; > 0 and 8 > —%.
Define &1(A\j; A\is B) = 551)(/\3-; Aj; Ai;ﬁ)/)\?. We wish to show that & is non-negative
for all A\; > \; > 0. Differentiating £»; with respect to A; gives
E1(Nj; N B) = 1440)] + (8168 — 1632) M\ A7
+(216 — 5043 4 1983%) A7 A3 + (24° + 48 — 187 — 84BN\,
+(360 + 4208 + 605%) A\,
&7 (A his B) = 5T60A2 + 3(8168 — 1632)\\2
+2(216 — 5043 + 1988%)AIN; + (24/8° + 48 — 183% — 84B) A\,
DOy B) = 172802 + 6(8165 — 1632)A,),
+2(216 — 5043 + 1983%) )7,
BN\ AiB) = 34560); + 6(8165 — 1632)\,,
WA B) = 34560 > 0.

Now
Eni(Ms\is B) = 24MH6+B)(B+3)(B+1)>0forall g > —1,
WA B8) = 63 (AB+T)(B% + 148 +32) > 0 for all § > —Z’
DA ) = 36A2(220 + 1085 + 116%) > 0 for all # > —2.8844,
DA B) = 288M(86 + 178) > 0 for all 8 > — 0.

17
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Hence, 551) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &a0(Aj; Ai; 8) = E2(Aj5 Ajs Ais ﬁ)//\?. We wish to show that & is non-negative for
all \; > A; > 0. Differentiating & with respect to A; gives

E0(Aj; Ais B) = 360A] 4 (2408 — 480) A A3
+(108 — 19803 + T26%)XIA7 + (—2453° + 126°) A2\
+(192 + 18083 + 42%) A,
&0 (A\ji his B) = 144002 + 3(2408 — 480)A\2
+2(108 — 1983 + 726%) AN, + (—245% + 126°) A2,
&0 (Aihis B) = 432002 + 6(2408 — 480) A\,
+2(108 — 1983 + 728%)\2,
(N A ) = 8640); 4 6(2408 — 480)\;,
£\ A ) = 8640 > 0.

Now

(A A B) = 6M(2845)(B+3)(3+2) > 0forall > -2,
A B) = 12026+ B)(B+3)(B+1) > 0forall B > —1,

D\ Ai;B) = 36A2(46 + 298 + 4582) > 0 for all B > —2.3441,
(i hi; ) = 14400(B +4) > 0 for all § > —4.

Hence, &, is positive for all A\; > \; > 0 and 3 > —%. This implies that £(Ai; Ai; Aj; Ais B)
is positive for all \; > A\; > \; > 0 and 3 > —%.

Differentiating £3(A;; Aj; Ai; ) with respect to A; we obtain

&\ A A B) = TN\ + (—432 4 2165) A7 AN,
+(—384 + 1928) AN} + (—384 + 192B8)AJ N A/
+T20A] N + (2408 — 480) M AT A
+(2408 — 480)A; A ] + (9087 + 720 — 5403) AT AN
+(9053% + 720 — BA0B)AININ] + (—288 + 10803 + 183%)ATATA
+(963 — 723% + 128°) NI XIAT + (—288 + 10806 + 1847 A AN
+(84 — 240 + 185%) X2 XIN + (840 — 240 + 185%) A NI\,
+(624 + 483)\i X

R B
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28807\ + 4(—432 4 2165) AT ATN]

+4(—384 + 1926) N XA + 4(—384 + 1928) A2\ A}

+2880A7 A + 3(2405 — 480) M ATA

+3(2408 — 480)A; A ;A7 + 3(905% 4 720 — 5408) AT AIN]
+3(903% + 720 — B408)AINIA] + 2(—288 + 1080 + 1847\ AT\
+2(963 — 7237 + 1267 ) ) NI\ + 2(—288 + 1085 + 186%) A/ AN,
+(84 — 240 4 185%) A2 X} + (8473 — 240 + 186%)A/NY,

8640XIA] + 12(—432 4 2163) AT XA

+12(—384 4+ 1928) MXIAT + 12(—384 4 1923) X2\ N
+8640A] A + 6(2405 — 480) A AT\

+6(2408 — 480)AfA; A + 6(908% + 720 — 5408) A7 A3\,

+6(903% + 720 — 5408)AJ N3N + 2(—288 + 10803 + 183%) A7)
+2(965 — 7207 + 126%)AJNT 4 2(—288 + 10873 + 185%) A/ A3,
17280A5 N, + 24(—432 + 2168)ATA N\,

+24(—384 4+ 1928) \AIA, + 24(—384 4+ 1923) A2\,
+17280A] A + 6(24053 — 480) A\ A

+6(24083 — 480) A1 A; + 6(9053 + 720 — 5408)ATAS

+6(905% + 720 — 5408) AN,

17280X] + 24(—432 + 2165) A7 \;

+24(—384 + 1928) A A7 4 24(—384 + 1923) X7 ),

+17280);.

Define &34(Aj; Ai; B) = §§4)()\l; Aj; Ais 3). We wish to show that &34 is non-negative for all
Aj > A; > 0. Differentiating £34 with respect to \; gives

534(>\j; )\isﬁ) =
éi)(/\j; )\z‘;ﬁ) =

f:g,i)()\j; Ai; ﬁ) =

1728077 + 24(—432 + 2165)\;A;

+24(—384 4 1923) ;A3 + 24(—384 + 1926) A} \; + 172807,
691207 + 48(—432 4 2163) A7),

+72(—384 4+ 1923) A\ A7 + 24(—384 4+ 19253) A7,

2073607 + 48(—432 + 2163)

+144(—384 + 1928)\; ),

4147200, + 144(—384 + 1926) \;,

414720 > 0.
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Now

2
Ea(NizAi; B) = 2880/ (2+453) >0 for all 8 > —=

>
WA 8) = 5TO0N2+58) 2 0forall f = —=,
D\ A 8) = 3456)2(38 + 115) > 0 for all § > _%

:(ai)()\z‘; Ai; B) = 27648)\;(13+ ) > 0 for all § > —13.

Hence, £§4) is non-negative for all A\; > A; > 0 and § > —%.

Define &33(A\j; i B) = §3)()\j; i3 Ai; B)/Aj. We wish to show that £33 is non-negative
for all A\; > \; > 0. Differentiating {33 with respect to \; gives

E33(Nji i B) = 17280 4 (—12096 + 60485)\;\3
+(—6048 + 19443 + 5403%) A7 A3 + (13686 — 4896 + 5405°) AP\,
+(14400 + 14403) N/,
&5 i A B) = 6912002 4 3(—12096 + 60483)\,\2
+2(—6048 + 19443 + 5408%) A7\, + (13683 — 4896 + 5405%) A3,
S\ A:8) = 207360A2 + 6(—12096 + 60483)\;);
+2(—6048 + 19443 + 5405%)\?,
DN A B) = 414720); + 6(—12096 + 60483) \;,
WA B) = 414720 > 0.

Now

) = 1080A{(8 + 108 + B%) > 0 for all 3 > —0.8769,

) = 180A\?(88 + 1303 4 93*) > 0 for all 3 > —0.7120,
)
)

= 216A?(568 4 1863 + 54%) > 0 for all 3 > —3.3566,

— 5184066 + 75) > 0 for all § > —g,

Hence, fég) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &52(\j; \is B) = §§2)()\j; Aj; )\i;ﬁ)/)\?. We wish to show that &35 is non-negative
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for all A; > \; > 0. Differentiating 3, with respect to \; gives

E2(Nj; N 3) = 8640A] 4 (37448 — 7488)\; A7
+(—1440 — 4323 4+ 5763%) AT XS 4 (243% — 288 + 3965” — T443) X} ),
+(5184 4 16563 + 365%) A},
SO AiB) = 34560X% + 3(37448 — TAS8)AN2
+2(—1440 — 43283 + 576 3*) A7\, + (243° — 288 + 3963% — 74453)\3,
B\ B) = 103680A2 + 6(374408 — T488)\\;
+2(—1440 — 4323 + 5765%)\?,
B\ A:B) = 207360, + 6(37445 — 7488)\;,
(i AB) = 207360 > 0.

Now
ng(Az, NiiB) = 24X{(B+2)(B% + 408+ 96) > 0 for all 8 > —2,
DN\ B) = 12X3(744 + 8028 + 12952 4+ 28%) > 0 for all 3 > —1.1292,
DN\ B) = 288M\2(194 + 758 + 452) > 0 for all B > —3.0988,
94
N\ B) = 1728X\(94+138) > O forall 8 > ——.

13
Hence, £§2) is non-negative for all A\; > A; > 0 and § > —%.

Define &51(Aj; \i; B) = {él)(/\j; Aj; /\,-;5)//\5?. We wish to show that £3; is non-negative
for all A; > \; > 0. Differentiating £3; with respect to \; gives

E1(Aj; Ais B) = 2880 + (14883 — 2976) A\
+(—144 — 54053 + 3066*)\] A\ + (243° + 384 + 14457 — 5T65) A} ),
+(624 + 10208 + 548\,
&V A B) = 1152002 + 3(14888 — 2976) A\, \2
+2(—144 — 5408 + 3065%)AI\; + (243 + 384 + 1443% — 5763) A7,
&V (N A B) = 3456002 + 6(14883 — 29T6)\;\;
+2(—144 — 54083 + 3065%)\?,
DA B) = 69120\ 4 6(148803 — 2976)\;,
&7 (VA ) = 69120 > 0.

Now
Ea1( A\ A B) = 24X} (32 + 588+ 213% + 3%) > 0 for all 3 > —0.7461,
DA 8) = 12X3(224 4 2346 + 636% + 28%) > 0 for all § > —1.6603,
D\ Ai;B) = 36A2(456 + 2185 + 174%) > 0 for all 8 > —2.6319,
178
DA B) = 2880(178 +318) > 0 forall 8> ———

31°
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Hence, §§1) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &30(Aj; Ai; ) = E3(Aj; Aj; Ai; B)/A]. We wish to show that €30 is non-negative for
all A; > \; > 0. Differentiating 39 with respect to \; gives

E0(Aji N B) = T20A] + (—864 + 4326) M\
(=216 + 1086%)A2N2 + (96 — 1683 + 3647 + 126%)A3),
+(336 + 4808 + 365%) )\,
WA B) = 288002 + 3(—864 + 4323)A\2
+2(—21653 + 1088%)A2); + (96 — 1683 + 3642 + 126%) )2,
DA B) = 864002 + 6(—864 + 4326) A\
+2(—2168 + 1083%) )2,
BN\ AiB) = 17280); + 6(—864 + 4323)\;,
WnsAnB) = 17280 > 0.

Now

Eo(Nis i B) = 12046+ 3)(8% + 126 +8) > 0 for all § > —0.7085,
DN\ B) = 120332+ 583 + 2182 + %) > 0 for all 8 > —0.7461,
DA B8) = 216M2(8+ B)(B+2) > 0forall 3> —2,

14
9 A 8) = 864M(14+38) > 0forall > ——.

3

Hence, & is positive for all A\; > \; > 0 and 3 > —%. This implies that £(Ai; Ai; Aj; Ais B)
is positive for all \; > A\; > \; > 0 and 8 > —%.

Differentiating £4(A;; Aj; Ai; ) with respect to A; we obtain

E(Ai A5 A B) = TN + (—432 4 2165) A7 AN,
+(—384 + 1928) AN} + (—384 + 192B8)AJ N A/
+T20A] N + (=384 4+ 1923) A XN
+(—384 4 1928) A\ A + (576 — 4326 + T26%) AT AIN]
+(576 — 4323 + T23°)AJXNIN] + (=432 4 2163) AT AT\
+(576 — 4323 4 T23°)AJAIN] + (=432 4 2163) AT AN
+(—384 4+ 1928) A AT\ + (=384 + 192B) AIA3 N,
+720\4 N

R B
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2880\ A 4 4(—432 4 2163) AT AN

+4(—384 + 1926) MAIN + 4(—384 + 1923) I A\
+2880A/A] + 3(—384 + 1920) \A\jA]

+3(—384 4+ 1928)A\] N A7 + 3(576 — 4323 4 T23°) AT AIN]
+3(576 — 4328 + T207) A NIA] + 2(—432 + 2168) AT AT A
+2(576 — 4323 + 720%) A AN 4 2(—432 4 2163) AT A
+(—384 + 1926) N/ A} + (=384 + 1928)A\{ A7,

8640ATA] + 12(—432 + 2165) NI XA

+12(—384 4 192B3) A AIN] + 12(—384 + 192B8) AJ A\
+8640A] A7 + 6(—384 + 1928) A Aj\,

+6(—384 + 1928)Af A\ + 6(576 — 4323 4 726%) ATAIN,
+6(576 — 4320 + T207) N NN + 2(—432 + 21668) A7\
+2(576 — 4326 + T26%)AIAT + 2(—432 + 2163) A/ A3,
17280M5 N, + 24(—432 + 2168) ATA N,

+24(—384 4 192B3) A AT\, 4 24(—384 + 1928) AP A\
+17280A7 N + 6(—384 + 1926) A, \)

+6(—384 + 1923) A \; + 6(576 — 4323 + 726%)AIAS
+6(576 — 43206 + 7207\ A3,

17280X7 + 24(—432 + 2165)\] X\

+24(—384 4+ 1926) A X7 + 24(—384 + 19206) )\,
+17280);.

Define &44(Aj; Ai; B) = 5;(14)()\1; Aj; Ai; B). We wish to show that &4 is non-negative for all
Aj > A; > 0. Differentiating {44 with respect to A; gives

544(/\j§ A ﬁ)

(1)

2
3%

44 (/\j§)\z‘§ﬁ)

()\j§ Ai; ﬁ)

= 17280; + (—9216 + 46085) X\

+(—10368 + 51843) A7A7 + (—9216 + 46085) A} )\,
+17280)7,

= 691207 + 3(—9216 + 46083) A \7

+2(—10368 + 51843) A2\, + (—9216 + 46083) A2,

= 207360)7 + 6(—9216 + 46083) A;\;

+2(—10368 + 51843) A7,

= 414720\, 4+ 6(—9216 + 46085) \;,
= 414720 > 0.
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Now

2
Ca(Aii A B) = 2880X}(2+58) > 0 for all > —,
2
WA B) = 5T60A3(2+50) > 0 for all 3 > -2
38

Qa8 = 3456N(38 +115) 2 0forall § =~

DA B) = 27648),(13 + §) > 0 for all § > —13,

Hence, @(14) is non-negative for all A; > \; > 0 and § > —2.

Define &45(A\j; A\i; B) = f)()\j; i3 Ai; B)/Aj. We wish to show that 45 is non-negative
for all A; > \; > 0. Differentiating 43 with respect to \; gives

Es(Nj; Ais B) = 17280A7 + (—11520 + 57605) A\
+(—6912 + 25923 + 4323%) A7 A% 4 (20165 — 5760 + 4326°) A} ),
+(14976 + 11528) A/,
WO A8 = 691200% + 3(—11520 + 57605) A A2
+2(—6912 + 25923 + 4323%) A7\, + (20163 — 5760 + 4325%) A,
£3 (N A B) = 20736002 + 6(—11520 + 57608) A:\,
+2(—6912 + 25923 + 4323%)\?,
(N Ai B) = 414720\ 4 6(—11520 + 57608)\;,
DA B) = 414720 > 0,

Now

Ei3( i iy B) = 288AF(28 + 4083 + 33%) > 0 for all 8 > —0.7412,
DA 8) = 144X3(104 + 1708 4 96%) > 0 for all § > —0.6330,
D\ B) 864A2(144 + 466 + 5) > 0 for all § > —3.3786,
Bz B) = 34560)(8 + 10) > 0 for all 3 > —10.

Hence, @(f’) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &42(Aj; \i; B) = @(f)()\j; Aj; )\i;ﬁ)/)\?. We wish to show that &5 is non-negative
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for all A; > \; > 0. Differentiating 4o with respect to \; gives

E2(Nji A B) = 8640A] + (—6912 + 34563) A3
+(—2592 + 4323 + 4326%)AIA? + (—11523 4 5763%) A} ),
+(5472 + 15843) )},
€A B) = 3456002 + 3(—6912 + 34568) A\ + 2(—2592 + 4320
+4326%) NI\ + (—11528 + 5765%) A3,
25 As8) = 103680A2 + 6(—6912 + 34565)\\; + 2(—2592 + 43203
+4328%))2,
DA B) = 207360); + 6(—6912 + 34563) \;,
DA B) = 207360 > 0.

Now

(A A B) = 144XH(78+16)(6+2) > 0 forall 3 > —2,
(M\i; i B8) = 1440X3(6 + B)(B+1) > 0 for all 8 > —1,

DAz AB) = 864XX(B+22)(B+3) > 0for all B > —3,
(A A ) = 20736X;(8+ ) > 0 for all 5> —8.

Hence, ff) is non-negative for all A\; > A; > 0 and § > —%.

Define £41(A\j; A\is B) = 54(11)(/\1-; Aj; /\i;ﬁ)/A;?. We wish to show that &,; is non-negative
for all A; > \; > 0. Differentiating §4;1 with respect to \; gives

Ea(Nji i B) = 2880A; + (—2688 + 13448)\,\3
(=864 + 2166%)A2A2 + (—12006 + 960 + 3605%) A2\,
+(480 + 12008)A?,
DO A:B) = 1152003 + 3(—2688 + 13445)A:\2
+2(—864 + 2168%)A2); + (—12008 + 960 + 36052) A%,
DAz B) = 3456002 + 6(—2688 + 13445)A ),
+2(—864 + 2166%) A7,
DA B) = 69120); + 6(—2688 + 13443)\,,
WA B8) = 69120 > 0.

Now
EnMiXiB) = 192X/(33+4)(B+1) > 0forall > —1,
VA B) = 24X3(112 4+ 1188 + 3352) > 0 for all 8,
D\ ) = 144X2(116 + 565 + 36%) > 0 for all § > —2.3731,
4
DN\ B) = 1152)(46 +73) > 0 for all 8 > _76,
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Hence, 54(11) is non-negative for all A\; > \; > 0 and 8 > —%.
Define £40(Aj; Ai; B) = €4(Aj5 A3 i 5)//\?. We wish to show that &, is non-negative for
all A; > \; > 0. Differentiating &4 with respect to \; gives
Eo(Aj; Nis B) = T20A] 4 (=768 + 3843) A\
+(—288 + T26%)AINT + (—48003 + 384 + 1445%) A2\
+(240 + 6008) A2,
6/ (N Ais B) = 2880A2 + 3(—T768 + 3845) ANz
+2(—288 + 726%)AIN; + (—4803 + 384 + 1448*)\?,
€\ B) = 864002 + 6(—T68 + 3845) A\
+2(—288 + 723%))?,
PN A 8) = 17280); + 6(—768 + 3845) A,
DA B) = 17280 > 0.

Now
Ea0(Nis Ais B) 204364+ 4)(B+1) > 0 forall § > —1,
DA B) = 96X (36 +4)(B+1)>0forall > —1,
PN A B) = 144X2(24 4168 + 5%) > 0 for all § > —1.6754,
11
@Ef;)(/\i; Ai; B) = 1152)\;(11+25) > 0 forall § > ——.

2

Hence, &, is positive for all A\; > A; > 0 and 8 > —%. This implies that £(Ai; Ai; Aj; Ai; B)
is positive for all Ay > A\; > A\; > 0 and 3 > —%.

O

Lemma B.12 Let

EQM A A A B) = (566 4+ 123% — 160)t(1, 3,3, 4)
+(—1443 + 368% + 144)t(2,2, 3, 4)
+(208 4 163)t(0, 3, 4, 4)
+(843 — 168)t(1,2,4,4)
+(=T726% 4+ 9683 + 126°)s(2, 3, 3, 3),

where
tla,bed)= > ATNEAPAL

(n1,m2,n3,n4)
eperm(a,b,c,d)

The expression £(Ag; Ai; Aj; Ai; B) is positive for all Ay > N > A\; > \;, and 3 > —%.
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Proof.

Let

s(a,b,c) =

2

(n1,n2,n3)
€perm(a,b,c)

ni\n2 \n3
AATEN.

Differentiating &(Ax; Ai; Aj; Ai; 3) with respect to Ay we obtain

ED N Mz A\ N B) =

ED N Mz A\ \is B) =

(208 4+ 168)X35(0, 3, 4)
+(5683 + 123 — 160)A;5(1, 3, 3)
1443 + 363* + 144)1;75(2, 2, 3)
168 + 843)\p5(1,2,4)
156 + 123)A75(0, 4, 4)
962 + 423 — 120)025(1, 3,4)
726 4+ 93% — 543%))\25(2, 3, 3)
1083 + 277 + 108)A73(2,2, 4)
3647 + 483 + 68* )\ Ap(3, 3, 3)
186% — 728 + 72)\5(2, 3,4)
84 + 428)\5(1,4,4)
146 + 34% — 40)3(3, 3,4)
+(—42 + 213)3(2,4, 4),
(—480 + 364% 4+ 1683)A25(1, 3, 3)
+(432 + 108% — 4323)A75(2,2,3)
+(2528 — 504)\25(1,2,4)
+(624 + 483)A\75(0, 3, 4)
+(—240 + 843 + 183%)\5(1, 3, 4)
2163 + 216 + 543*)\5(2,2, 4)
1083% + 183 + 1443)\5(2, 3, 3)
243 + 312)0,5(0, 4, 4)
36/3% + 483 + 63%)3(3, 3, 3)
186% — 726 4 72)5(2, 3, 4)
84 + 42()5(1,4,4),

+
+
_|_

+

(=
(=
(
(
+(
+(-=
(=
(
(=
(
(=

++

_|_

+

+

N
N
n
N

(
(
(
(=
(=
(=
(
(=
(
+(-
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On Taylor series approximations

B (s A A i B)

ED e Mz A i B)

Define

(7263% — 960 + 3363) \x5(1, 3, 3)
+(864 — 8643 + 2163%)\e5(2,2,3)
+(—1008 + 5043) \x3(1,2,4)
+(963 + 1248),.5(0, 3, 4)
+(—240 + 84 + 183%)5(1, 3, 4)
+(—21683 + 216 + 543%)5(2,2,4)
+(—1083% + 184° + 1443)3(2, 3, 3)
(24 + 312)3(0,4, 4),
(864 — 8643 + 2163%)3(2,2, 3)
+(728% — 960 + 336/3)5(1, 3, 3)
+(—1008 + 504/3)5(1, 2,4)
+(963 + 1248)3(0, 3, 4).

= s AN B)/N,

= s“)(Al;Al;Aj;Ai;ﬁ)/A?,
()\l,)\h A )/)\l,

d:ef B (\; )\l,/\],A,,ﬁ)
(s A Ajs Ais B).

87

We will prove that the above equations are non-negative for all A\, > A\ > A\; > A\, >0
and 0 > —% and, hence, deduce that £(Ag; A\i; Aj; A3 8) is positive for all A\, > A\ >

)\]2)\Z>Oandﬁz—§
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Differentiating {(A;; Aj; Ai; ) with respect to A; we obtain

So( Az Ajs A B) =

f(()l)()\l;)\j;)\isﬂ) =

PO A B) =

(48 +52)N (X + A7)
+(—42+ 218) X (A2 X + X))
+(2803 — 80 + 607N (XA 4+ A2N;)
+(86 + 104N (X] + A))
+(=T28 4 72+ 183%) AT NN}
(=124 + 560 + 33)AN (AT + ALN;)
486 + 72 4 36°) AP (AT + AJAT)
80 — 303% + 766 + 63°) A AN
1837 — 12 — 30B) AT (AZA] + AfA?)
+(60 + 156%) M (AJA] + ATAY)
+(20 + 508) A/ A,
(1053 — 210) A} (A7 X + AiAY)
+(208 4 260) A (X + A7)
+(245% — 320 + L12B8) X} (MAT + A)))
+(416 + 328) N (A + A)
+(288 4 7267 — 288B) A/ AL NS
+(216 — 1443 4+ 95°) AT (AT + A)A3)
(
(
(

_|_

+

(
(
(
(
(
(
(
(

+(96°% — 372 4+ 1683) A7 (MA] + Af)))
+(—608 — 24 + 36F%) A (AT + AIAT)
+(—160 4 15268 — 6067 + 128°)\AJNS
(60 + 153%) (AIXT 4+ AIAD),
(4203 — 840) AP (A7 X + AiA2)
+(1040 4 808)A (A + A7)
+(723% — 960 4 3368) A7 (A + A)A)
+(963 + 1248) (X} + A\j) N
+(864 — 8640 + 2163%)ATATA;
+(432 — 2883 4 183° )\ (AT AT + AJXY)
(
(
(

+(3363 — 744 4 183%) \(MA] + AT\
+(—160 4 15268 — 6067 + 123%)AJ A}
+(—608 — 24 + 3657 (ATX] + A/A),

H. S. Dollar
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(()3)()\1;)\j;)\i;5) =

WsA A B) =

85)()\l;>\j;)\i;5) =

Define &ps(Aj; Ai; ) = &(]5)@1; Ajs

89

(—2520 4 12603)(A7A; + AAT)A

+(24083 + 3120) (A7 4+ X))\

+(—1920 + 1443 + 6726) (MAT + )N\

+(1928 + 2496) (A} + A\

+(—17283 4 1728 4+ 4323 )\ AT NS

+(432 — 2883 + 183°) (AT + AJA3)
(3368 — 744 + 186%) (A N; + AiA)),

(—5040 4 25208) M (MAT + A7)

+(48083 4 6240) (A7 + X))\,

+(—17283 4 1728 + 4323%) A7 \;

+(1928 + 2496) (A + A7)

+(—1920 + 1445 4+ 6728) (M A] + A)N)),

(4808 + 6240) (A + A?)

+(—5040 + 25203) (A2 4 A2N;).

+

Ai; ). We wish to show that &ys is non-negative for all

Aj > A; > 0. Differentiating §ps with respect to \; gives

Sos(Aj; Ais B) = (4808 + 6240) A% + (—5040 + 25203) A A7

+

(—5040 + 25208) A7 \; + (4803 + 6240) A7,

&5 (A A B) = (—5040 + 25205)A2 + 2(—5040 + 25205) A\,
+3(4808 + 6240)\?,

PN A B) = 2(—=5040 + 25208)\; + 6(4803 + 6240) \,,

PN A B) = 2(—=5040 4 252008) > 0 for all 3 > —13.

Now
Eos(Nis Ais B)

V0N B) =
P \id;B) =

2
12007\3(53 4 2) > 0 for all 3 > —=

2
1800A2(53 +2) > 0 for all 5 > —=
7200;(38 + 113) > 0 for all 5 > —3.4545.

Hence, 5((]5) is non-negative for all A\; > \; > 0 and § > —%.

Define &ui(Aj; \i; B) = (()4)()\]-; Aj; Ais B). We wish to show that £y, is non-negative for
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all A; > \; > 0. Differentiating &y4 with respect to \; gives

Soa(Nji Nis B) = (6728 4 8736)\; + (—6960 + 1445° 4 31928) \;\J
+(—3312 4 79253 + 4323%)ATAZ 4 (11520 + 4320 + 1445%) X)),
+(1920 + 2496) A},

SOy B) = (26885 + 34944)\% + (—20880 + 4327 + 95763)\\2
+(—6624 + 15843 + 8643*)AZ\; + (11520 + 4320 + 1445%)\7,

&7 (A A B) = (80640 + 104832)A2 + (—41760 + 86452 + 191525) A\
+(—6624 + 15843 + 864/3%)\2,

A B) = (161285 + 209664)); + (—41760 + 86452 + 191523) A,

¢ A 8) = 161288 + 209664 > 0 for all 5 > —13.

Now

) = 240\{(38+22)(B+1) >0 forall § > —1,

) = 120A\3(1258 4 98 + 123%) > 0 for all 3 > —0.8540,
) = 576A2(508 + 98 + 33%) > 0 for all B > —2.2689,

) = 144X\,(38 +106)(23 + 11) > 0 for all 3 > —5.5.

Hence, 564) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &y3(Aj; Ais B) = f(()?’)()\j; i3 Ais B)/A;. We wish to show that y3 is non-negative
for all A; > \; > 0. Differentiating §y3 with respect to \; gives

Cos(Nj; i ) = (43203 4 5616)\; + (—5184 + 22680 + 1623°) A, \3
+(—360 — 7560 + 43237 + 187 )AIAZ + (6243 4 1632 + 1445° + 184°) A} ),
+(5283 + 1752 + 183%)\},
DB = (17288 + 22464) A7 4 (—15552 + 68040 + 4865%) A\ A7
+(—T720 — 15128 + 8643% + 363 ) A7\, + (6243 + 1632 + 1443% + 183%)\?,
DOy A:B) = (51845 + 67392)A% + (—31104 + 136080 + 9726%)\i);
+(—T720 — 15123 + 864> + 363%)\7,
B\ AiB) = (103688 + 134784)\, + (—31104 + 1360803 + 9726%)\;,
W(\jiA:B) = 103683 4 134784 > 0 for all 3 > —13.

Now
Sos(Mi; A B) = 36A(B+3)(B+2)(8+416) >0 forall B> -2,
DN\ B) = 6A3(12748 + 1304 + 24957 + 96%) > 0 for all 3 > —1.3744,
s A B) = 36A2(48083 + 988 + 5142 + 3%) > 0 for all 3 > —2.9025,
BN\ B) = 3240(748 + 320 + 362) > 0 for all B > —5.5921.
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Hence, 5((]3) is non-negative for all A\; > \; > 0 and 8 > —%.
Define &a(Aj; Ais B) = 582)()\3-; Aji Ais B)/A;. We wish to show that & is non-negative
for all A\; > \; > 0. Differentiating £y, with respect to A; gives
C2(Nji A B) = (2288 4+ 1763)\] + (—2544 + 109253 + 905%) ;A
+(432 — 79203 + 25237 + 18B%) A X7 + (352 + 2800 + 1267 + 305°) A2 ),
+(372 + 480 + 545%)\},
BN B8) = (9152 + T048)A2 + (—7632 + 32765 + 2705%) A\
+(864 — 15843 + 50437 + 368%) A2\, + (352 + 2803 + 1267 + 303%)\3,
B B) = (27456 + 21126)A% + (—15264 + 65520 + 54052\ )\
+(864 — 15843 4 5043% + 363%)\2,
BN AB) = (54912 + 42245)A; + (—15264 + 65523 + 5408%) \;,
W(NjiA:B) = (54912 4 42245) > 0 for all § > —13.

Now

AN B) = 24NH(B+3)(B+2)(28+7) >0 forall 8> —2,
SN A B) = 6X(B+3)(8+2)(118 +76) > 0 for all > 2,

(A Ai; B) = 12X2(1088 4 5903 + 873% + 33%) > 0 for all B > —3.1423,

(A Ai; B) = 12X4(3304 + 8983 + 453%) > 0 for all 3 > —4.8657.

Hence, 582) is non-negative for all A\; > A; > 0 and § > —%.
Define &p1(Aj; M\i; B) = {él)()\j; Aj; )\i;ﬁ)//\;’. We wish to show that &j; is non-negative
for all A; > \; > 0. Differentiating &y with respect to \; gives
So1(Aj;Nis B) = (676 4 5208)A7 + (3855 — 902 + 336%) A\
+(270 4 1083% — 3876 + 9B*) A AT + (56 — 2157 + 215° + 1403) A2\,
+(80 4 1403 + 603%) A7,
SOy A:B) = (2704 + 2086)A2 + (11558 — 2706 + 9952 A N2
+(540 4 2163% — 7748 + 188*)AZ N, + (56 — 215 + 213° + 1408) A3,
POy A 8) = (8112 +6248)A% + (23108 — 5412 + 19862\
+(540 + 2167 — 7743 + 183%) )2,
B(\ia:B) = (16224 + 12486)A; + (23108 — 5412 + 19862\,
WA B) = 16224412483 > 0 for all § > —13.

Now

) = 30X (B+3)(B+2)(B+1)>0forall §>—1,

) = 3N(B+3)(B+2)(133+33) > 0forall 8> —2,
) = 18X2(B+ 3)(3* 4 206 + 60) > 0 for all § > —3,
) = 6X:(1802 + 5933 + 333%) > 0 for all 3 > —4.
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Hence, 5((]1) is non-negative for all A\; > \; > 0 and 8 > —%.

Define £oo(Aj; Ai; B) = &o(Aj5 Ajs s ﬁ)//\?. We wish to show that &y is non-negative for
all A; > \; > 0. Differentiating £y with respect to \; gives

§oo(>\j; A 5)

S5 N B)
2\ A B)

(()?S)O\j; /\i; 5)
§ (s A B)

Now

(156 + 128)A} + (1058 — 246 + 95%) A\

+(90 4 365 — 1298 + 38°)ATAT + (24 — 987 + 958° + 608) A2,
+(48 + 843 + 363*) A/,

(624 + 483) A% + (31583 — 738 + 275%) A A7

+(180 + 723% — 2586 + 65%)A2\; + (24 — 96% + 93° + 603)\3,
(1872 + 1448) A7 + (6303 — 1476 + 543%) i\

+(180 + 7283% — 258 + 63%) )2,

(3744 + 2883)\; + (6308 — 1476 + 543%)\;,

3744 + 2883 > 0 for all 3 > —13.

= 12X/ (B+3)(B+2)(f+1) > 0forall 5> —1,
15A(B+3)(B+2)(B+1) > 0forall 3> —1,
6A(B+3)(8+2)(B + 16) > 0 for all § > —2,

= B4N(B+14)(B+3) > 0forall > —3.

Hence, & is positive for all \; > \; > 0 and § > —%. This implies that £(A;; Ai; A\j; Ai; )
is positive for all \; > A\; > \; > 0 and § > —%.

Differentiating &; (A;; Aj; Ai; 8) with respect to \; we obtain

G A A 8) = (1684 843) (A7, + Ai/\?)A?

+(168 + 208) (A2 + A)) A

+(216% + 988 — 280) (A2 + AP/ )AL

+(364 + 280) (] + XA

+(633% — 2520 + 252)A7AIN]

+(216 — 1448 + 95%) (2N + A2A2) AP

(952 + 1686 — 372) (AL + AN}
(
(
(
(

_l_

4567 — 758 — 30) (A AT + ATAD) A7
+(1903 + 153° — 754% — 200)\] X3N]
+(306% 4+ 120) (AP AT + XIAN) A,

+(30 4 758) AT

A B



On Taylor series approximations

Y00 A5 A5 8) = (4208 — 840)(A2) + AN
+(1040 4 808) (A3 + A)) A}
+(39203 — 1120 + 843%) (N3 + N X))\
+(1456 4 1123)(A] + AN
+(1008 — 100843 + 2525%) A7 AN
+(648 — 4323 + 273°) (A X3 + AJ N5\
+(5043 — 1116 + 273%) (N} + AA)) A
+(905% — 60 — 1508)(A7A] 4+ AIAT) N\,
+(—400 + 3808 + 308° — 1503%) AJAIN,
+(3083% + 120) (AJA] + X[ AY),
P (NN A B) = (16808 — 3360)(A2\; + AAZ)A?
+(3208 + 4160) (AF + A?) A}
+(—3360 + 2523 4 11763) (AT + AJX) N
+(4368 + 3363) (A} + AN
+(3024 4 75637 — 30248) A XN
+(543% — 8640 + 1296) (A X7 + A A7)\
+(543% — 2232 + 10085) (AA] + AN\
+(—400 + 3808 + 308° — 1503%) A} A3
(9067 — 60 — 1508) (A7A] + AjAT),
PN A A B) = (—10080 + 50408)(A2); + MA2)A2
+(12480 + 9603) (A3 4+ A} A}
+(6723 4 8736)(A] + X))\
+(23520 + 50447 — 6720)(AA? + AN\
(
(
(

+

+(6048 — 604803 + 15125%) A7 A\,
+(543% — 2232 + 10085) (A:X] + AT A;)
546% — 8643 + 1296) (AJAZ 4+ ATAY),
V(N A A B) = (—20160 + 100808) (A2 + A2A))\;

+(24960 + 19208) (A7 + X))\,

+(6048 — 60480 + 151267 A7 N7

+(67203 + 8736) (A + A)

+(23520 + 5047 — 6720) (AT + A2N;),
VA5 A B) = (24960 + 19208) (A2 + A3)

+(—20160 + 100803) (A AT + A7A;).

+
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Define &15(A;: Aii ) = €7 (A; Ay Ais 3). We wish to show that &5 is non-negative for all
Aj > A; > 0. Differentiating &5 with respect to \; gives

Ei5(A\j; Ni; ) = (24960 + 19208)A2 + (—20160 + 100805) A\’
+(—20160 + 100808)A2\; + (24960 + 19203) A2,

S\ As8) = (74880 + 5T605)A2 + (—40320 + 201605)\:\;
+(—20160 + 100803) 7,

DA 8) = (149760 + 115208)A; + (—40320 + 201605) A,

2
G (N\iAiB) = 149760 + 115208 > 0 for all B > .
Now
2
Ei5(Mis iy ) = 4800M3(2+ 56) > 0 for all § > -

2
DN\ B) = T20002(2+53) > 0 for all 8 > -
DN\ B) = 149760 + 115208 > 0 for all B > —13.

Hence, 6%5) is non-negative for all A\; > A\; > 0 and 8 > —%.

Define &14(A\j; i B) = £§4)()\j; i Ai; B)/Aj. We wish to show that &14 is non-negative
for all A\; > \; > 0. Differentiating £;4 with respect to \; gives

Ga(Aj; A B) = (33696 + 25926)\; + (12432 + 5043° — 26880)\;A°
+(—14112 4 403203 + 15126%) A7 X7 + (18240 4 427203 + 5045%) N} \;
+(6726 + 8736) XY,
E (VA B) = (134784 + 103688) A% + (372965 + 151252 — 80640) \, A2
+(—28224 + 80643 + 30243*) A7\, + (18240 + 42723 + 5043%) A3,
EDOi A B) = (404352 + 311046)A2 + (745920 + 302457 — 161280) A,
+(—28224 + 80643 + 30243%) A\,
DA 8) = (808704 + 622088)); + (745923 + 30243% — 161280)\;,
DA B) = 808704 + 622085 > 0 for all 3 > —13.

Now
Ga(Ais A ) = 120M(164 4 2008 + 213%) > 0 for all B > —0.9062,
DA 8) = 240A3(184 + 2508 + 2182) > 0 for all 5 > —0.7882,
DN i B) 288A2(746 + 39503 + 21%) > 0 for all § > —2.1298,
ED NN B) = 14404496 + 9508 + 215%) > 0 for all 8 > —5.3701.

Hence, 5%4) is non-negative for all A\; > A\; > 0 and 8 > —%.



On Taylor series approximations

Define §13()‘j;

for all A; > \; > 0. Differentiating ;3 with respect to \; gives

f13(>\j; Ai; 5)

e85 (

e O

iy i B)

/\z‘;ﬁ)

D (A3 Ai; B)

£is)(

Now

A

Ais

513(
513 ()\’“ 1)
513 (
513 (

A

Hence, & %3)

Define flg(Aj;

1

iy iy B)

9 1

Ai;
Aii
A
; Ais

1

B)
B) =
B) =
B)

(21216 + 16326) A + (—19032 + 84008 + 5585%) A\
+(—2736 — 18723 4 151267 + 545° ) A7 \?

+(7056 + 244803 + 5043% + 543°) AP\,

+(16803 + 6504 + 543%)\Y,

(84864 + 65283) A7 + (—57096 + 2520005 + 16743%) XA
+(—5472 — 37443 + 30243% + 1088°) A7\,

+(7056 + 24483 + 5043 + 543°) X7,

(254592 + 195843)A2 + (— 114192 + 504000 + 334842\,

+(—54T72 — 37443 + 30243 + 1083°) )\,
(509184 + 391683)\; + (—114192 + 504003 + 33485%) \;,
509184 + 391683 > 0 for all 5 > —13.

1207 (1084 + 1024 + 2196% +93°) > 0 for all > —1.5245,
67 (4892 + 50723 + 86747 + 273%) > 0 for all 3 > —1.2024,
3677 (3748 4+ 18408 + 1775% + 35%) > 0 for all 3 > —2.7119,

36;(10972 + 24883 + 933%) > 0 for all 3 > —5.5694.

is non-negative for all A\; > \; > 0 and 8 > —%.

for all A\; > \; > 0. Differentiating £, with respect to A; gives

512()\;'; Ai; 5)

5g)()\j§ Ai; 5)

fg)()\j; Ai; 6)

= (8528 + 656/3)\] + (3864 + 3063 — 8952)\;\?

+(900 — 235803 + 8463% + 545 ) A7 A7
+(1696 + 10123 + 1028% + 843%) A2\,
+ (11943 + 2076 + 1445%) )},

= (34112 + 26245) X + (11592 + 9183% — 26856)\; A3

+(1800 — 47163 + 169252 + 1086%) A2\,
+(1696 + 10128 + 1026% + 843%)\3,

= (102336 + 78720)A + (231843 4 18363% — 53712)\:\;

+(1800 — 47163 + 16923% + 1083°) A\,

= (204672 + 1574453)\; + (231843 + 18363% — 53712)\;,
= 204672 + 157448 > 0 for all 3 > —13.

95

\i; ) = ff’)()\j; i i B)/Aj. We wish to show that &3 is non-negative

\i; ) = 5%2)()\]-; Aji )\i;ﬁ)/)\?. We wish to show that &5 is non-negative
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5120\1’3 )\i;

) (A A

€9 (0 A
)( A

£ (\;

(2

(2

)
)
)
)

2D @ L @

H. S. Dollar

6} (B +3)(8 4 2)(233 + 118) > 0 for all § > —2,

243 (448 + 4383 + 1133* +84%) > 0 for all 3 > —1.6273,
1207 (4202 + 219583 4 2943% + 93%) > 0 for all 5 > —3.0300,
12X;(12580 + 32444 + 1533%) > 0 for all # > —5.1090.

Hence, 5%2) is non-negative for all A\; > A\; > 0 and 3 > —%.

Define &1(Aj; Ai; 8) = €7 (A3 Aji A B)/ A2, We wish to show that &, is non-negative
for all A; > \; > 0. Differentiating §;; with respect to \; gives

511()\3'; A 5)

U OVEPWG)

S i B)

UCYIPY

Now

6))
ﬁ)()\ﬁ Ai; )

(2496 + 1926)A] + (11137 — 3076 + 13163) A X7
+(756 — 117073 + 3426° 4 273*) A X

+(288 + 576 + 42083 — 365%)\2 ),

+(466/3 + 400 + 1478%*)\},

(9984 + 7683) X% + (33347 — 9228 + 39483) \; A
+(1512 — 234083 + 68437 + 543°)AZ ),

+(288 4 573% + 42083 — 365%)\3,

(29952 + 23045) A3 + (6663° — 18456 + 78963) A \;
+(1512 — 234003 + 68437 + 543°)\7,

(59904 + 46083) )\, + (6663% — 18456 + 78963) \;,
59904 4 46083 > 0 for all 3 > —13.

12048+ 3)(B+2)(78 + 12) > 0 for all § > —2,

3N(B 4 3)(8 +2)(376 + 142) > 0 for all 3 > —2,
6AZ(2168 + 13103 + 2256% + 98%) > 0 for all § > —3.1065,
6:(6908 + 20843 4 1113%) > 0 for all 8 > —4.2993.

Hence, 59) is non-negative for all A\; > A; > 0 and § > —%.

Define &1o(Aj; Ais 8) = &1(Aj5 Ajs Ais ﬁ)/)\?. We wish to show that ;¢ is non-negative for
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all A; > \; > 0. Differentiating &;p with respect to \; gives

G0N A B) = (724 44B)A] + (3067 — 820 + 3503) A\
+(270 — 38703 4 10837 + 9% ) A7 A3 + (64 + 245° + 1606 — 243%) A} ),
+(1965 + 112 + 845%)\},
WA B) = (22884 1T66)N2 + (9052 — 2460 + 10505)\\2
+(540 — 7748 + 2163% + 183°)AI\; + (64 + 243° + 1608 — 243%) X7,
SO As8) = (6864 + 5286)A% + (1805 — 4920 + 21008) A\,
+(540 — 7745 + 2163 + 183%) )2,
BN A:B) = (13728 4 10568)); + (180582 — 4920 + 21008)A;,
WX B) = 13728+ 10563 > 0 for all § > —13.

Now

G0N A B) = 33N (B+3)(6+2)(B+1) > 0forall § > —1,
E0OE A B) = 6ANB+3)(B+2)(78+12) > 0 for all § > —1.7143,
DN B) 18X2(3 4 3) (3% 4 196 + 46) > 0 for all § > —2.8479,
DN\ B) = 120(734 4 2633 + 1532) > 0 for all > —3.4826.

Hence, &; is positive for all A\; > A\; > 0 and 5 > —%. This implies that £(A;; A\i; Aj; Ai; )
is positive for all Ay > A\; > \; > 0 and 3 > —%.

Differentiating £(A; Aj; Ai; ) with respect to A; we obtain

E(As A Ai B) = (624 4 483)(A] + AN
+(25208 — 504) (AZA; + AAD)A]
+(2520 + 5437 — 720)(MAT + AJN)) A
+(728 4 936) (A} + AN
+(1628% — 64803 + 648) A AT N
+(183% + 504 — 3600 + 184%) (AIX? + A AN/
+(183% — 828 + 37803) (M Aj + Aj M)A,
(
(
(
(

+

=360 — 216 + 7207)(AIA] + AA) N
+(3608 — 1085% + 243% — 480)AIAIN]
+(608 + 456 + 365%) (AJA] + AIA)A,
+(663 + 228) A\f A

177
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YO A5 A 8) = (12608 — 2520)(A2N; + AiAD)A
+(2408 + 3120) (A2 + A2\
+(100843 + 2163% — 2880) (A A + A2A;) N/
+(28803 + 3744) (A} + AN/
+(—25920 + 64837 + 2592) A7 A2 N}
+(11340 + 5437 — 2484) (AT + AN
+(1512 — 10800 + 544° + 545%) (A7 AT + AP AZ)A]
+(1448% — 728 — 432)(A7AT + AN\,
+(7203 — 2167 — 960 + 4857 ) A2 A3\,
+(603 4 456 + 365°) (AJA] + ATAD),
&7 (N A A B) = (—10080 + 50408) (A2 + MAZ)A?
+(12480 + 9608) (A + X)) A}
+(30243 — 8640 + 6486%) (AN AT + AN\
+(8643 + 11232) (A} 4+ A A}
+(7776 4 194437 — TTT63) NI NI A}
+(1083% — 21603 + 3024 4 10853%) (A7 AT + AJAT) N,
+(22683 + 1085% — 4968) (M AT + ATA)\;
+(7203 — 2167 — 960 + 485 ) A2 \?
+(1443% — 726 — 432) (AIX] + A/AT),
V(N A A B) = (151208 — 30240) (A2X; + AAZ)A?
+(37440 + 28808) (A + A2) A7
+(17283 + 22464) (A] + X))\,
+(12963% — 17280 4 60485) (A AT + AJX;) N
+(—155523 + 15552 + 38883%) A7 A7
+(1083% — 21603 + 3024 + 1083%) (A7 AT + APA%)
+(22680 + 10847 — 4968) (A + AfA;),
SV A A B) = (302405 — 60480) (A2 + MM\,
+(74880 + 57608) (A7 + X))\,
+(—1555203 4 15552 + 388857 A7 A7
+(17283 + 22464) (A} + A7)
+(12963% — 17280 4 60483) (A A7 + A A;),
&7 A5 A5 8) = (302408 — 60480)(AAZ + A2);)
+(74880 + 57608) (A + AY).
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Define &5(A;: Aii ) = €7 (A; Az Ais 3). We wish to show that &y is non-negative for all
Aj > A; > 0. Differentiating 25 with respect to \; gives

Ea5(A\ji Mis B) = (74880 + 57608)A2 + (3024083 — 60480) A A2
+(302403 — 60480) A2\, + (74880 + 57605) A3,

SOy AsB) = (224640 + 172805)A2 + (604808 — 120960)\; )
+(302408 — 60480)\7,

D\ A B) = (449280 + 345608)A; + (604808 — 120960)A;,

B\ A:B) = 449280 4 345605 > 0 for all 3 > —13.

Now

2
§s(Nis Ais B) = 14400X7(2+53) > 0 for all § > —=,

>
& (A 9) = 21600332 +50) > 0 forall § > =,

DA B) = 8640)(38 + 118) > 0 for all 3 > —3.4545.

Hence, 555) is non-negative for all A\; > A\; > 0 and 8 > —%.

Define &a4(Aj; Ni; ) = 554)(/\1; Aj; Ai; ). We wish to show that &y is non-negative for all
Aj > A > 0. Differentiating 24 with respect to \; gives

Sa(Aj; N B) = (97344 + T488B)A; + (12964” — 77760 + 362885)\; A7
+(146880 — 44928 + 38883%) A7 A3 + (57600 + 118083 4 12963%) A} A,
+ (17283 + 22464)\},

SO\ B) = (389376 4 299523) A2 + (388847 — 233280 + 1088643) A \2
+(29376/3 — 89856 + TT765%)A\I\; + (57600 + 118080 + 12963%) A7,

SO As8) = (1168128 + 898566)A2 + (777667 — 466560 + 2177283) \i);
+(293763 — 89856 + T7763%)\7,

B\ AsB) = (2336256 + 1797128)\, + (777607 — 466560 + 2177285) A,

WA B) = 2336256+ 1797123 > 0 for all § > —13.

Now

) = T20X\}(76 + 10083 + 96%) > 0 for all 3 > —0.8206,
) = 1440)\}(86 + 1253 + 93%) > 0 for all 8 > —0.7259,
) = 5184\ (33 +59)(8+2) > 0forall 3 > -2,

) = 864);(2164 + 4608 + 94°%) > 0 for all 8 > —5.2420.

Hence, 654) is non-negative for all A\; > A\; > 0 and 8 > —%.
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Define &3(Aj; M3 8) = fé?’)()\j; A Ais B)/Aj. We wish to show that £»3 is non-negative
for all A; > \; > 0. Differentiating £33 with respect to \; gives

Ea3(Nj; Ais B) = (59904 + 46085)\; + (234363 — 52488 + 14045%) A\
+(—25928 — 11664 + 399632 + 1083°) A2 \2
+(23184 + 67683 + 14043% + 1083°) A} \;
+(39963 + 17496 + 1083%)\},
&Y\ B) = (239616 + 184326)A2 + (703086 — 157464 + 42126%)A,\2
+(—51843 — 23328 + 79923* + 2163%) A7 \;
+(23184 + 67683 + 14043% + 1085°) A,
&3\ A ) = (718848 + 5529603) A2 + (1406165 — 314928 + 84245%) A \;
+(—51843 — 23328 + 7992/3% 4 2163°)\?,
NN B) = (1437696 + 1105926)); + (1406163 — 314928 + 84243%)\,,
(N A ) = 1437696 + 1105928 > 0 for all 8 > —13.

Now
E93(Nis iz B) 7271 (506 + 5038 + 9637 4+ 33%) > 0 for all 3 > —1.3291,
DN\ B) = 36A3(2278 + 25098 + 3783% + 93%) > 0 for all 8 > —1.0787,
DNy i B) 216A2(1762 + 8830 + 7632 + 3%) > 0 for all § > —2.5267,
A B) = 2160:(5198 + 11638 + 395) > 0 for all 3 > —5.4745.

Hence, 553) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &22(Aj; Ais B) = 552)()\3-; Ajs )\i;ﬁ)/)\?. We wish to show that &5 is non-negative
for all A\; > \; > 0. Differentiating £»2 with respect to A; gives

E2(Nji N B) = (23712 + 18240) ] 4 (103325 + 7563° — 23683) ;A7
+(288 — 49683 + 2196” + 1083°) A7 A3
+(5904 + 25443 + 5403% 4 1563°) A} ),
+(30600 4 5832 + 25232)\%,
&5 (A Ais B) = (94848 + T2966) A2 + (309963 + 226867 — T1064)\\2
+(576 — 99363 + 43923% + 2163*) A2\,
+(5904 + 25443 + 5408 + 1563°) A2,
&5 (A A B) = (284544 + 218880)\2 + (619920 + 453652 — 142128) A\,
+(576 — 99363 + 439232 + 2163%)\2,
A B) = (569088 + 437768)\; + (619920 4 45363% — 142128)\,,
DN A 8) = 569088 + 437763 > 0 for all § > —13.
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Now
En(Nis i B) = 24M1(502 + 5333 + 15652 + 118%) > 0 for all 3 > —1.6304,
DA B) = 12X33(2522 4 25758 + 60082 + 313%) > 0 for all 3 > —1.4074,
DA B) = T2X2(1986 + 10278 + 12452 + 33%) > 0 for all 8 > —2.8419,
B AisB) = 720:(5930 + 14698 + 636%) > 0 for all 3 > —5.1935.

Hence, 552) is non-negative for all A\; > A\; > 0 and 3 > —%.

Define €1 (A3 Ai; 8) = €57 (A3 Aji A B)/ A2, We wish to show that &, is non-negative
for all A; > A\; > 0. Differentiating ;1 with respect to \; gives

E1(Nj; Ais B) = (6864 + 528B) ] + (340203 + 27037 — 7834) A\
+(1152 — 24843 + 846”4 543%) NI X7
+(1248 + 9483 + 903% + 1023*)AI\;
(14108 + 1284 + 2345%) )7,
&V Ai: B) = (27456 + 21126)A2 + (102068 + 8105% — 23652) ;A2
+(2304 — 49683 + 16923% + 1083%)\2 ),
+(1248 + 9483 + 905 + 1023*) A3,
&N Ai: B) = (82368 + 63360)A2 + (204120 + 162087 — 47304)\;\;
+(2304 — 49683 + 16923 + 1083%)\2,
A B) = (164736 + 126728)); + (204128 + 16208% — 47304) )\,
&P A B) = 164736 + 126726 > 0 for all § > —13.

Now
En(Ni; Ai; ) = 12013 +3)(136% + 818+ 74) > 0 for all B > —1.1121,
Vi A B) = 6A3(1226 4 13838 + 43282 + 354%) > 0 for all § > —1.5169,
£ (i i B) 36A2(1038 + 60503 + 9232 + 33%) > 0 for all § > —2.7964,
ED N\ B) = 360:(3262 + 9198 + 453%) > 0 for all 8 > —4.5739.

Hence, fél) is non-negative for all A\; > A; > 0 and § > —%.

Define &a0(Aj; Ai; 8) = E2(Nj5 Ajs Ais ﬁ)/)\?. We wish to show that & is non-negative for
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all A; > \; > 0. Differentiating &y with respect to \; gives

E0(Aj; Ais B) = (1560 + 1208)\] + (88203 4 723% — 2052)\; A7
+(432 + 184° — 79206 + 2523%) A7 A7 + (384 4 36005 + 426°) A7\,
+(5403 + 1263 + 576) )},
&0 i\ B) = (6240 + 4805)A2 + (26463 + 21652 — 6156)\,\2
+(864 + 363% — 15843 + 5045%) A7\, + (384 + 3603 + 423%) 7,
&0 (N A B) = (18720 + 14408) A2 + (52920 + 43267 — 12312) A,
+(864 + 363% — 15843 + 5045%)\7,
DA 8) = (37440 + 28808)\; + (52926 + 43237 — 12312) A,
(A A 8) = 37440 + 28803 > 0 for all § > —13.

Now

) = 30A\/(26+5)(B+3)(8+2) > 0forall §> -2,

) = 6X}(B+3)(133%+ 818+ 74) > 0 for all § > —3,

) = 36A7(202 + 1433 + 2653% + 5°) > 0 for all § > —2.2618,
) = 36X(698 + 2276 4 126?) > 0 for all 3 > —3.8643.

Hence, &, is positive for all A\; > A\; > 0 and 5 > —%. This implies that £(A;; A\i; Aj; Ai; )
is positive for all Ay > A\; > \; > 0 and 3 > —%.

Differentiating £3(A;; Aj; Ai; ) with respect to A; we obtain

SN\ A B) = (—1008 + 5048) (AZN; + AAZ)AT

+(960 + 1248) (A2 + A)) A

+(—1200 + 9087 + 4208) (A A2 + A2A) A
+(1208 + 1560) (A + A} A}

+(1080 + 27047 — 10803) A7 XA/
+(—T7205 + 1088 + 185° + 864)(A2A2 + NAZ)A?
+(186% — 1248 + 5835) (A AL + AN
+(=T792 4 5467 + 2883) (A2AL + AN N
+(—960 + 4808 — 36/3% + 183%) X AN
+(1008 + 1887 + 1803) (AJA + AT\,
+(243 + 312)AIN

VR B
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&V A A B) = (=5040 + 25208)(AZA; + AAD)A!
+(6240 + 4808) (A? + A} A
+(—4800 + 168073 + 3605%) (A X® + APA;) AP
+(6240 + 4808) (A} + AHA?
+(4320 — 43200 + 10803%) A A7\
+(545°% — 21608 + 2592 + 3246%) (AZX? + M A2\
+(176403 + 5437 — 3744) (AX] + AN
+(—1584 + 5768 + 1083%) (AZA] + AN\,
+(366° + 9605 — 1920 — 723%)AIAIN,
+(1008 + 1867 + 1808) (APAL + ALN?),
A A B) = (—20160 + 100808)(A2A; + AAZ)AD
+(24960 + 19208) (A3 + A?)A}
+(50408 — 14400 + 108082) (A + A2A))A7
+(18720 + 14408) (A} 4+ AH)A?
(—129603 + 32406% + 12960) A7 A\
+(1083° — 43208 + 64832 + 5184) (XA + AIAZ)\,
(
(
(

+

+

10837 — 7488 + 35283) (A:A; + AT\ )\
+(366° + 9605 — 1920 — 723%) AP}
+(—1584 + 5763 + 10853%) (A7 A} + Aj A7),

V(N A A B) = (—60480 + 302408) (A2N; + \A2)A?

(57603 + 74880)(A} + A}) A7

+(37440 + 28808) (A + X))\,

+(100808 — 28800 + 21603%) (MAT + AJA;) N

(
(
(

+

+(64804% — 2592003 + 25920) A7 A3\,
+(1083% — 43203 + 6483% + 5184) (A7 A7 + AJAS)
+(1083% — 7488 + 35283) (A A + AfA;),
&V A A B) = 2(—60480 + 302408) (AN, + A2\
+2(57600 + 74880) (A7 + A7)\,
+(37440 + 28805)(A; + A7)
+(100808 — 28800 + 21603%) (\A3 + AJ)))
+(6480% — 259203 + 25920) A7 A%,
&7 A5 A B) = 2(—60480 + 302408) (A2A; + AiA2)
+2(57600 + 74880) (A3 + 7).
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Define &55(A;: Aii ) = €7 (s Az Ais 3). We wish to show that &35 is non-negative for all
Aj > A; > 0. Differentiating 35 with respect to \; gives

E5(A\j; Ni; ) = (115208 + 149760)A2 + (—120960 + 604805) A;A2
+(—120960 + 604808) A7 \; + (115203 + 149760) A7,

EP i B) = (34560 + 449280)A2 + (—241920 + 1209605) A \;
+(—120960 + 604803) 7,

DA B) = (691208 + 898560)); + (—241920 + 1209603) A,

DA B) = 691208 + 898560 > 0 for all 3 > —13.

Now

2
E35(\i; A B) = 28800A\%(2 4 53) > 0 for all 5 > —=

2
DN\ B) = 43200A2(2 +53) > 0 for all 8 > -5

DN\ B) = 172800(38 + 113) > 0 for all > —3.4545,

Hence, §§5) is non-negative for all \; > X; > 0 and § > —2.

Define &34(Aj; Ai; ) = £§4)()\l; Aj; Ai; ). We wish to show that &34 is non-negative for all
Aj > A; > 0. Differentiating {34 with respect to \; gives

Eaa(Nj; N B) = (144008 + 187200) A} + (705603 — 149760 + 21603%) ;A7
+(—95040 + 345600 + 64803%)A7 A7 + (216005 + 120960 + 21605%) A7 );
+(37440 + 28808) A,
SO\ B) = (BT6005 + T48800)A2 + (21168083 — 449280 + 64805*) A A2
+(—=190080 + 6912083 + 129605%)A7\; + (216003 + 120960 + 21605%) A7,
POy AaB) = (1728008 + 2246400)\2 + (4233603 — 898560 + 129605%) A,
+(—190080 + 691203 + 129603%) A3,
B\ AiB) = (3456008 + 4492800)\; + (4233603 — 898560 + 12960532 \;,
WA B) = 3456000 + 4492800 > 0 for all 3 > —13.

Now

= 3600A}(28 4 408 + 33%) > 0 for all § > —0.7412,

( ) i (
Wi AiB) = 7200038+ 16)(38+2) > 0 for all 3> _;
( ) (
( ) (

= 8640} (773 + 134 + 35%) > 0 for all 3 > —1.8776,
= 4320)\;(1788 + 832 + 33%) > 0 for all 3 > —5.1151.

Hence, §§4) is non-negative for all A\; > A\; > 0 and 8 > —%.
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Define &33(Aj; \i; B) = §§3)()\j; i Ais B)/Aj. We wish to show that £33 is non-negative
for all A; > \; > 0. Differentiating £33 with respect to \; gives

E3(N\js A3 B) =

5:%)()\3'; Ai?ﬁ) =

§§§)(Aj; Ai?ﬁ) =

(86400 + 112320)\; + (—96768 + 4384803 + 22683%) ;A3
+(—29376 4 712837 + 1084”) A7 N7

+(115203 + 51264 + 28083 + 1083%) A} \;

+(29952 + 640843 + 1085%) A7,

(345600 + 449280) A7 + (—290304 + 1315443 + 68045%) A \7
+(—58752 + 142563% + 2163°) A7 \;

+(115208 + 51264 + 28083% + 1083%)\?,

(1036800 + 1347840) A% + (—580608 + 26308803 + 136083%)\; A,
+(—58752 + 142563 + 2163\,

(20736073 + 2695680)\; + (—580608 + 2630883 + 136083%)\;,
2073600 + 2695680 > 0 for all 3 > —13.

21677 (32603 + 312 + 578° + %) > 0 for all 3 > —1.2060,
3672(49343 + 4208 + 6633 + 93%) > 0 for all 3 > —0.9803,
216A7(16983 + 3280 + 1294 + %) > 0 for all B > —2.34,
1944);(2423 + 1088 + 73%) > 0 for all 3 > —5.3121.

Hence, §§3) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &32(A\j; A\is B) = §§2)()\j; Ajs )\i;ﬁ)/)\?. We wish to show that &35 is non-negative
for all A; > \; > 0 for all § > Differentiating &35 with respect to A; gives

532()\3'; A ﬂ)

§§)(Aj; Ai; B)

§§)(Aj; Ai; B)

(i i B)
:Eé)()\j; Ai; B)

= (43680 + 33600)\; 4 (11884% — 42048 + 186435)\; A7

+(—3600 — 66243 + 1083% + 39963°) A7 A2
+(13824 + 16563 + 1443% + 36008) A} \;
+(55443 + 9648 + 2165%) A7,

= (174720 + 1344053) A3 + (35643° — 126144 + 55944 3) \;\;

+(—7200 — 132483 + 2163% + 79923%) A ),
+(13824 + 16563* + 144° + 36003) A7,

= (524160 + 403208))\2 + (71288° — 252288 + 1118888) A,

+(—7200 — 132483 + 2163% 4 79923%)\Z,

= (1048320 + 806403)\; + (712832 — 252288 + 1118883 \;,
— 1048320 + 806408 > 0 for all B > —13.
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532()\i; A 5)
(s A 9)
zg)()\i; A 5)
ég)()% A 5)
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84N}
127
720}
72\

256 4 2923 + 843% + 33%) > 0 for all 5 > —1.4510,

4600 + 49783 4 11015% 4 304) > 0 for all 8 > —1.2667,
3676 4+ 193003 + 21062 + 36%) > 0 for all § > —2.6278,
11056 + 26743 + 993?) > 0 for all 8 > —5.0961.

N~~~

Hence, féz) is non-negative for all A\; > A\; > 0 and 3 > —%.

Define &31(A\j; A\i; B) = £§1)(/\j; Aj; Ai;ﬁ)/kj’?. We wish to show that &31 is non-negative
for all A\; > \; > 0 for all 8 > Differentiating &3; with respect to \; gives

531()% /\i;ﬁ)

&7 (s Ais )

&0 (i Ais )

éé?i)(Aj; Aij 5)
&7 (Vi A 9)

Now

= (12480 + 9600)\; 4 (59640 + 4145 — 13584) \;\J

+(288 + 544° — 338403 + 15120%) AN
+(3120 + 6303 + 905 + 11403) AP\,
+(30008 + 1920 + 1805%) )7,

= (49920 + 38408)\2 + (178920 + 12426 — 40752)\\2

+(576 + 1083* — 67683 + 30243%) A7)\,
+(3120 + 6303 + 905° + 11403) A7,
= (149760 + 115203) A3 + (357843 + 24843% — 81504)\;\;
+(576 + 1083° — 676803 + 30243%) )7,
= (299520 + 2304003) )\, + (3578403 + 2484/3* — 81504)\;,
= 299520 + 2304043 > 0 for all § > —13.

4871 (88 + 1603 + 575% + 33%) > 0 for all 8 > —0.7350,

67 (2144 + 26843 + 8163* + 333%) > 0 for all 3 > —1.2494,
36A2(1912 + 11263 + 1533% + 33%) > 0 for all B > —2.5154,
360:(6056 4 16345 4 693%) > 0 for all § > —4.5996.

Hence, fél) is non-negative for all A\; > \; > 0 and § > —%.

Define &30(Aj; Ai; 8) = E3(Xj5 Ajs Ais ﬁ)/)\?. We wish to show that &3¢ is non-negative for
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all A\; > \; > 0 for all 8 > Differentiating &30 with respect to \; gives

Ea0(Aj; Ais B) = (12480 + 9608)A; + (59640 + 4146% — 13584) A, A3
+(288 4 543° — 33840 + 15126) A7\
+(3120 + 6303% + 903° + 11408) A} ),
+(30003 + 1920 + 1803%)Af,

&\ B) = (49920 + 38408)X% + (178920 + 124252 — 40752)A A2
+(576 + 1083° — 67683 + 30243%) A7\,
+(3120 + 6306° + 903% + 11403) A7,

DA 8) = (149760 + 115208)A2 + (357840 + 248467 — 81504)\,\,

+(576 4+ 1083° — 67683 + 30243*)\3,

PN A 8) = (299520 + 230408)); + (3578473 + 24843% — 81504) \;,

DA B) = 299520 + 230408 > 0 for all 3 > —13.

Now
Eo(Mi; i3 B) = 48)\1(88 + 16083 + 576% + 35°) > 0 for all 8 > —0.7350,
A B) = 6A2(2144 4 26840 4 81643 4 334%) > 0 for all § > —1.2494,
DN hs8) = 36A2(1912 4 112603 4 1538 4 34%) > 0 for all § > —2.5154,
B \i; i B) = 36A:(6056 + 16343 + 698%) > 0 for all 3 > —4.5996.

Hence, & is positive for all A\; > \; > 0 and 3 > —%. This implies that £(A;; Ai; Aj; Ais B)
is positive for all Ay > A\; > A\; > 0 and 3 > —%.

Differentiating £4(\;; Aj; Ai; B) with respect to \; we obtain

E(As A A B) = (—1008 + 504B8) (A} A; + AAT) A/
+(965 + 1248) (X2 + \)) A}
+(7253% — 960 + 3363) (M) + AJA)A]
+(960 + 1248) (A} + M)A
+(864 — 8643 4 2165%) A AN}

(—1008 + 5043) (XA + AfA) A7

(

(

(=

(

++

864 — 8643 + 21682 (A2X? + A2A2)\?
+(723% — 960 + 3363) A AT\,

+(—1008 + 5045) (A2XE + A2\,
(960 + 1248) (APXE + AIAD),
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SO A5 A5 B) = 4(—1008 + 504B3) (AZX; + MM
+4(9603 + 1248) (A3 + X))\
+3(723% — 960 + 3365) (AiXT + A/ A)) A
+3(96 + 1248) (A} + A7) A}
+3(864 — 864 + 216%) A AN
+2(—1008 + 5043) (XA + AiA;) A
+2(864 — 86403 + 2163%) (AT AT + A A\
+(7253% — 960 + 3363) A} A3
+(—1008 + 5045) (AIX] + AfAY),
PN A A B) = 12(—1008 + 5048)(A2); + MA2)A?
+12(963 + 1248) (A3 + A?) A}
+6(723% — 960 + 3360) (MAT + M)A\
+6(96 + 1248) (A} + A1)\,
+6(864 — 86473 + 2163%) A7 AT\,
+2(—1008 4+ 5043) (XA + A A;)
+2(864 — 86403 + 2164%) (AT A} + /A7),
VNN A B) = 24(—1008 + 5048) (A2 + MAD)A,
+24(96 + 1248) (A7 + X))\,
+6(726% — 960 + 3365) (AiA] + A)N))
+6(965 + 1248) (A} + A7)
+6(864 — 8643 + 2163%) A7 A3,
SV N A B) = 24(—1008 + 5045) (AZ), + A7)
+24(963 + 1248) (A3 + A?).

Define &44(Aj; Ais ) = &(14)(/\1; Aj; iy ). We wish to show that 44 is non-negative for all
Aj > A > 0 for all 8 > Differentiating {44 with respect to A; gives

Eua( N3 Ais B) = (23040 +29952) A7 4 (—24192 + 120965) \;A;
+(—24192 + 12096 3) A7), + (23043 + 29952) A%

WOy B) = (69125 + 89856)A2 + (—48384 + 241920) A\,
+(—24192 + 12096 3) A7,

DA B) = (138240 4 179712) A, + (—48384 + 241928\,

B\ A B) = 138248 + 179712 > 0 for all § > 13.
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Now

2
Ea(Ni; Ai; B) = BT60A(2 4 56) > 0 for all § > -

2
€00 B) = 86400(2+50) 2 0 forall 2 —,

PN\ B) = 3456)(38 + 118) > 0 for all 8 > —3.4545.

Hence, ff) is non-negative for all A\; > A; > 0 and 8 > —%.

Define &43(Aj; \is ) = 54(13)0\]'; Aj; Ai; 3). We wish to show that &45 is non-negative for

all A\; > \; > 0 for all 8 > Differentiating {43 with respect to \; gives

E3(Nj; Ais B) = (28800 + 37440)\; + (141125 — 29952 + 4323%)\; A\
+(—19008 + 69123 4 12965%) A7 A7 + (43203 4 24192 + 4323%) A\,
+(5763 4 T488) A7,

€5 (A B) = (149760 + 115208)A% + (423363 — 89856 + 12964%) A\
+(—38016 + 138243 + 25923%) A7\, + (43203 + 24192 + 4328%)\2,

E3 (N A B) = (449280 + 345608)\2 + (846720 — 179712 + 25926%) A,
+(—38016 + 1382473 + 25923%) A\,

DA B) = (898560 + 691208)); + (846728 — 179712 + 25926%) \;,

DN A 8) = 898560 + 691203 > 0 for all 5 > —13.

)

<

543()\1';
5 O

D = 1728)\2(134 + 773 + 33*) > 0 for all B > —1.8776,
BN\ B) = 864X(832+ 1783 + 34%) > Ofor all 3 > —5.1151.

\iiB) = T20\}(28 + 4083 +34%) > 0 for all B > —0.7412,
2

Ai;3) = 1440\3(8 +16)(33 4+ 2) > 0 for all § > —3

Ais B)

(2

Hence, ff’) is non-negative for all A\; > A; > 0 and § > —%.
Define &42(A\j; A\i; B) = @(‘2)(&; i Ai; B)/Aj. We wish to show that &4 is non-negative
for all A\; > \; > 0 for all 8 > Differentiating 4o with respect to A; gives
E(Nji i B) = (172803 + 22464)\] 4 (—19872 + 90720 + 4326%)\;\?
+(—5184 — 86453 + 17283%)AZ\2 + (144003 + 10944 + 8645%) A\,
+(1584(3 + 5472) A},
SO B) = (69125 + 89856)A2 + (—59616 + 272160 + 12966%) A\
+(—10368 — 17283 + 34563*) A7)\, + (144083 + 10944 + 8643%) X3,
€3 (N A B) = (207360 + 269568)A% + (—119232 + 544323 + 25926%) \;\,
+(—10368 — 17283 + 34563%)\?,
DA B) = (414726 + 539136)); + (—119232 + 544320 + 25926%) A,,
DA 8) = 414728 + 539136 > 0 for all § > —13.
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Now
Eo(\i A ) = 4320478+ 16)(B+2) > Oforall 3 > —2,
DAz B) = 144X3(2358 + 214 + 398%) > 0 for all 3 > —1.1181,
DA A B) = 864X3(858 + 162 + 78%) > 0 for all 8 > —2.3675,
B A B) 2592)(373 4 162 + 3%) > 0 for all 3 > —5.0743.

Hence, @(12) is non-negative for all A\; > \; > 0 and § > —%.
Define £41(Aj; i B) = @(ll)(/\j; Aj; )\i;ﬁ)/)\?. We wish to show that & is non-negative
for all A; > \; > 0 for all § > Differentiating &4 with respect to A; gives
En(Nji i B) = (8736 + 6728)A7 + (—8928 + 4032 + 2165°) A\, A3
+(—720 — 18003 + 10803%) A7 A3 + (2880 + 7206%) A2 );
+(720 + 18003) X2,
EV NN B) = (34944 + 26880) A2 + (—26784 + 120965 + 6485%) ;)2
+(—1440 — 360083 + 216058%)AI\; + (2880 + 7208%)\2,
PN B) = (104832 + 80645)A2 + (—53568 + 241923 + 129657\,
+(—1440 — 36003 + 21605%) )7,
PN A 8) = (209664 + 161288)); + (—53568 + 24192 + 12963%) A,
P A B) = 209664 + 161285 > 0 for all 8 > —13.

Now
Ea(Nis\is B) = 6720 (38 +4)(B+1) > 0forall 3 > —1,
D i ) 24)3(400 + 4663 + 1473%) > 0 for all 3,
D\ M B) 14472(346 + 1998 + 243%) > 0 for all B > —2.4811,
B\ Ai ) = 144X,(1084 + 2808 + 98%) > 0 for all 8 > —4.5315.

Hence, fil) is non-negative for all A\; > \; > 0 and 8 > —%.
Define 40(Aj; Ai; 8) = Ea(Xj5 Ajs Ais ﬂ)//\g’ We wish to show that & is non-negative for
all \; > \; > 0 for all 8 > Differentiating 4o with respect to A; gives
Eo(NjiNi B) = (1928 + 2496)\] + (—2976 + 13443 + 726°) A\ A3
+(—288 — 7203 + 4326%) A7 X7 + (1440 + 3603%) A7\,
+(12003 + 480) A%,
WA B) = (T683 + 9984)A2 + (—8928 + 40325 + 2164%) A\
+(—576 — 14408 4 8645%) A2\, + (1440 + 3605%)A%,
DN A B) = (23048 + 29952)A2 + (—17856 -+ 80640 + 4326%) A\,
+(—576 — 14408 + 8643%) )7,
DA B) = (46085 + 59904)); 4 (—17856 + 806405 + 4326%) A,
DA 8) = 46085 + 59904 > 0 for all § > —13.
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Now

Eo(Ni; A B) = 283\}(33+4)(B+1) > 0forall B> —1,
WA B) = 480X2(38+4)(B+1) > 0forall § > —1,
B\ i B) 14402(620 + 80 + 94%) > 0 for all § > —1.7195,
BN AsB) = 144X,(888 + 292 4 36%) > 0 for all 3 > —3.8141.

Hence, &, is positive for all \; > A\; > 0 and § > —%. This implies that £(A;; Ai; Aj; Ai; 5)
is positive for all \; > \; > \; > 0 and § > —%.

Lemma B.13 Let

E A A A B) = (—12960 + 32437 + 1296)t(2, 2,2, 4)
+(33683 — 672)t(1,1,4, 4)
+(—864 + 1083% + 2163)t(1, 2, 3,4)

+(126% + 1504 + 1843)t(0, 3, 3, 4)

+(13283 + 456)t(0,2, 4, 4)

+(243° + 8643 — 1920)t(1, 3, 3, 3)

+(1152 + 723° — 1443* — 5763)t(2,2, 3, 3),

where
tla,be,d) = > NTARAREA

(n1,m2,n3,n4)
eperm(a,b,c,d)

The expression £(Ag; Ai; Aj; Ai; B) is positive for all Ay > X\ > A\; > \;, and § > —=.

(S]]

Proof.
Let

Sabe)= Y AR
(n1,n2,n3)
eperm(a,b,c)
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Differentiating &(Ax; Ai; Aj; Ai; 3) with respect to A, we obtain

EVN As AN B) = 4(—12963 + 32437 +1296)\35(2,2,2)
+4(3366 — 672)\35(1,1,4)
+4(—864 + 1083 + 2163)A\;5(1, 2, 3)
+4(12% + 1504 + 1843)135(0, 3, 3)
+4(1323 + 456)A35(0,2, 4)
3(—5768 + 1152 + 723% — 1448%)\{5(2,2, 3)
3(—864 + 1084 + 2168:3(1,2,4)
(
(
(
(-
(—
(—

+

3(243% + 8643 — 1920)A75(1, 3,3)
3(123% + 1504 + 1843)A75(0, 3,4)
2(1320 + 456)\5(0, 4, 4)
5763 + 1152 + 72° — 1443%)\.3(2, 3, 3)
2(—12963 + 324/3% 4 1296)\.5(2, 2, 4)
1+2(—864 + 10837 4 2168)\5(1, 3,4)
+(3363 — 672)5(1, 4, 4)
+(243° + 8643 — 1920)5(3, 3, 3)
+(—864 + 1083% + 216(3)3(2, 3,4),
ED N A A M B) = (388867 — 155520 + 15552)A25(2, 2, 2)
+(25923 + 12963* — 10368)A$5(1,2, 3)
8064 + 40323)A$5(1, 1, 4)

+ +

2

+

+(—

1-(18048 + 144% 4 22083)A25(0, 3, 3)
+(5472 4 15845)125(0, 2, 4)
+(4323° — 34563 — 8643* + 6912)\:5(2, 2, 3)
+(9024 + 11043 + 726%)A5(0, 3, 4)
(—5184 + 12963 + 6483%) \p5(1,2,4)
(

(

(—

(

(

_|_

51843 — 11520 + 1445°)\.5(1, 3, 3)
+(6483% + 2592 — 2592(3)5(2, 4,4)
+(—1728 + 2163 + 4323)5(1, 3, 4)
+(2304 + 1443% — 11528 — 2883%)3(2, 3, 3)
+(264 4+ 912)5(0, 4, 4),

+
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ED N\ A A A B) =

ED N\ A A A B) =

Define

(77763% + 31104 — 311048)\c3(2,2,2)
+(10944 + 31683)\1.5(0, 2,4)

+(80643 — 16128)\5(1,1,4)

+(51843 + 25923* — 20736)\5(1,2, 3)

+(44168 + 28837 + 36096)A.3(0, 3, 3)

+(4323% — 34563 — 864> + 6912)5(2,2, 3)

+(9024 + 11048 + 723%)5(0, 3, 4)
(—5184 + 12963 + 648)5(1, 2, 4)

+(51848 — 11520 + 144)3(1, 3, 3),

(77763% + 31104 — 311043)5(2, 2, 2)
+(10944 + 31683)5(0, 2, 4)

+(80643 — 16128)5(1, 1, 4)

+(5184(3 4 25923* — 20736)5(1, 2, 3)

+(44163 + 2883 + 36096)3(0, 3, 3).

+

= EO A A A B)/AT
= 5(1)(/\z;>\l;>\j;>\z‘;ﬁ)/>\z;
@ (s A Ags Ais B),
déf BV s A A B),
@ (s Az Ajs A B).

113

We will prove that the above equations are non-negative for all Ay, > A\ > A\; > A\, >0
and 0 > —% and, hence, deduce that £(Ag; A\i; Aj; A3 8) is positive for all A\, > A\ >

)\]2)\Z>Oandﬁz—§
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Now

So(Ai A A B) = (1328 +456) (A7 + A7)A] + (3368 — 672) A\ A7
(1728 4 21682 4 4328) (AA2 + A2A)) ]
+(3008 + 3683 4 243%) (A} + X))\
+(245° — 3648 + 21647 + 12963) (A A2 + MM A}
(2416 + 4486 + 1268%) (X4 + ADA]
(—31683 + 723 + 3744 + 04SN AN
(—72083 4 1443° — 7267 + 576) (AI XS + N XN/
+(11040 + 2166% — 3072) (XA 4+ ATA) N
(
(
(
(

++

+(5408% 4 480 — 6008) (ATAT + AfAT)A]
+(1208% — 12058° + 320 4 15208) AJAIN]
+(1280 + 24037 + 8005) (A AT + AIA%) A,
+(6000 4 240)AI?

(AR

Define &p(Aj; Ai; B) = 566)()\5; Aj; Ais B), where all derivatives are with respect to A;. We
wish to show that {ys is non-negative for all A\; > A; > 0. Differentiating s with respect
to A; gives

Eos(Aj; Aii B) = (950408 + 328320)A2 + (—483840 + 2419208) A\,
+(950400 + 328320)\7,

e A B) = (1900808 + 656640)); + (—483840 + 2419205) A,

PN A B) = 1900803 + 656640 > 0 for all 3 > —3.4545.

Now

2
Eo6(Ai; A B) = 86400A\2(2 4 53) > 0 for all § > —=

2
DN\ B) = 86400M;(2+53) > 0 for all B > -

Hence, 556) is non-negative for all A\; > \; > 0 and § > —%.

Define &o5(A\j; i3 8) = (()5)()\j; Aj; Ais B), where all derivatives are with respect to A;.
We wish to show that &ps is non-negative for all \; > X\; > 0. Differentiating &5 with
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respect to A; gives

505(/\]'; Ai; ﬁ)

&5 (Mg Mi; B)

€2\ \i; B)

56?,) (/\j; Ai; ﬁ)
Now
§os(Ais Ais B)
& (i i B)
€5 (\is Ai; )

= 9600X}(5 +10)(65 +5) > 0 for all > —.

(1392005 + 689280 + 28805%) A7

+(—691200 + 2937603 + 259205%) ;A5

+(146880 + 120960 + 259203%) A7\,

+(28803% 4 4416003 + 360960)\?,

(41760083 + 2067840 + 86403%) A

+(—1382400 + 5875203 + 518403%)\;i )\,

+ (14688083 + 120960 + 259205%) A2,

(8352008 + 4135680 + 172803%) ),

+(—1382400 + 5875203 + 518405%) \;,

8352000 + 4135680 + 172803% > 0 for all 3 > —5.6007.

5

= 28800)\7(28 + 403 + 33%) > 0 for all B > —0.7412,
= 5760X;(2476 + 478 + 1253%) > 0 for all § > —2.1624.

Hence, 5((]5) is non-negative for all A\; > \; > 0 and 8 > —%.
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Define &os(Aj; A\i; ) = (()4)()\j;)\j;)\i;ﬂ), where all derivatives are with respect to \;.
We wish to show that &y, is non-negative for all \; > X; > 0. Differentiating &4 with

respect to \; gives

504()\3‘;/\1‘;5) =

a8 =

DN\ B) =

DN\ i B) =

&N AsB) =

(1024323 + 583104 + 31686%)\;

+(20390443 + 311043% — 536832 + 5763%) A\, A3
+(2332803 + 46656 + 380163% + 17283°) A7 A3
+(80643% + 752643 + 273408 + 5763%) \I\;
+(57984 + 28837 + 107525) A},

(2039043 + 31104% — 536832 + 5763%) A}
+2(2332803 + 46656 + 3801637 + 17283°)\; A2
+3(8064/3% + 752643 + 273408 + 5763°) A7),
+4(57984 + 107523 4 2883%) A2,

(12291843 4 6997248 + 380163%) A3

+(12234243 + 186624 3% — 3220992 + 34563%)\; \;
+(466563 + 93312 + 7603237 4 34563%) A2,
(24583683 + 13994496 + 760323%)\;

+(1223424 + 186624 3% — 3220992 + 34565°) \;,
24583683 + 13994496 + 7603243% > 0 for all 3 > —7.3746.
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Now
Cos(Mis Ais B) = 960} (4333 + 442 + 843* +33%) > 0 for all B > —1.3643,
B B) = 288003(39783 + 378 + 662 + 23%) > 0 for all § > —1.1726,
D\ B) = BT6AX(43398 + 6718 + 52262 + 128%) > 0 for all 3 > —2.0134,
B\ A B) 1152):(31968 + 9352 + 22862 + 35°) > 0 for all 3 > —4.0159.

Hence, 5(()4) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &p3(Aj: A\i; B) = 83)()\j; Aj; Ai B)/Aj, where all derivatives are with respect to ;.
We wish to show that y3 is non-negative for all \; > A; > 0. Differentiating &3 with
respect to \; gives

Cos(A\j; Aii B) = (486720 + 293184 + 17283\
+(1039683 — 290304 + 1944037 + 5763%) \; \?
+(—385923 + 44352 + 246243° + 25926 ) A7 \?
+(96384 + 61923% 4 488640 + 14408%) A3\,
+(39552 + 158432 + 173763) A},
&5 (A A B) = (194688 + 1172736 + 69125%)\
+(3119045 — 870912 + 583205° 4 17283%)\; ]
+(—=T7184/3 + 88704 + 492483% + 51843°) A7 ),
+(96384 + 61923% + 4886403 + 14403%))\?,
&5 (i A B) = (5840640 + 3518208 + 20736/32)\2
+(6238083 — 1741824 + 1166403% + 34565°)\;\;
+ (771843 + 88704 + 492483% + 51843%) )7,
8N AiB) = (11681286 + 7036416 + 414726%)\;
+(623808(3 — 1741824 + 1166403% + 34563%)\;,
DA 8) = 11681283 + 7036416 + 4147232 > 0 for all § > —8.7286.

Now
Sos(Nis Ais B) = BTOA} (B +3)(8+2)(86 4 53) > 0 for all § > -2,
B\ B) = 96A3(49828 + 5072 + 12578% + 873°%) > 0 for all 8 > —1.5772,
B\ Ai;B) = BT6AX(196303 + 3238 + 324532 + 158%) > 0 for all 3 > —2.7086,
B\ A B) = 864A;(20740 + 6128 + 18352 + 43%) > 0 for all 3 > —4.7120.

Hence, 5((]3) is non-negative for all A\; > \; > 0 and 8 > —%.

Define £pa(Aj: Ai; B) = 5(()2)0‘]‘; Ajs Ais ﬁ)/)\?, where all derivatives are with respect to A;.
We wish to show that &y, is non-negative for all \; > X\; > 0. Differentiating &, with
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respect to A; gives

C2(Nj; Ais B) = (102832 + 166963 + 6243%) A
+(40896 — 116928 + 82083 + 288" ) A\, \?
+(28464 — 309363 + 110163% + 17283°) A7 A3
+(216323 + 240057 + 20480 + 13925°) A\,
+(11520 + 1080083 + 25208%)\},
&5 (i) = (411328 + 667845 + 24964%)\2
+(1226883 — 350784 + 24624” + 864/3°) A\
+(56928 — 618723 + 2203232 + 3456 3°) A7 )\,
+(2163203 + 24008% + 20480 + 13923%) 13,
& (Njihis B) = (1233984 + 20035203 + 74883%) A
+(2453763 — 701568 + 492483% + 17283* )\ )\,
+(56928 — 618720 + 220323% 4 34563°)\2,
DA B) = (2467968 + 4007040 + 149763) A,
+(2453763 — 701568 + 492483% + 17283 \;,
DN A B) = 2467968 + 4007040 + 149764% > 0 for all § > —9.6124.

Now
Coa(Nis A B) = 48N (B+3)(6 +2)(718 + 161) > 0 for all § > —2,
DA 8) = 48M3(3+3)(8 + 2)(1198 4 479) > 0 for all 3 > —2,
DN h B) = 48X2(12278 + 79975 + 164132 4 1085%) > 0 for all § > —3.1439,
8N A B) = 96M:(3 + 10) (1857 + 48943 + 1840) > 0 for all 3 > —4.5122.

Hence, 562) is non-negative for all A; > \; > 0 and § > —2.

Define &1 (Aj; A\i; B) = 5(()1)()\]; Ajs Ais ﬁ)/)\?, where all derivatives are with respect to A;.
We wish to show that &y is non-negative for all \; > X\; > 0. Differentiating &, with
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respect to A; gives

Now

ot (>\j; Ai; 5)

f(()? (>\j; A 5)

f(()?) (>\j; A 5)

5(%) (/\j; Ai; ﬂ)

(()P (Ajs Ai; B)

(27440 + 44240 + 1685°) A

+(1267206 — 36480 + 25923% + 963%)\; A\
+(11760 — 130805 + 39603 + 7208%) A7\
+(7683% + 4096 + 870403 + T683°)\J\;
+(20165% + 2688 + 47043) A7,

(109760 4 176963 + 6726%) X

+(380163 — 109440 + T7765* + 288" ) \; A3
+(23520 — 261603 + 79205 + 14408*) A2\,
+(7683% + 4096 + 870413 + 7683°) A,
(329280 + 530883 4 20165%)\?

+(760323 — 218880 + 1555237 + 5765°) A\,
+(23520 — 261603 + 79203* + 14403%) )7,
(658560 + 1061763 + 4032(%) )\,

+(760323 — 218880 + 155523 + 5763%)\;,
1344(33 + 49)(3 + 10) > 0 for all 8 > —10.

184N (B +3)(B+2)(B+ 1) > 0 for all § > —1,
AN (B + 3) (B + 2)(526 + 97) > 0 for all g > —2,
144X%(3 + 3)(148°% + 1353 + 310) > 0 for all 3 > —3,
192X:(3 + 10)(33% + 728 + 229) > 0 for all 8 > —3.7740.

Hence, 5(()1) is non-negative for all A\; > A\; > 0 and 8 > —%.

H. S. Dollar

Define &y0(Aj; Ais B) = Eo(Aj5 Ajs i ﬁ)/)\?, where all derivatives are with respect to ;.
We wish to show that &y is non-negative for all \; > X; > 0. Differentiating &,y with
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respect to A; gives

Soo(Aji A B) = (94803 4 5880 + 363%)A] + (31686 — 9120 + 6485”4 243° )\, A7
+(—392473 + 3528 + 118837 + 2165 ) A7 \?
+(1536 + 32643 + 2883% + 2883%) A} ),
+(1344 + 23523 + 10085%) \f,
WO B) = (37925 + 23520 + 1446%)A2 + (95045 — 27360 + 19445 + 726%) A A2
+(—T784803 + 7056 + 23763 + 4323°) A7 \;
+(1536 + 326403 + 2883 + 2883%) A,
DO AiB) = (113766 + 70560 + 4326%)A2 + (190083 — 54720 + 388832 + 1443%)\,\;
+(—T784803 + 7056 + 23764 + 4323°)\7,
B\ AB) = (2275208 + 141120 + 8643%) A, + (1900873 — 54720 + 388837 + 1443%)\;,
O B) = 288(34 +49)(6 + 10) > 0 for all 5 > —10.

Now
Coo(Ni; Mis B) = 528AH(B+3)(B+2)(B+1)>0forall 3> —1,
&0 \sB) = T92X(B+3)(B+2)(B+1) > 0forall > —1,
f(()?))()‘i; Ais B) 203 (B +3)(B+2)(83 +53) > 0 for all 3 > —2,
&0 (N \isB) = 1440,(8 + 10)(8 + 20)(8 + 3) > 0 for all B > —3.

Hence, & is positive for all A\; > \; > 0 and 3 > —%. This implies that £(Ai; Ai; Aj; Ais B)
is positive for all Ay > A; > \; > 0 and 3 > —2.

Now

A A B) = (5288 + 1824) (A2 + AF)A] + (—2688 + 1344B8) A )\
+(15128 — 6048 + T5662) (AA2 + A2A))A]

+(10528 + 8457 + 12833) (A2 + A?)A?

+(—10944 + 6483 + 38880 + 726°) (AA? 4+ A2A;) A

+(7248 + 367 + 13448) (A} + MDA

+(11232 + 2164° — 95043 4 15126%) A AN

— 18003 + 1440 + 3608 — 1803%) (A2A? + A3A2) N}

+(27608 — 7680 + 54082 (AN + AN N}

+(10805% + 960 — 12008)(A2AL + AIAZ)N?

+(30408 + 2408° + 640 — 2403%)AJAIN]

(12008 + 36032 + 1920) (X2AL + A AD)N,

+(240 + 6008)AINY

1))

+

(
(
(
(
(
(
(
(
(
(

Define &16(Aj; A\ B) = §§6)(>\l; Aj; Ais B), where all derivatives are with respect to A;. We
wish to show that &4 is non-negative for all A\; > A; > 0. Differentiating &4 with respect
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to \; gives

Ei6(0; A ) = (3801605 + 1313280)A2 + (9676803 — 1935360) A\,
+(38016083 + 1313280) )7,

£ i A B) (7603208 + 2626560)\; + (9676803 — 1935360).\;,

DA 8) = 7603208 + 2626560 > 0 for all 5 > —3.4545.

Now

2
E16(Mi; Ni; B) = 34560002(2 + 53) > 0 for all 3 > -5

2
DN\ B) = 345600);(2 + 58) > 0 for all § > -

Hence, £§6) is non-negative for all A\; > A; > 0 and § > —%.

Define &5(A\j; \i; ) = §5)(/\j;/\j;)\i;ﬁ), where all derivatives are with respect to \;.
We wish to show that ;5 is non-negative for all \; > \; > 0. Differentiating ;5 with
respect to A; gives

&i5(Aj; A B) = (5347208 + 2576640 + 100805°) A3
+(114912053 — 2661120 + 907203%) X, A3
+(5616008 + 587520 + 907203%) A7 \;
+(1263360 + 100803% + 1545603) A\,
DA 8) = (16041608 + 7729920 + 302405%) A2
+(22982403 — 5322240 + 18144058%)\;\;
+(56160083 + 587520 + 907205%)\?,
DA B) = (32083208 + 15459840 + 604805%)\;
+(22982403 — 5322240 + 1814405%)\;,
DA 8) = 32083208 + 15459840 + 60480532 > 0 for all 8 > —5.3603.

Now

Ei5(Nis Mis B) = 9600A7 (2508 + 184 + 213%) > 0 for all 3 > —0.7882,
DA ) = 14400A2(31003 + 208 + 2152) > 0 for all 3 > —0.7046,
DN\ B) = 115200(4783 + 880 + 213%) > 0 for all 3 > —2.0203.

Hence, 5%5) is non-negative for all A; > \; > 0 and § > —2.

Define &14(A\j; A\i; B8) = %4)()\]-; Aj; Ais B), where all derivatives are with respect to A;.
We wish to show that &4 is non-negative for all \; > X\; > 0. Differentiating &4 with
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respect to A; gives

5140\]‘; Ai; 5)

ﬁ)()\jQ Ai; B)

ﬁ)O\jS is )

S)O\ﬁ Ais )

A 8)

Now

(3768963 + 2093952 + 109443%) X

+(1062723% + 7585923 — 1956096 + 1728 ) \; A
+(1434243 + 200448 4 1270085 4 51843%) A7 \]
+(1000704 + 256323 + 2478723 + 17283°) A} \;
+(173952 + 322563 + 8643%)\;,

(15075843 4 8375808 + 437763%) A3

+(318816/3% + 22757763 — 5868288 + 5184/3°) A\, A3
+(286848(3 + 400896 + 2540165 + 103683°) A7 )\,
+(1000704 + 256323 + 2478723 + 17283%)\},
(45227523 4 25127424 + 13132837\

+(637632% + 45515523 — 11736576 + 103683%)\;\;
+(2868483 + 400896 + 2540163* + 103683°) A7,
(904550403 + 50254848 + 2626563%)\;

+(6376323% + 45515523 — 11736576 + 103683%) \;,
904550403 + 50254848 + 2626565° > 0 for all 8 > —6.9640.

960} (16243 + 1576 + 2823 + 9%) > 0 for all B > —1.2181,
960 (44983 + 4072 + 6693% + 183%) > 0 for all 3 > —1.0710,
23047 (40633 + 5986 + 44432 4+ 93%) > 0 for all 3 > —1.8231,
576:(236063 + 66872 + 156332 + 183%) > 0 for all 8 > —3.7012.

Hence, 5%4) is non-negative for all A; > \; > 0 and § > —2.

Define &13(\j; A\ B) = %3)()\]-; Aj; Aiis B)/Aj, where all derivatives are with respect to ;.
We wish to show that ;3 is non-negative for all \; > X\; > 0. Differentiating &3 with
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respect to A; gives

&3(N\j; A B) = (1024512 + 1728963 + 59043%) A}
+(—994176 + 3618720 + 6415267 + 17284%) A, A}
+(134208 — 848163 + 80568/3” + 73443°) A7 A7
+(19512% 4 15979203 + 377664 + 38883°) A\,
+(127872 4 488163 + 41045%)\},
(A B) = (4098048 + 6915840 + 236165%)\
+(—2982528 + 10856163 4 1924563> 4 51843%)\; A3
+(268416 — 16963203 + 1611365 + 146883°) A7),
+(195123% + 1597923 + 377664 + 38883°) A7,
SO As8) = (12294144 + 20747520 + T08485)\2
+(—5965056 + 21712323 + 384912 + 103683°) A\,
+(268416 — 1696323 + 1611363 + 146883)\7,
BN B) = (24588288 + 41495040 + 1416963%) )
+(—5965056 + 21712323 + 3849123 + 103683°) \;,
DA\ 8) = 24588288 + 41495040 + 1416963> > 0 for all 3 > —8.2495.

Now
€13\ A3 B) = 480MF (1396 + 137203 + 36337 4 273%) > 0 for all 3 > —1.6479,
DN\ B) = 24003(8 + 10)(9982 + 6635 + 734) > 0 for all 8 > —1.3996,
DN AiB) = 864X2(7636 + 47185 + 7143% +295%) > 0 for all § > —2.4138,
BN A: B) = 144);(129328 + 438943 + 36570% + 723%) > 0 for all 8 > —4.4547.

Hence, 5%3) is non-negative for all A; > \; > 0 and § > —2.

Define &12(Aj: A\i; B) = ff)()\j; Ajs Ais ﬁ)/)\?, where all derivatives are with respect to A;.
We wish to show that ;5 is non-negative for all A; > X; > 0. Differentiating &2 with
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respect to A; gives

G2(Aj3 N B) = (352256 + 21123° 4 577286) A
+(8644° — 379008 + 1337763 + 261365%)\;\}
+(34344% + 47523° + 79104 — 811683) A7\
+(89152 + 676963 + 35043° + 78963%)\? ),
+(42816 + 302883 + 58325%) 7,
i B) = (1409024 + 84484 + 2309126)\?
+(25923% — 1137024 + 4013283 + 784083%) \; A
+(686883* + 95043 + 158208 — 162336 3) A7\,
+(89152 + 676963 + 35043 + 78963%) A\,
€5 (A A B) = (4227072 + 253442 + 6927363)\2
+(51843% — 2274048 + 8026563 + 1568163%)\;\,
+(686883% + 9504/3° + 158208 — 1623363) A7,
9N Ai ) = (8454144 4 5068807 + 138547203) A
+(51843% — 2274048 + 8026563 + 156816/3%)\;,
€D\ A B) = 8454144 + 506883 + 1385472 > 0 for all § > —9.1957.

Now
E12(Ais Ais B) = 480N} (B +3)(8 +2)(198 + 64) > 0 for all 3 > —2,
DN\ 3) = 240M3(2164 + 68152 + 22408 + 653%) > 0 for all 8 > —1.7098,
DN\ B) = 96M2(21992 + 261352 + 138863 + 1535%) > 0 for all 3 > —2.8871,
BN A: B) = 48);(128752 + 43233 + 455863 + 1083°) > 0 for all 8 > —4.6015.

Hence, 5%2) is non-negative for all A; > \; > 0 and § > —2.

Define &11(Aj; A\i; B) = f%l)()\j; Ajs Ais ﬁ)/)\?, where all derivatives are with respect to A;.
We wish to show that &;; is non-negative for all \; > X\; > 0. Differentiating &;; with



124 H. S. Dollar

respect to A; gives

G1(Aj; i B) = (92576 + 1498453 + 5645°) X
+(28803% + 79923* 4 394563 — 113184) A\
+(—350883 4 114483% + 31872 4 19443%) A7\
+(16384 + 2387203 + 18483 + 23523%) A\,
+(9792 + 124563 + 42843*)\},
V(A A B) = (370304 + 599360 + 22566%)\2
+(864° + 239763° 4 1183683 — 339552) A, \7
+(=T70176/3 + 228963* + 63744 + 38883°) A7\,
+(16384 + 2387203 + 18483% + 23523%)\?,
VO A B) = (1110912 + 1798080 + 676842)\2
+(17283% 4 479523% + 2367363 — 679104)\; )\,
+(—T01763 + 22896/3% + 63744 + 3888/3*)\7,
DA B) = (2221824 + 3596160 + 135364%)\;
+(17283 + 479523% + 2367363 — 679104)\;,
DA B) = 2221824 + 3596160 + 1353652 > 0 for all § > —9.7745.

Now

= 240X/ (173 +26)(8+ 3)(3 +2) > 0 for all 3 > _%,

511()\17)\zaﬁ 17

)
Vs A B) = 132003(50 + 14)(6 + 3)(8 +2) > 0 for all § > —2,

DN B) = 48)2(10324 + 72168 + 16178% + 1178%) > 0 for all 8 > —3.1148,
DN A B) = 48M(6 + 10)(3642 + 9213 + 3214) > 0 for all 3 > —4.1691.

Hence, él) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &10(Aj; Ais B) = &1 (Aj5 Ajs i 6)/)6*, where all derivatives are with respect to ;.
We wish to show that &;¢ is non-negative for all \; > X; > 0. Differentiating &;o with
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respect to A; gives

Eo(Aj; A B) = (19600 + 31605 + 1205°)X;
+(726° 4 1944”4 95043 — 27360)\; A7
+(—104640 + 31680% + 9408 + 5763°) A7 A7
+(3584 + 76163 + 67203% 4+ 6726%) AP\,
+(2688 + 47043 + 20163%) A},
i\ B) = (78400 + 126405 + 4805%)\°
+(2165° 4 58323 4 285123 — 82080)\; A\
+(—209283 + 63363% + 18816 + 11523%) A7),
+(3584 + 76163 + 67203% + 6725%) A7,
&5 (A A B) = (235200 + 379208 + 14405%) )2
+(4323% + 116643 + 570243 — 164160)\;\;
+(—209283 + 63363 + 18816 + 11523°)\7,
BN\ 8) = (470400 + 758408 + 288052) ),
+(43283% + 116643 + 570243 — 164160)\;,
€5/ (N\i A 8) = 960(38 + 49)(8 + 10) > 0 for all § > —10.

Now
E0(Nis A B) = 13200(8 +3)(6+2)(B+ 1) > 0 for all 3 > —1,
DN\ B) = 12003178+ 26)(B+3)(B+2) > 0 for all 8 > —f—?,
DA B) = 14402(3 + 3)(118% 4 1028 + 208) > 0 for all § > —3,
DM B) = 48M(B+10)(98% 4 2138 + 638) > 0 for all 3 > —3.5184.

Hence, & is positive for all \; > \; > 0 and 3 > —%. This implies that £(A;; A\i; Aj; Ai; )
is positive for all Ay > A\; > \; > 0 and 3 > —%.
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Now

SN A A B) = (5472 + 15848) (A3 4+ AD)A] + (—8064 + 40328) M\ A7
+(38880 + 194437 — 15552) (A A2 + AZX))A]
+(33126 + 21637 + 27072)(A] + A7)\
+(—23616 + 1443° + 820803 + 15123%) (A AT + A2 A}
+(29523 + 15408 + 723%) (A} + XD A}
+(25056 + 367232 + 4326° — 216008)\2A2\!
+(5765° 4+ 1448% — 1152 — 201653) (A7 XY + AJAZ) A}
(—14976 + 57608 + 8645%) (A + AIA) AP
(
(
(
(

+

+(2883 + 2880 + 1296 %) (AN} + AIAT) A7
—1443* 4 8832 + 62400 + 2880 ) A\ XN
+(7296 + 153603 + 2886%) (AJA] + AIAD)\,

+(2643 + 912) A/ A}

1750

+

Define &6(Aj; A B) = 556)()\1; Aj; Ais B), where all derivatives are with respect to A;. We
wish to show that £y is non-negative for all A\; > A; > 0. Differentiating {2 with respect
to A; gives

Ea6(A\j; N3 ) = (114048003 + 3939840)A2 + (—5806080 + 29030405\ \;
+(11404800 + 3939840)\7,

e\ B) = (22809600 + T879680)A; + (—5806080 -+ 29030403) A,

QPN AiB) = 22809603 + 7879680 > 0 for all 3 > 3.4545.

Now

2
E6(Ai; Ai; B) = 1036800\%(2 + 53) > 0 for all 3 > —=

2
S (N5 A B) = 1036800A(2 + 58) > 0 for all § > -z

Hence, 556) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &o5(\j; A\i; ) = 55)()% Aj; Ais B), where all derivatives are with respect to A;.
We wish to show that &5 is non-negative for all A; > X\; > 0. Differentiating &5 with
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respect to A; gives

E5(N\js Ais B) = (15379203 + 7188480 + 2592032\
+(—7672320 + 33696003 4 2332805) A A7
+(16070403 + 2073600 + 2332803%) A7\,
+(3974408 + 259203 + 3248640)\?,
SO AiB) = (46137608 + 21565440 + 777605%)\2
+(—15344640 + 67392008 + 4665603%) \;\;
+(1607040 + 2073600 + 2332803%) A2,
DA A B) = (92275208 + 43130880 + 1555208%) A,
+(—15344640 + 673920083 + 46656032)\;,
B\ AiB) = 92275200 + 43130880 + 15552032 > 0 for all 3 > —5.1151.

Now
Es(Ni; A B) = 17280003(28 + 403 4 35%) > 0 for all 3 > —0.7412,
&5 (N A B) = 25920002(6 + 16)(33 +2) > 0 for all § > —g,
DNy N B) = 207360X;(778 + 134 + 34%) > 0 for all 3 > —1.8776.
Hence, 555) is non-negative for all A\; > A; > 0 and § > —%.
Define &4(A\j; A\i; ) = 554)()\j;)\j;)\i;6), where all derivatives are with respect to ;.
We wish to show that £y, is non-negative for all \; > A; > 0. Differentiating &4 with
respect to \; gives
Sa(Nj; Ai; B) = (10385283 4 5588352 + 276483%) A
+(21150720 — 5336064 + 2695680 + 3456”) \; A
+(5184008 + 705024 + 103683" + 3214083%) A7 A3
+(5944323 + 622083% + 2681856 + 34563%) A\J\;
+(369792 + 708483 + 17286%)\1,
&1 (A hi; B) = (415411206 + 22353408 + 1105926%)\2
+(63452163 — 16008192 + 8087043 4 103683%) \;\]
+(10368003 + 1410048 + 207363° + 6428163\ \;
1(5944323 + 622083% + 2681856 + 34563°)\3,
SO\ B) = (124623360 + 67060224 + 3317765%)\2
+(126904323 — 32016384 + 16174082 + 207363*) \; )\,
+(103680003 + 1410048 + 207363% + 6428163%) )2,
B\ asB) = (2492467206 + 134120448 + 6635526%) A,
+(126904323 — 32016384 + 16174083% + 207363%) \;,
DA B) = 2492467203 + 134120448 + 6635523 > 0 for all 3 > —6.5089.
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Now
Eaa(Ni; Nis B) = 8640M} (5023 + 464 + 796% + 23%) > 0 for all B > —1.1141,
(i i 8) = 34560X3(3513 + 302 4+ 476% + 5°) > 0 for all § > —0.9885,
D (\i; i 8) = 20736A%(12633 + 1758 + 12582 + 23%) > 0 for all 8 > —1.6562,
B A B) = 20736X,(181408 + 4924 + 11082 + 8%) > 0 for all 3 > —3.3897.

Hence, 554) is non-negative for all A\; > A\; > 0 and 8 > —%.

Define &a3(Aj: A\i; B) = 53)()% Aj; Ai B)/Aj, where all derivatives are with respect to ;.
We wish to show that {3 is non-negative for all \; > A; > 0. Differentiating &3 with
respect to \; gives

Ea3(Nj; Ais B) = (2650752 + 4596483 + 146885°) ]
+(94867203 + 3456/3° + 158112% — 2557440) \;\)
+(205632° 4 138244” + 317952 — 1071363) A7 A7
+(1050624 + 3836163 + 69123° 4+ 501125%) A\
+(279936 + 1054083 + 69123%) A7,
S\ B) = (10603008 + 18385923 + 587523%) A
+(2846016/3 + 103683* + 47433637 — 7672320) \; A
+(411264° + 276483° + 635904 — 2142723) A7 ),
+(1050624 + 3836163 + 69123% + 501125%) A\,
DA B) = (31809024 4 551577643 + 1762565%) A3
+(56920323 + 207363 + 9486723% — 15344640)\;\;
(411264 + 276483 + 635904 — 2142723) )2,
BN\ AiB) = (63618048 + 1103155203 + 3525123) ),
+(56920323 + 207363° + 9486723% — 15344640)\;,
W\ A B) = 63618048 + 110315523 + 35251202 > 0 for all 3 > —7.6246.

Now
Eas(Nis Ai; ) = 24192043 + 4) (8% + 146 + 18) > 0 for all 3 > —1.4322,
(i AsB) = 864A3(5344 + 561803 + 11518 4 523%) > 0 for all § > —1.2562,
PO A B) = 1728)\2(9896 + 636203 + 88932 + 283%) > 0 for all § > —2.1667,
B A B) = 5184X;(9312 + 322603 + 25152 + 48%) > 0 for all 3 > —4.1213.

Hence, {ég) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &a9(Aj: A\i; B) = fém()\j; Ajs Ais ﬁ)/)\?, where all derivatives are with respect to A;.
We wish to show that &9 is non-negative for all A; > X; > 0. Differentiating &3 with
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respect to A; gives

E2(Nj;Ni; B) = (890496 + 1491843 + 51844%)\]
+(17283° + 622083% — 926208 + 3317768)\;\J
+(—1454408 + 864005° 4 152640 + 86405 ) A2 X7
+(268800 + 1651203 + 57603° + 2304058%) A3\,
+(100800 4 7056083 + 86403%) )\,
S\ AisB) = (3561984 + 596736 + 207365%) A2
+(5184/3° + 18662437 — 2778624 + 9953283) \; A3
+(—2908800 + 172800/3% + 305280 + 172803°) A7)\,
+(268800 + 1651203 + 57603° + 230405%) 3,
SO B) = (10685952 + 17902085 + 622083%)\2
+(103683* + 3732483% — 5557248 + 1990656/3) A\,
+(—290880.3 4 1728003 + 305280 + 172803%) )7,
BN A:B) = (21371904 + 358041603 + 1244165%) A,
+(103683° + 3732483 — 5557248 + 19906563) \;,
DN\ AiB) = 21371904 + 35804163 + 12441653 > 0 for all 3 > —8.4507.

Now
€A A B) = 1344)1(362 + 4253 + 1383* +12°) > 0 for all B > —1.4432,
D\ 8) = 1344X3(1010 + 10913 + 30082 + 213%) > 0 for all 8 > —1.4354,
D\ Ai;B) = 5T6A2(9434 + 60593 + 105632 + 486%) > 0 for all 3 > —2.5842,
B Ai;B) = 3456X:(4576 + 16123 + 14452 + 38%) > 0 for all 3 > —4.4300.

Hence, 552) is non-negative for all A; > \; > 0 and § > —2.

Define &1 (A A\i; B) = fél)()\j; Ajs Ais ﬁ)/)\?, where all derivatives are with respect to A;.
We wish to show that & is non-negative for all \; > X\; > 0. Differentiating &,; with
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respect to A; gives

E1(Aj N B) = (229824 + 13685° + 378726) A
+(—265536 + 183605° 4 5763° + 937445) A\
+(—629283 + 274328 + 34563% + 57600) A7 A
+(62400 + 75603 + 2880° + 573608) A} \;
+(29760 + 312008 + 57603%) A},
WA 8) = (919296 + 547232 + 1514885)\°
+(—796608 + 550805° 4 172837 + 2812323)\;\;
+(—125856(3 + 548643% + 69123 + 115200) A7 )\,
+(62400 4 75603% + 28803 + 573603) A3,
DA B) = (2757888 + 1641647 + 4544640) )2
+(—1593216 + 1101603* + 34563° + 5624643)\; )\,
+(—1258563 + 548643 + 69123 + 115200) )7,
B\ AiB) = (5515776 + 3283237 + 90892843) A,
+(—1593216 4 1101603? + 34563% + 5624643)\;,
WA B) = 5515776 + 328323 4 90892843 > 0 for all 3 > —13.

Now
En(Nis Mis B) = 1728MNH(B + 3)(43% + 236 + 22) > 0 for all 3 > —1.2120,
DA B) = 96X3(3128 + 128152 4 37943 + 1208%) > 0 for all 3 > —1.3977,
D\ A B) = 5T6A2(2222 + 31552 + 15473 + 183%) > 0 for all 3 > —2.6483,
P N ) = 4320,(9080 + 33132 + 340603 + 83°%) > 0 for all 3 > —4.2200.

Hence, {él) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &0(Aj; Ais B) = E2(Aj5 A5 A 6)/)6*, where all derivatives are with respect to ;.
We wish to show that & is non-negative for all \; > X\; > 0. Differentiating 9 with
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respect to A; gives

E0(Aj;\i;B) = (47952 + 288037 + 78483)\;
+(432067 + 2188873 + 1445% — 62208) i\
+(—178563 4 705667 + 10083% + 16704) A7 A3
+(18432 + 172803 + 20163% + 10083%)\? ),
+(11520 + 1080083 + 25208%)\},
SO\ A:8) = (191808 + 11527 + 313926) A
+(129606% + 656643 + 4323% — 186624)\;\3
+(—357123 + 14112/3% + 20163° + 33408) A7)\,
+(18432 + 172803 + 20165% + 10083*) A3,
DA B) = (575424 + 345632 + 941765)\2
+(259203% + 1313283 + 8643° — 373248) \;\;
+(—357123 + 141123 + 20163° + 33408) )7,
BN A:B) = (1150848 + 691232 + 1883523)

+(2592062 + 13132803 + 8644° — 373248)\,,

37
SN A B) = 1728(8 + 18)(45 + 37) > 0 for all § > -

Now

= 10807 (26 +5)(3 +3)(3 +2) > 0 for all § > 2,

— 864\ (6 + 3)(48% + 238 4 22) > 0 for all B > —1.2120,
288)\F(818 + 1513 + 6593 + 104°) > 0 for all § > —2.1484,

= 864\ (3 + 10)(5* + 283 +90) > 0 for all 3 > —3.7044.

Hence, &, is positive for all \; > \; > 0 and 3 > —%. This implies that £(A;; A\i; Aj; Ai; )
is positive for all Ay > A\; > \; > 0 and 3 > —%.
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&M A A B) = (10944 + 31683) (A7 + A3) ) + (80645 — 16128) A\ \; A
+(64803 + 32408 — 25920) (AT + AZA))A/
+(3603% + 45120 + 55203) (A + A7)\
+(25926% — 32256 + 103683 4 1445°)(\A] + A)\;)
+(7253% + 19968 + 42720) (] + A})

+

+

4323 + 38016 — 3456003 + 691262)A2A2\}

—21312 + 93605 + 6483%) (A AL + X2Aj)A?

+(5760 + 44640 + 6486%)(ATA] + AIAD) A,
+(1446° 4 28837 4 96000 + 24576) ;A7\,
+(9024 + 110403 + 726%) A} N} + (9024 + 11045 + 726%) AT,

(
(
(
(
+(4326° — 13824 + 172803 + 17283%) (AIXT + XPA2) N
(
(
(
(

Define &35(Aj; A\ B) = £§4)()\1; Aj; Ai; ), where all derivatives are with respect to A;. We
wish to show that 35 is non-negative for all \; > A; > 0. Differentiating {35 with respect

to \; gives

&35(Nj; N B) = (3801600 + 1313280)\7 + (9676805 — 1935360) X\,
+(3801603 + 1313280) )7,

5 (N \i; B)

(7603203 + 2626560)\; + (9676803 — 1935360),;,

D\ A B) = 7603208 + 2626560 > 0 for all 3 > —3.4545.

Now

f35(>\i; A ﬁ)

:(’,é)()‘i; i ﬂ)

2
34560077 (2 + 50) > 0 for all § > -z

2
345600);(2 + 53) > 0 for all 5 > -

Hence, §§4) is non-negative for all A\; > A\; > 0 and 8 > —%.

Define &34(Aj; A\ B) = 53()4)()\1; Aj; Ais B), where all derivatives are with respect to A;. We
wish to show that {34 is non-negative for all A\; > A; > 0. Differentiating 34 with respect
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to \; gives

534()\3'; Ai;ﬁ) =

&N A B) =

DN AsB) =

DN dsB) =

Now
534()% Ai; ﬁ)
VIPNPVY)
UCRPYC)

(51264003 + 2396160 + 86405%)\?
+(11232003 — 2557440 + 777603%) A\ A5
+(53568003 + 691200 + 777603%) A7\,

+ (1082880 + 132480 + 86405%)\?,
(15379203 + 7188480 + 259203%) A3
+(22464003 — 5114880 + 1555205%)\i);
+(53568003 + 691200 + 777603%)\7,
(307584003 + 14376960 + 518403%) ),
+(22464003 — 5114880 + 1555205%) \;,

307584003 + 14376960 + 518403% > 0 for all § > —5.1151.

= 57600)\7(28 + 403 + 35%) > 0 for all 3 > —0.7412,

2
= 86400\3( +16)(38+2) > 0 for all 3 > —5

= 69120);(778 + 134 + 33%) > 0 for all 3 > —1.8776.

Hence, £§4) is non-negative for all A\; > A; > 0 and § > —%.

Define &33(N\j; A3 ) = fég)()\j;)\j;)\i;ﬂ), where all derivatives are with respect to ;.
We wish to show that {33 is non-negative for all \; > A; > 0. Differentiating £33 with

respect to \; gives

Ea3(Nji Ais B) =

DA B) =

§§)(Aj; /\i§5) =

§§)(Aj; /\i;ﬁ) =

é?’,)()\j; A B) =

(1859328 + 9072% + 3481920) A

+(7015683 4 933123 + 8643° — 1783296)\; A
+(13824003 + 11923237 + 25923° + 262656)\; \;
+(889344 + 8643 + 1946883 + 241923%)AI\;
+(4323% + 256323 + 119808) A2,

(7437312 + 3628837 + 13927683)\?

+(21047043 4 279936% + 25923% — 5349888)\; A
+(2764803 + 2384643 + 51843° + 525312) A7)\
1-(889344 + 8643° + 1946883 4 241923*)\3,
(22311936 + 108864 5% + 41783043 A7
+(42094083 + 55987237 + 51843> — 10699776)\;\,
+(2764803 4 23846437 4 51843° 4 525312) A7,
(44623872 + 2177283% + 83566083) )\,
+(42094083 + 5598723% + 5184/3° — 10699776)\;,

44623872 + 21772832 + 83566083 > 0 for all 3 > —6.4107.

133
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Now
Ea3(M\is Ais B) = 4320M\3(312 + 5732 + 3268 + 5°) > 0 for all 3 > —1.2060,
DA B) = 2880A%(1216 + 2013 + 13783 + 38%) > 0 for all 3 > —1.0368,
DA B) = 1728X2(7024 + 5253 + 50143 + 68°) > 0 for all 3 > —1.6963,
B\ Ai;B) = 5184X:(6544 + 1508 + 24243 + %) > 0 for all 3 > —3.3980.

Hence, &()’3) is non-negative for all A\; > \; > 0 and § > —%.

Define &52(Aj; \is B) = §2)()\j; AjsAis B)/Aj. We wish to show that {35 is non-negative
for all A\; > \; > 0. Differentiating {3, with respect to A; gives

Ea2(Nji A ) = (1552320 + 880128 + 47523%) A}
+(—869760 + 3199683 4 864" + 5572857 ) \;\)
+(838084” + 3456/3° + 108288 — 62784 3) A7\
+(233283% + 17284 + 320256 + 1319043) AP\,
+(77184 + 17283% + 443523) A},
SO\ B) = (6209288 + 3520512 + 190084%) A2
+(—2609280 + 9599043 + 25923% + 1671843%) A\, A
+(167616% + 69123% + 216576 — 1255683) A7 \;
+(233283% 4 17283 + 320256 + 1319043)\?,
DN\ A B) = (186278443 + 10561536 + 5702437\
+(—5218560 + 19198083 + 51843 + 3343683*) \i\;
+(1676163* + 69123 + 216576 — 1255683) A7,
BN\ AiB) = (372556803 + 21123072 + 11404832) ),
+(—5218560 4 19198083 4 51843 4 3343685%) \;,
B\ A:B) = 37255680 + 21123072 + 11404862 > 0 for all 3 > —7.3020.

Now
Eao(Ai; Ai; B) = 2016M%(2926 + 256 + 84432 + 33%) > 0 for all 3 > —1.4510,
SN A B) = 43203(36740 + 3352 + 87302 + 264%) > 0 for all 5 > —1.2961,
0N A B) = 288A2(126980 + 19304 + 194147 + 424%) > 0 for all § > —2.2678,
N A B) = 2592),(21786 + 6136 + 17352 +26%) > 0 for all 3 > —4.0728.

Hence, §§2) is non-negative for all A\; > A; > 0 and 8 > —%.

Define &351(\j; \i; B) = fél)()\j; Aj; )\i;ﬁ)/)\?. We wish to show that &3 is non-negative
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for all A; > \; > 0. Differentiating &3, with respect to \; gives

&1\ A B) = (295104 + 16563 + 507363) A}
+(4326° 4 1160643 — 323712 + 220323%) A, A3
+(43200 + 378005% 4 21605° — 540008) A7 A3
+(80640 + 662403 + 14405 + 129603*) A} ),
+(23040 + 360008 + 21603%) A},
&V (N Ai B) = (1180416 + 66245° + 2029445) X
+(12964° + 3481920 — 971136 + 660963%) \; ]
+(86400 + 756005 + 43203% — 1080003) A7 \;
+(80640 + 662403 + 14403% + 129608%) 17,
&V (N A B) = (3541248 + 198722 + 608832/3)\2
+(25923% 4 6963843 — 1942272 + 1321926%)\; )\,
+(86400 + 7560087 + 43203° — 1080003)\?,
PN Ai ) = (7082496 + 3974437 + 12176643\,
+(25923% + 6963843 — 1942272 + 1321926%) \;,
PN A B) = 7082496 + 3974437 + 12176645 > 0 for all § > —7.8046.

Now
ggl(Al, A\i; B) = 1344X\3(88 + 578% 4 1608 + 33%) > 0 for all 3 > —0.7350,
531 (Aiz \i; B) = 336A2(1120 + 4808% 4 15163 + 213%) > 0 for all 5 > —1.1099,
DA B) = 144X2(11704 + 158182 + 83140 + 483%) > 0 for all 8 > —2.5399,
DN A B) = 2880:(17848 + 59752 + 66468 + 98°) > 0 for all § > —4.1067.

Hence, §§1) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &30(Aj; Ais 8) = E3(Aj5 Ajs Ais ﬁ)/)\?. We wish to show that &3 is non-negative for
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all A; > \; > 0. Differentiating &3p with respect to \; gives

E0(Aji N B) = (76032 + 432067 + 129603) X
+(1446° 4 64806° — 95616 + 342726) A\
+(—1872003 + 125283* 4 14976 + 8643%)\7 A3
+(32640 + 283208 + 7203° + 50403%)AJ\;
+(13440 + 192008 + 144052) A},
WA B) = (304128 + 172862 + 518408) X’
+(4320° 4 194403° — 286848 + 1028163)\;\7
+(—3744083 + 250563% + 29952 + 1728 3*) A7 )\,
+(32640 + 283203 + 7203 + 50403%) A3,
SO A:8) = (912384 + 518467 + 1555205)\2
+(8643* 4 388803% — 573696 + 2056323)\; \;
+(—374408 + 2505637 + 29952 + 17283%)\?,
BN\ AiB) = (1824768 + 1036832 + 31104003) ),
+(864/3% + 388803% — 573696 + 20563205) \;,
W(\iA:B) = 10368(8+22)(8+3) > 0 for all § > —8.

Now
E0(\is Ai; ) = 1728XH(3 + 3)(B% + 126 + 8) > 0 for all § > —0.7085,
A ) = 192X3(416 + 26752 + 7588 + 153°) > 0 for all § > —0.7277,
DA ) = 283X2(1280 + 24052 + 11248 4 93°) > 0 for all § > —1.7494,
Wi A ) = 864X;(1448 + 5752 + 5986 + %) > 0 for all § > —3.5444.

Hence, & is positive for all A\; > \; > 0 and 3 > —%. This implies that £(Ai; Ai; Aj; Ais B)
is positive for all \; > A\; > \; > 0 and 3 > —%.

Differentiating £4(\;; Aj; Ai; B) with respect to \; we obtain

E(Ai A A B) = (80643 — 16128)\A; A + (10944 + 31683) (A7 + A2)A/
+(10944 + 31686)(A] + A})A]
+(518403 + 25926% — 20736) (AJA; + AAD) A
+(7776% + 31104 — 311048)A7AIN]
+(44160 + 28867 + 36096) (A} + A7)\
+(518403 + 25926% — 20736) (A AT + ATA))A]
+(10944 + 31688) (A XS + AfA3)
+(80643 — 16128) (A:A] + AN\
+(51843 + 25923 — 20736) (APA7 + A7AT) N,
+(44160 + 2883% + 36096) AP\,
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Define £44(Aj: Aii ) = €7 (Ai; Az Ay 3). We wish to show that &4 is non-negative for all
Aj > A; > 0. Differentiating £44 with respect to \; gives

Eu(N\ji N B) = (760320 + 262656)A2 + (1935365 — 387072)\:\;
+(760320 + 262656) )7,

A B) = (1520640 + 525312)); + (1935363 — 387072) A,

PN A B) = 15206453 + 525312 > 0 for all 8 > —3.4545.

Now

2
E4(Nis Nis B) = 69120)02(2 4 53) > 0 for all > -

2
DO A B) = 69120)(2+58) > 0 for all 3 > -

Hence, §i4) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &43(Aj; \i; B) = Sf’)()\j; Aj; Ais B). We wish to show that &3 is non-negative for
all A; > \; > 0. Differentiating &3 with respect to \; gives

E3(Aj; N B) = (10252803 + 479232 4 1728%) A7 + (2246403 + 15552% — 511488) A\
+(1071363 + 138240 + 155528%) A2\, + (264963 + 216576 + 17283%)\?,

DA B) = (3075840 + 1437696 + 51845%) A7 + (4492800 + 311045 — 1022976) A\ );
+(1071363 + 138240 + 15552(3%) A2,

DA B) = (6151688 + 2875392 + 103686%)); + (44928073 + 3110457 — 1022976)\;,

BN\ AiB) = 61516803 + 2875392 + 1036832 > 0 for all 3 > —5.1151.

Now

E3(Nis Ni; B) = 115207 (28 + 4083 + 35%) > 0 for all 3 > —0.7412,
2
WA B) = 1728002(6 + 16)(33 +2) > 0 for all § > -3
DA B) = 13824\(778 + 134 4 35%) > 0 for all 3 > —1.8776,
9N A B) = 6151680 + 2875392 + 103683 > 0 for all 3 > —5.1151.

Hence, @(f) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &42(Aj; \i; B) = 54(12)()\]-; Aj; Ais B). We wish to show that &5 is non-negative for
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all A; > \; > 0. Differentiating & with respect to \; gives

E(Nj; N B) = (369792 + 708483 + 17283%) ]
+(1382400 + 207363% — 359424) A\, A
+(69120 + 69124 + 311043%) A N7
+(175104 + 368643 + 69123\ ),
+(21888 4 6336/3) A7,

£5 (N A B) = (1479168 + 2833923 + 69125%)\
+(4147205 + 622083% — 1078272)\; A3
+(138240 + 1382413 + 622083*) A7\,
+(175104 + 368643 + 69126%)\3,

€5 (A A B) = (4437504 + 8501763 + 207365%)\>
(8294403 + 12441637 — 2156544)\; )\,
+ (138240 + 138243 + 622083%)\7,

(A Ai8) = (8875008 + 17003520 + 414723%) ),
+(8294400 4 1244163% — 2156544) \;,

DA A 8) = 8875008 + 17003520 + 4147232 > 0 for all 8 > —6.1386.

Now

E(Ais Nz B) = 8640N} (78 +16)(8 +2) > 0 for all 5 > —2,
DA 8) = 115200262 + 655 + 120%) > 0 for all § > —1.2358,
DA B) = 34560A2(70 + 498 4 64%) > 0 for all § > —1.8457,
SN AsB) = 414720(162 + 613 + 48%) > 0 for all 3 > —3.4249.

Hence, 51(12) is non-negative for all A\; > \; > 0 and § > —%.

Define &41(\j; \i; B) = il)(Aj; AjsAis B)/Aj. We wish to show that & is non-negative
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for all A; > \; > 0. Differentiating &4 with respect to \; gives

En(N; A B) = (322560 + 173952 + 8643%)\;
+(—184320 + 662400 + 129608%) \; A
+(259206% + 23040 — 288005) A7 A3
+(288008 + 864037 + 46080) A} ),
+(144003 + 5760) A,
WO :8) = (1290248 + 695808 + 34565%) X
+(—552960 + 19872003 4 388803%) A\ A;
+(518403% + 46080 — 576003) A7\, + (288003 + 86403% + 46080) A7,
PO A:8) = (3870728 + 2087424 + 103685%) A2
+(—1105920 + 39744083 + 7T77605%) A\,
+(518405 4 46080 — 576003) A2,
B\ Ai ) = (77414403 + 4174848 + 2073632\,
+(—1105920 + 39744083 + T77605%) \;,
WD\ A B) = 7741440 + 4174848 + 207363 > 0 for all 3 > —6.5377.

Now

Eai; \i; B) = 161280\ (36 4+ 4)(B+1) > 0 for all § > —1,
DN\ B) = 864X3(11982 4 272 + 346/3) > 0 for all 3,
PN\ B) = BT6A2(12623 + 1784 + 2435%) > 0 for all 3,
DA B) = 518AN(8+ B)(198 +74) > 0 for all B > — .

19

Hence, fil) is non-negative for all A\; > \; > 0 and 8 > —%.

Define 10(Aj; Ai; 8) = Ea(Xj5 Ajs Ais ﬁ)/)\?. We wish to show that &, is non-negative for
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all A; > \; > 0. Differentiating &,y with respect to \; gives

540()\;‘; A 5)

55\ \i; B)

i?))()‘j; Ai; 5)

f(;)()\j; Ai; 5)

550\ \i; B)

Now

(57984 + 107523 + 2883%) A + (518437 — 73728 4 264965)\; A
+(11520 — 144003 + 129608%) A7 A3

+(57605 + 1920083 + 30720) A\,

+(144003 + 5760) A7,

(231936 + 430083 4 11523%) A3

+(155523% — 221184 + T94883) A\, A7

+(23040 — 2880003 + 259208%) A7\,

+(57606% + 192008 4 30720)\2,

(695808 + 1290240 + 34563%) A7

+(311043% — 442368 + 1589763) \i )\

+(23040 — 288003 + 259205%) A2,

(1391616 + 25804803 + 69123%)\;

+(311043% — 442368 + 1589763) \;,

1391616 + 2580480 + 69123% > 0 for all § > —6.5377.

8064A; (33 +4)(B+1) > 0 for all B > —1,
16128X3(33 + 4)(B + 1) > 0 for all § > —1,

8640\ (763 + 16)(3 +2) > 0 for all 3 > —2,
1152),(824 + 3628 + 333%) > 0 for all 3 > —3.2235.

Hence, &, is positive for all A\; > A\; > 0 and § > —%. This implies that £(A;; Ai; Aj; Ai; )
is positive for all \; > A\; > \; > 0 and § > —%.
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Lemma B.14 Let

E A A i B) = (6483 + 15552 — 103683)¢(2, 2,2, 3)
+(220803 + 4323% — 6144)t(1,1,3,4)
+(12965% — 12963 — 2592)t(1,2,2, 4)
+(5763% + 316843 4 2163 — 10368)t(1,2, 3, 3)
+(1448% + 12963 + 5472)t(0,2, 3, 4)
+(240 + 6008)t(0, 1, 4,4)
+(1448% + 30723 + 16128 + 243°)t(0, 3, 3, 3),

where
t(a,be,d)= Y NTARAEN

(n1,m2,n3,n4)
eperm(a,b,c,d)

The expression £(Ag; A\i; Aj; Ai; B) is positive for all Ay > N > A; > \;, and > —%.

Proof.

Let

Sabe)= Y AR
(n1,n2,n3)
eperm(a,b,c)
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Differentiating &(Ax; Ai; Aj; Ai; 3) with respect to A, we obtain

EV N A A i B) = (17283% — 24576 4 88323)A35(1, 1,3)
+(24008 + 960)A;5(0,1, 4)
+(—51843 + 51843% — 10368)\;3(1,2,2)

+(21888 + 51843 + 576/3*)A\;5(0, 2, 3)
+(—311043 + 46656 + 19445°)\75(2,2,2)
+(12963% + 66243 — 18432)A73(1,1,4)
(—31104 + 6483 + 17285% 4 95043)A\25(1, 2, 3)
+(38883 + 16416 + 4323%)125(0, 2, 4)
+(4323% + 723 + 48384 + 92163)A15(0, 3, 3)

(—

(

(=

(

(

(=

(

+

207363 + 12963 + 31104)\x3(2, 2, 3)
+(6336 + 4323° — 20736 + 11523%)\:3(1, 3, 3)
+(—5184 + 259237 — 25923)\5(1, 2,4)
+(10944 + 28837 + 25923) A 3(0, 3, 4)
+(240 + 6008)5(0, 4,4)
+(—2592 + 12963% — 12963)3(2, 2, 4)
+(5763* + 31680 + 2163° — 10368)3(2, 3, 3)
+(22083 + 4323% — 6144)3(1, 3,4),
ED N Mz A A B) = 3(17283% — 24576 + 88323)A25(1, 1, 3)
+3(240083 + 960)\23(0,1, 4)
+3(—51843 + 51843 — 10368)A{5(1, 2, 2)
+3(21888 + 51840 + 5763%)A\;.3(0, 2, 3)
+2(—3110403 + 46656 + 19443*)1,.3(2, 2, 2)
+2(12963* + 66243 — 18432)\.5(1, 1,4)
(=
(
(

+

2(—31104 + 6483 + 17285 + 95043) \i3(1, 2, 3)
2(3888(3 + 16416 + 4323%)\5(0, 2, 4)
+2(4323% + 723% 4 48384 + 92163)\.5(0, 3, 3)

~ 4

+(—207363 + 12963° + 31104)3(2, 2, 3)
+(63363 + 4323% — 20736 + 11523%)5(1, 3, 3)
+(—5184 + 25923% — 25923)3(1, 2, 4)
+(10944 + 2883 + 2592/3)5(0, 3, 4),
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E N A AN B) = 6(17283% — 24576 + 88328)\é(1, 1, 3)

+6(24003 + 960)\,5(0, 1,4)
+6(—51843 + 51843* — 10368)\x3(1,2,2)

+6(21888 + 51843 + 5763%) A\.3(0, 2, 3)
+2(—3110403 + 46656 + 19443%)3(2, 2, 2)
+2(1296% + 66243 — 18432)3(1,1, 4)
+2(—31104 + 6483 + 17283? + 9504/3)5(1, 2, 3)
+2(38883 + 16416 + 4323%)3(0, 2,4)
+2(4323% 4 723% + 48384 + 9216(3)5(0, 3, 3),

ED N A AN B) = 6(17283% — 24576 + 88323)5(1, 1, 3) 4 6(24008 + 960)5(0, 1, 4)
+6(—518403 + 51843% — 10368)5(1, 2, 2)
+6(21888 + 51843 + 576/3%)3(0, 2, 3).

Define

oA A5 058) = S A5 A5 A5 8) /A,
& AJ,AW@) = s<1><Al;Az;Aj;Ai;ﬁ>,
A A B) E DA A A5 B),
(N AJ,AWB) LB )\l,)\],AZ,ﬁ)
Ea( s Ajs Ais B) LD A Ay A B).

We will prove that the above equations are non-negative for all Ay > A\ > A\; > A\, >0
and 0 > —% and, hence, deduce that £(Ag; A\i; Aj; A3 8) is positive for all A\, > A\ >
)\]2)\Z>Oandﬁz—§
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Now

So(A; A i 8) = ((240 4 6008)\; + (240 + 6003)\;) A/
+(2883% + 259203 + 10944) (X7 + A7)\
+(44168 — 12288 + 8645%) A\ A\ jAY
+(—15552 4 5763 + 2163° + 31686%) (A A7 + A2N;) N
+(4326% 4 248° + 27072 + 56648) (A} + A)) A
+(107526 — 33024 + 20163% + 4326%) (A AT + XA\
+(11424 + 37928 + 2886%) (X} + A A
+(2592/% + 25920 + 12963° — 233283) A7 A\
+(1440% + 5760 — 14403 4 10803%) (AZX? + N A3\
(216037 — 14400 + 43203) (A AT + AfA)) A
(28807 + 5760) (A ] + A4>\2))\2
+(11520 + 124800 + 14405° + 4808%) A XN}
+(4800 + 48008 + 7208%) (APAT + AfAD) N,
+(480 + 12003) A7 A;.

+

Define &y7(Aj; Ai; B) = 567)()\5; Aj; Ais 3). We wish to show that &7 is non-negative for all
Aj > A\; > 0. Differentiating &y; with respect to \; gives

Cor(\j; A B) = (302400083 + 1209600)\; + (302400083 + 1209600)\;,
2
&7 (i A ) = 30240008 + 12096005 > -=.
Now

2
Sor(Mis A ) = 1209600(2 + 58)A; > 0 for all § > —=.

Hence, 567) is non-negative for all A\; > A\; > 0 and 8 > —%.
Define §os(Aj; Ais 5) = 566)0\]-; Aj; Ai; 3). We wish to show that &y¢ is non-negative for
all \; > A; > 0. Differentiating s with respect to \; gives
o6(Aj; Ais B) = (489024073 4 9089280 + 2073603%) A
+(620352083 — 7637760 + 6220803%)\;\,
+ (7879680 + 186624073 + 2073605%)\2,
1)()\ Ai; B) = (97804803 + 18178560 + 4147203%) ),
+(62035203 — 7637760 + 6220805%) \;,
(A M 8) = 97804803 + 18178560 + 414720532, > 0 for all 3 > —2.0341.

Now

Cos(Mi; i3 B) = 518400)7(258 + 18 4 24%) > 0 for all 3 > —0.7671,
i A B) = 86400);(1855 + 122 + 123%) > 0 for all 3 > —0.6904.
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Hence, 5((]6) is non-negative for all A\; > \; > 0 and 8 > —%.
Define &y5(Aj; \i; B) = 5(()5)()\]-; Aj; Aiz B). We wish to show that £ys is non-negative for
all \; > A; > 0. Differentiating {5 with respect to A; gives
os(Aji A B) = (40579203 + 11733120 + 25920057 + 28805°) X3
+(4760640 — 10108800 + 10022403° + 259205) \; A3
+(6013440 + 19353603 + 5875203% + 259208%) A7 ),
+(6796803 + 3248640 + 518405 + 28803°) A7,
B\ AisB) = (12173760 + 35199360 + 7776005 + 86405%)\2
+(95212804 — 20217600 + 20044803% 4 518405%)\i ),
+(6013440 + 193536003 + 5875203 + 259203%) A7,
BD(\iAiB) = (243475208 + 70398720 + 15552003 4 172804%) )
+(9521280 — 20217600 + 200448052 + 518405°) A,
B\ A B) = 243475208 + 70398720 + 155520082 + 172803 > 0 for all 3 > —3.7540.
Now
Cos(\i; Ais B) = 288007 (3978 + 378 + 6637 + 2°) > 0 for all 3 > —1.1726,
DA B) = 4320002(5478 + 486 + 788> + 2%) > 0 for all 8 > —1.0380,
DAz i B) = 34560),(9808 + 1452 4+ 10352 + 26%) > 0 for all 3 > —1.8160.
Hence, 5((]5) is non-negative for all A\; > \; > 0 and 8 > —%.
Define &yu(Aj; \i; B) = 5(()4)()\]-; Aj; Aiz B). We wish to show that £y, is non-negative for
all \; > A; > 0. Differentiating {4 with respect to \; gives
Soa(Nji N B) = (7664256 + 22078080 + 1624323 + 28805°) A
+(—6880896 + 242092803 + 7395843 + 362883 ) \; A}
+(44236803 + 2695680 + 5460483> + 570245 ) A \?
+(9377283 + 2456064 + 1002243% + 132483%)\I\;
+(910083 + 69123* + 274176) )\,
SO A B) = (30657024 + 88312320 + 6497283 + 115205%)\°
+(—20642688 + 72627843 + 221875237 + 108864/3°) \; A
+(884736 4 5391360 + 109209652 + 1140483%)\2\;
+(9377283 + 2456064 + 1002243% + 132483%) A3,
POy AaB) = (91971072 + 264936963 + 194918437 + 345605%)\2
+(—41285376 4 145255683 + 443750432 4 2177286%) A\,
+-(884736/3 4 5391360 + 10920963 + 1140483%)\2,
B\ a:B) = (183942144 + 5298739243 + 389836852 + 691208%)\;
+(—41285376 + 145255683 + 44375042 + 2177283) \;,
WA B) = 183942144 + 529873923 + 389836832 + 691203° > 0 for all 3 > —5.4358.
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Now

Coa(Ni; Ay B) = 5T60A! (1078 + 10593 + 2708% + 195°) > 0 for all B > —1.5912,
S A B) = 2830A2(6202 + 62215 + 14108 + 863°) > 0 for all 8 > —1.4073,

P \i;hii ) = 3456X2(16226 + 121250 + 216452 + 1063%) > 0 for all 3 > —1.9551,
B \i; i B) = 3456A,(41278 + 1953503 + 241262 + 833%) > 0 for all 3 > —3.3153.

Hence, 5((]4) is non-negative for all A\; > \; > 0 and § > —%.

Define &p3(Aj; \is B) = (()3)()\j; AjsAis B)/Aj. We wish to show that y3 is non-negative
for all A\; > \; > 0. Differentiating {y3 with respect to \; gives

Sos(Nji N B) = (3262176 + 86788873 + 673926% + 14403%)A]
+(9744483 + 355104% — 3236256 + 233283%) \; X}
+(2954883* 4 1036800 — 2229124 + 505443 ) A7 \?
+(829443% + 5892483 + 182883 + 866304) A7 \;
+(1169283 + 198723% + 187776) A\,

SO AsB) = (13048704 + 34715520 + 26956832 + 57605%)\2
+(29233440 + 10653126? — 9708768 + 69984/3° ) \; A7
+(5909763% + 2073600 — 4458243 + 1010883 ) A7\,
+(829443% + 5892483 + 182883° + 866304)\,

B(\iAiB) = (39146112 + 1041465603 + 8087043 + 172806%) A3
+(5846688(3 + 213062432 — 19417536 + 139968 3*) \; )\,
+(5909763% + 2073600 — 4458243 + 1010883*) A7,

B\ AiB) = (78292224 4 2082931243 + 161740837 4 345603%) )
+(58466883 + 213062432 — 19417536 + 1399683%)\;,

WA B) = 78292224 + 208293123 + 161740847 + 345603° > 0 for all 3 > —6.9654.

Now

Es(Nis Ai; B) = T200X7(1353 +49)(8 +3)(8 +2) > 0 for all § > —2,

DN\ B) = T20A3(8722 + 90818 + 27904% + 2713%) > 0 for all 8 > —1.7083,
s A B) = 864A2(25234 + 183053 + 408632 + 2993%) > 0 for all 3 > —2.6023,
BN\ B) = 864)(68142 + 308753 + 433852 + 2025%) > 0 for all B > —4.2046.

Hence, 5((]3) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &p2(Aj; \is B) = 562)()\]-; Aj; )\i;ﬁ)/)\?. We wish to show that &y, is non-negative
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for all A; > \; > 0. Differentiating &y, with respect to A; gives

502()% A 5)

(();)(Aj; Ais 5)

20 A B8)

(i Ai; 8)

(()é)O\jQ Ai; B)

Now

5020\1'; Ais 5)
B A B)

2\ A 8)
f(()g)(Ai; )\1;; ﬁ)

(2617443 + 1016928 + 4804° + 207363%) A
+(1264323% — 1152288 + 32414413 + 95045 ) A X3
+(1175045% — 1992963 + 374400 + 263526° ) A7 A7
+(131045° + 4435237 + 2586243 + 202752) A\ \;
+(221763% + 62208 + 714243) )\,

(10469763 4 4067712 + 19205° 4 829445%)\
+(379296° — 3456864 + 97243203 + 285123°)\; A
+(2350083% — 3985923 + 748800 + 527043%) A7 ),
+(131043° + 4435237 + 2586243 + 202752)\?,
(31409283 4 12203136 + 57603° + 2488323°)\7
+(7585923% — 6913728 + 19448643 + 570243°)\; )\,
+(2350083% — 3985923 + 748800 + 52704/3°) A7,
(62818563 + 24406272 + 115203% + 4976643*) ),
+(7585923% — 6913728 + 19448643 + 570243%)\;,

147

62818563 + 24406272 + 1152052 + 4976645% > 0 for all 3 > —8.2141.

1
4807} (1038 + 175)(B + 3)(B +2) > 0 for all 3 > —ﬁ,

1085
240X} (4015 + 1085)(8 +3)(8 +2) > 0 for all § > —— ==,

288)\2(162753 + 20966 + 4013% + 4314/3%) > 0 for all B > —3.1231,

> 0 for all 5 > —4.2173.

Hence, 5((]2) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &y (Aj; \i; B) = f[()l)()\j; Aj; )\i;ﬁ)/)\?. We wish to show that &y, is non-negative
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for all A; > \; > 0. Differentiating &y with respect to \; gives

Sn(Nj; Ais B) = (248400 + 632403 4 1203° + 50405°) A}
+(355683% — 325104 + 895440 + 28083°)\i\]
+(380163% — 792000 + 120384 + 95043%) A7 \?
+(967683 + 60483% + 1814437 + 48384)\? ),
+(141123* + 329283 + 18816) A,

&Y (N A B) = (993600 + 2529603 + 4805° + 2016052 A2
+(1067043% — 975312 + 2686323 + 8424 )\ \?
+(760323% — 1584003 + 240768 + 190083%) A7\,
+(967683 4 60483° + 181443 + 48384)\7,

&7 (N A B) = (2980800 + 75888003 + 14403° + 604805%)\2
+(2134083% — 1950624 + 5372643 + 168483%)\;\;
+(760323* — 15840073 + 240768 + 190083%) A7,

DA B) = (961600 + 15177600 + 28803 4 12096052) A,
+(2134083% — 1950624 + 5372643 + 168483°) \;,

7 (N A B) = 2880(8 + 10)(3 + 9)(B + 23) > 0 for all 3 > —9.

Now
E1(Ai; Ai; B) = 18480A/(B+3)(B+2)(8+1) > 0 forall § > —1,
427
WA B) = 120032838 + 427)(8 +3)(3+2) > 0 for all 5 > 553
D \i;hiiB) = 144X2(5 + 3)(2596% + 16533 + 2942) > 0 for all § > —3,
BN AiB) = 144027854 + 142715 + 1378° 4 232232) > 0 for all § > —3.6636.

Hence, éél) is non-negative for all A; > \; > 0 and § > —2.

Define &oo(Aj; Ais 8) = Eo(Aj5 Ajs Ais ﬁ)/)\?. We wish to show that &y is non-negative for
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all A; > \; > 0. Differentiating &y, with respect to \; gives

Soo(Aj; Ais B) = (49680 + 126483 + 10083% + 243%)\;
+(206644 — 75024 + 820837 + 6487 ) A X}
+(103684% — 216000 + 32832 + 25923°) A7 A3
+(60483 + 20163% + 16128 + 32256 3) A\,
+(8064 + 141123 + 60483%) A7,

&6 (Ai A B) = (198720 + 505920 + 403267 + 966°)\3
+(6199206 — 225072 + 2462437 + 19443°) X\
+(207363% — 4320083 + 65664 + 51843°) A7),
+(60483% 4 20163 + 16128 + 322563)\7,

PN\ B) = (596160 + 1517763 + 1209652 + 2886%)\3
+(1239843 — 450144 + 492483% + 38883°)\; )\,
+(207363% — 4320083 4 65664 + 51843%)\2,

B\ AiB) = (1192320 4 30355203 + 241923 4 5763%) )
+(1239843 — 450144 + 492483% + 38883°) \;,

DA B) = 1192320 + 3035520 + 2419262 + 5763° > 0 for all 3 > —9.

Now

Soo(Nis Ai; B) = 5280A(6+3)(6+2)(B+1) > 0forall 3> —1,

&0 (N A B) = 9240X3(B +3)(B+2)(B+1) > 0 for all 3 > —1,

&0 (N A B) = T2002(1303 +49)(6 + 3)(8 +2) > 0 for all § > —2,
8N A B) = 1440(8 + 3) (3187 + 4178 + 1718) > 0 for all § > —3.

149

Hence, & is positive for all \; > \; > 0 and 3 > —%. This implies that £(A;; A\i; Aj; Ai; )

is positive for all Ay > A\; > \; > 0 and 3 > —%.
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Now

E(N AN 0) = (24005 + 960)(A; + Ai) A/
+(38304 4 90720 + 10085%) (A7 + A7)\
+(—43008 4 302437 + 15456 3) \; A\ AP
+(172803 + 9504 — 46656 + 6483%) (AA7 + A7 X;) A
+(12965° 4 81216 + 726% + 169926) (A 4 A?)A]
+(10808% + 504037 — 82560 + 268803) (A A + APA/) A/
+(720% + 28560 + 94803) (A + A} A/

(—
(
(
(
(
+(648032 — 583208 + 64800 + 32404%) A2AZ\]
(
(—
(
(
(
(

+

21603° + 11520 — 288003 4 28805%) (A7 A7 + A A7) A]
28800 + 43203 + 86403) (A A + AfA)) A

+(43205% 4 8640) (ATX] + AJAT)A

+(187205 + 17280 + 21603 + 7208 ) A\ X2}

+(4800 + 48008 + 7206%) (AJA] + AIAD)A,

+(240 + 6008)AINY

1))

+

and, hence,

2
DA A B) = (1209600083 + 4838400) (A, + ;) > 0 for all 5 > -

Define &16(Aj; Ais ) = 51 (/\z, Ai; ). We wish to show that £ is non-negative for all
Aj > A > 0. Differentiating §16 Wlth respect to \; gives

G6(Aj; Ais B) = (1862784073 + 32417280 4 7257605%) ]
+(232243203 — 26127360 + 21772805%)\; )\,
+(27578880 + 72576032 + 65318403) 12,
WA B) = (372556800 + 64834560 + 14515208%)\;
+(232243205 — 26127360 + 21772803%)\;,
@A\ 8) = 372556803 + 64834560 + 145152062 > 0 for all 8 > —1.8776.

Now

E6(Ai A B) = 1209600A2(28 + 408 + 332) > 0 for all 8 > —0.7412,

2
D Az B) = 1209600\:(8 + 16)(33 +2) > 0 for all 8 > -5

Hence, 5%6) is non-negative for all A\; > \; > 0 and 3 > —%.
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Define &15(A;: Aii ) = €7 (A; Ay Ais 3). We wish to show that &5 is non-negative for all
Aj > A; > 0. Differentiating &5 with respect to \; gives

&5(Aj; A B) = (146188803 4 39744000 + 8812805% + 86403%) A7
+(173836803 — 34145280 + 777603> + 33177603%) \; A3
+(21980160 + 18662403* + 67392003 + T77603°) A7 ),
+(9745920 + 86403° + 15552037 + 20390403)\?,
A8 = (43856640 + 119232000 + 264384052 + 259205°) A2
+(347673608 — 68290560 + 155520° + 66355203%) \;i )\,
+(21980160 + 18662403* + 67392008 + 777603\,
DA\ 8) = (87713280 + 238464000 + 528768032 + 518403°) ),
+(347673603 — 68290560 + 1555203% + 66355205%) \;,
B (AN 8) = 877132800 + 238464000 + 528768052 + 5184043 > 0 for all 3 > —3.3874.

Now

515(/\,, M\i;B) = 172800)\%(2363 + 216 + 363% + 5°) > 0 for all B > —1.0915,
DA 8) = 8640022(9883 + 844 + 12932 + 33%) > 0 for all § > —0.9757,
515 (Ai; \i; B) = 34560\;(35445 + 4924 + 3456 + 64) > 0 for all B > —1.6454.

Hence, §§5) is non-negative for all A\; > A\; > 0 and 8 > —%.

Define &14(Aj; Ai; B) = §§4)()\l; Aj; Ais 3). We wish to show that &4 is non-negative for all
Aj > A; > 0. Differentiating &4 with respect to \; gives

&a(Nj; A B) = (25027200 + 75484800 + 86403 4 5356805°) A
+(—22256640 + 84326408 + 1036803 + 23500803%) A\ A7
+(20736003 + 9745920 + 16588803 + 1555203%) A7 A3
+(7764480 + 345605° + 2764803% + 26841603) A3\,
+(2275203 + 172803% + 685440) )\,

WA 8) = (100108800 + 301939208 + 345604° + 21427206%) A2
+(—66769920 + 252979200 + 31104053 + 70502403%) i\
+(41472003 + 19491840 + 33177603 + 31104058%) A7\,
+(7764480 + 345603% + 2764803% + 26841603) 7,

P\ As8) = (300326400 + 9058176083 + 1036805° + 642816052) A
+(—133539840 + 505958403 + 6220803" + 141004805%) A\,
+(414720083 + 19491840 + 33177603 + 3110403%) A7,

B XA B) = (600652800 4 1811635203 + 2073608% + 128563204%) ),
+(—133539840 + 505958403 + 6220803 + 141004805%) \;,

WAz B) = 600652800 4 1811635208 + 2073603 + 128563203 > 0 for all 3 > —4.8608.
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( B) = 100800A}(208 4 2083 + 33> + 483%) > 0 for all > —1.4294,
DA B) = 11520003(526 + 5413 + 63° + 1113%) > 0 for all 3 > —1.2898,

( 3) 17280002 (1078 + 8413 + 65> 4 1383%) > 0 for all 5 > —1.7421,

( B) = 69120\;(6758 + 33533 + 123% + 3908%) > 0 for all 3 > —2.9155.

Hence, §§4) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &13(A\j; \i; B) = %3)()% AjsAis B)/Aj. We wish to show that {3 is non-negative
for all A\; > \; > 0. Differentiating {3 with respect to \; gives

&3(Aji A B) = (10356480 + 28396800 + 2160003 + 43205°) ]
+(10800006% — 9912960 + 31593600 + 648005”) \; A2
+(3421440 + 86400057 — 2246408 + 1296003°) A7 A3
+(2160005 + 2960640 + 432003° + 16473603) A\,
+(279360.3 + 432003% + 512640) )},

GO\ As8) = (41425920 + 1135872005 + 86400047 + 172805%) A2
+(32400003% — 29738880 + 947808073 4 1944005 ) A\, \?
+(6842880 + 172800037 — 4492803 + 2592003%) A7 \;
+(2160005% + 2960640 + 432003° + 16473603)\?,

BN\ 8) = (124277760 + 3407616053 + 259200052 + 518408%)\;
+(64800003* — 59477760 + 189561603 + 3888003 ) \i\;
+(6842880 + 17280003% — 4492803 + 2592005%)\?,

BN\ 8) = (248555520 + 681523203 + 518400052 + 1036803\,
+(64800003% — 59477760 + 189561603 + 3888005°) \;,

WA B) = 248555520 4 681523200 + 518400043 + 1036803 > 0 for all 5 > —6.2366.

Now

= 40320\{(182 4+ 1918 + 603* + 63%) > 0 for all 3 > —1.7321,

= 10080)?(2132 + 21863 + 6003% + 513%) > 0 for all 3 > —1.5432,
= 8640)?(8292 + 60863 4 12503* + 813%) > 0 for all § > —2.2524,
= 8640);(21884 + 1008243 + 13503 + 573%) > 0 for all B > —3.7735.

Hence, ég) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &12(Aj; \i; B) = §§2)()\j; Aj; )\i;ﬁ)/)\?. We wish to show that & is non-negative
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for all A; > \; > 0. Differentiating &, with respect to \; gives

E2(Nj; M B) = (8265600 + 3156480 + 14404° + 648003%) A
+(3672005% 4 9734400 — 3346560 + 259203°) \;A7
+(1080000 — 4104008 + 3240005” 4 648003%) A7 A3
+(737280 + 68256003 + 288003% + 1080003%) AP\,
+(187200 + 432008 + 1656003) A},

S5 As8) = (33062400 + 12625920 + 57603° + 2592005%) X
+(11016005” + 29203203 — 10039680 + 777603%)\;A;
+(2160000 — 8208003 + 6480003% + 1296003°) A7 ),
+(737280 + 6825603 + 288003% + 1080003%)\?,

SN\ AsB) = (99187208 + 37877760 + 172805° + 7776005%)\2
+(22032003% + 58406403 — 20079360 + 1555203%) \;\;
+(2160000 — 8208003 + 6480003 + 1296003°)\7,

B XA B) = (198374408 + 75755520 + 3456043 + 155520037) A,
+(22032005% 4 58406403 — 20079360 + 1555203%)\;,

WX A B8) = 198374408 + 75755520 + 345603 + 155520082 > 0 for all § > —7.4474.

Now
Eia(Ais Ais B) = 60480X7 (26 +5)(8 +3)(8 +2) > 0 for all § > —2,
D) = 20160A%(3023 + 272 + 128% + 1053%) > 0 for all 8 > —1.7670,
DN A B) = 60480A2(2470 + 330 + 53° 4+ 608%) > 0 for all § > —2.7671,
DN\ B) = 8640X;(20723 + 6444 + 223% + 4353%) > 0 for all 3 > —4.2105.

Hence, 5%2) is non-negative for all A\; > A; > 0 and § > —%.

Define &11(A\j; \i; B) = f%l)()\j; Aj; )\i;ﬁ)/)\?. We wish to show that &;; is non-negative
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for all A; > \; > 0. Differentiating &;; with respect to \; gives

E1(Nji A B) = (756864 4 19411203 4 3605° + 154083%) X
+(2516163 — 901248 + 98784(3> + 75603%)\; A
+(307584 + 967683% — 1788483 4 226805”) A7 \7
+(2260808 + 149760 + 126003° 4 4032058%) A} \;
+(49920 + 6864003 + 252005%)\{,

DA B) = (3027456 + 7764485 + 14405° + 6163253%) X7
+(7548483 — 2703744 + 29635237 + 226803%) \; A7
+(615168 + 1935363% — 3576963 + 453603 ) A7 )\,
+(22608083 + 149760 + 126005 4 403205%)\?,

DA 8) = (9082368 + 23293440 + 43205 + 1848965%) )2
+(1509696/3 — 5407488 + 59270437 + 453603° )\ )\,
+(615168 4 193536/3% — 3576963 + 4536053%) A2,

BN\ 8) = (18164736 + 465868803 + 86405° + 36979232) )\,
+(15096963 — 5407488 + 5927043% + 453603%)\;,

WA\ 8) = 18164736 + 4658688 + 86403° + 36979232 > 0 for all 3 > —8.4121.

Now
7
&N i) = 8640M (56 +7)(8+3)(8+2) > 0forall § > e
WA B) = 432003(195 +42)(8 +3)(B+2) > 0 for all § > —2,
B (Ni;\iB) = BT6AZ(7448 + 60440 + 1653% + 16864%) > 0 for all 3 > —3.0958,
B (\i; i B) = 144);(88592 + 428363 + 3753 + 668432) > 0 for all B > —4.0263.

Hence, él) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &1o(Aj; Ais 8) = &1(A\j5 Aj5 Ais ﬁ)/)\?. We wish to show that ;¢ is non-negative for
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all A; > \; > 0. Differentiating &;p with respect to \; gives

Go(Aj; A B) = (379448 + 149040 + 30245° + 726°)A]
+(—200064 4 218883% + 551043 + 1728 ) A\, X3
+(76608 — 504003 + 2419267 + 60483°) A7\
+(12096/3% + 32256 + 40323% 4+ 645123) A2\,
+(100803% 4 13440 + 235205) 4,

&0\ B) = (1517765 + 596160 + 1209652 + 2885°) A
+(—600192 + 656645” + 1653120 + 51845 )\, \?
+(153216 — 10080003 + 483843% 4+ 120963%) A7 \;
+(12096/3% + 32256 + 40323% + 645123) A7,

£ (N his B) = (4553283 + 1788480 + 362883 + 8644%) \2
+(—1200384 + 1313283% + 3306243 + 103683*)\;\;
+(153216 — 1008003 + 483843% + 120963%)\7,

A B) = (9106560 + 3576960 + 7257637 4 17283%) )\,
+(—1200384 + 131328/3? + 3306243 + 103683%)\;,

&0 (A hisB) = 1728(8 +10)(8 + 9)(8 + 23) > 0 for all 3 > —9.

Now
G0N A B) = 11880A (6 +3)(6 4+ 2)(B + 1) > 0 for all 3 > —1,
00N B) = 43200358+ T7)(B+3)(B+2) > 0forall § > —g,
DAz B) = 864X2(8 4 3)(278 + 1698 + 286) > 0 for all 3 > —3,
ED N\ B) = BT6M (215503 + 4126 + 35432 + 218%) > 0 for all § > —3.5443.

Hence, & is positive for all \; > \; > 0 and 3 > —%. This implies that £(A;; A\i; Aj; Ai; )
is positive for all Ay > A\; > \; > 0 and 3 > —%.
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Now

S AN ) = (72008 + 2880)(A; + A)AY
+(98496 + 25923> + 233283) (A} + A7)\
+(397443 + 777637 — 110592) \;\; A
+(216006% + 8643 — 98496 + 12965”) (A:A? + A7A;) A/
+(365760 + 1444”4 173376 + 28805%) (X3 + X))\
+(—156672 4 17283% + 518403 4 9792%) (X} + A X))\
+(11526% + 46656 + 175683) (A + AH)A/

(—98496 + 155523% 4 51843° + 93312) A7 A7\

(

(

(

(

(

+

+(138240 + 25926° 4 34560 + 518457 (AFAT + AJAZ)A]
+(5184/3% + 178563 — 39168) (A A + AfAj) A

+(27648 + 51840 + 3456/3%) (A7 A] + Aj AT\

+(576/3% + 247683 + 76032 4 20163%) A A7\,

+(28803% + 25920 + 10944) (AJA] 4+ AIAY),

and, hence,

2
P A A B) = (51840008 + 2073600)(A; + A;) > 0 for all 3 > -

Define &5(Aj; \i; B) = §5)(/\j; Ajs Ais B). We wish to show that &5 is non-negative for
all A; > \; > 0. Differentiating &5 with respect to \; gives

Sos(Nj; Ais B) = (79833603 + 13893120 + 31104057\
+(99532803 — 11197440 + 9331203%)A\; A,
+(11819520 + 3110403% + 27993605)\?,
DA B) = (159667208 + 27786240 + 6220805%) A,
+(99532803 — 11197440 + 93312082 \;,
DN\ AiB) = 159667200 + 27786240 + 62208032 > 0 for all 3 > —1.8776.

Now

Ea5(Nis i B) = 518400A%(28 + 408 + 352) > 0 for all 8 > —0.7412,

2
DN AsB) = 518400X(8 + 16) (36 +2) > 0 for all § > -5

Hence, 555) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &4(Aj; \i; B) = 554)()\]-; Aj; Ais B). We wish to show that &4 is non-negative for
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all A; > \; > 0. Differentiating &4 with respect to \; gives

S4(Nji N B) = (62691843 + 17017344 + 38016037 + 34563°) X7
+(73820164 — 14598144 + 14515206% 4 3110453°) ;A3
+(9455616 + 8294403% + 28200963 + 311043%) A7),
+(877824(3 + 34563° + 4161024 + 691205%) A\,
SO A B) = (188075520 + 51052032 + 114048057 + 103683%)\2
+(147640328 — 29196288 + 29030403% + 622083%) \;\;
+(9455616 + 8294403* + 28200963 + 31104/3*) A7,
DN\ AiB) = (376151044 + 102104064 + 228096043 4 207363%) )
+ (147640323 — 29196288 + 29030403 + 622083%)\;,
BN\ AiB) = 3761510443 + 102104064 + 22809603 + 207363° > 0 for all 3 > —3.3897.

Now
Eaa(Ai; M B) = 3456073 (5023 4 464 + 793 +23%) > 0 for all 3 > —1.1141,
DN\ 3) = 103680A%(3513 + 302 + 478% + 5%) > 0 for all B > —0.9885,
N A B) = 41472),(12635 + 1758 + 12547 + 26°) > 0 for all § > —1.6562.

Hence, 554) is non-negative for all A; > \; > 0 and § > —2.

Define &3(Aj; \i; B) = fég)()\j; Aj; Aiz B). We wish to show that £»3 is non-negative for
all \; > A; > 0. Differentiating 3 with respect to A; gives

E3(Nj; A B) = (10696320 + 32469120 + 3456/3° 4 2315525°) X
+(—9593856 + 35804163 + 10437123° + 414723°) ;A
+(4105728 + 7672327 + 82944003 4 622083°) A7 A3
+(1188864(3 + 138243 + 3220992 + 1278723%) A} ),
+(69124% + 1054083 + 279936) A},

SO A B) = (42785280 + 129876483 + 1382443° + 9262085%) X
+(—28781568 + 107412480 + 313113637 + 1244163%)\;\;
+(8211456 + 15344643% + 1658880 + 1244163°) A2\,
+(118886403 + 138243 4 3220992 + 1278723%) )%,

i\ B) = (128355840 + 389629440 + 414723° + 2778624%) )2
+(—57563136 + 214824963 + 62622723% + 2488323°)\; )\,
1-(8211456 + 15344643% + 165888003 + 1244163%) )2,

BN AsB) = (256711680 + 779258883 4 829443° + 55572480%)\;
+(—57563136 + 214824963 + 62622723 + 2488323°) \;,

W\ A B) = 256711680 + 779258883 + 82944 3% + 55572483 > 0 for all 3 > —4.8510.
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( B) = 1209607\ (3 + 4)(8% + 148 + 18) > 0 for all 3 > —1.4322,

(A A ) = 17280A3(1472 + 15380 + 163° + 3314%) > 0 for all § > —1.2958,
( B) 103680)7(762 + 5993 + 4/3° + 1023%) > 0 for all 8 > —1.7669,
( B) = 41472);(4802 + 23978 + 83 + 2853%) > 0 for all B > —2.9562.

Hence, 553) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &2(Aj; \i; B) = 52)()% AjsAis B)/Aj. We wish to show that &y is non-negative
for all A\; > \; > 0. Differentiating &»2 with respect to A; gives

E2(Nji Ais ) = (4416768 + 12268800 + 9331237 + 17283%) A
+(13680008 — 4325760 + 4838403 + 259203%) \;\?
+(1416960 + 41472037 — 8640073 + 518405 ) A7 X7
+(1209600 + 1036803* + 172803% + 7776008) A} \;
+(172803% + 1411208 + 201600) A},

SN\ B) = (17667072 + 49075200 + 37324832 + 69126%)\2
+(41040008 — 12977280 + 14515203 + 777603°) \; A7
+(2833920 + 8294403 — 1728008 + 1036803) A7\,
+(1209600 + 1036803* + 172803% + 7776003) A,

DA B) = (53001216 + 1472256003 + 11197443 + 207363°)\7
+(82080008 — 25954560 + 290304032 4 1555203*) \;\,
+(2833920 + 8294403 — 1728000 + 1036803°) 7,

BN\ AiB) = (106002432 4 2944512083 + 22394883 4 414723%) )
+(82080003 — 25954560 + 29030403% + 1555203%) \;,

B\ A:8) = 106002432 + 294451203 + 223948832 + 414723% > 0 for all 3 > —6.1457.

Now

— 80647 (362 + 4254 + 13832 + 123%) > 0 for all 3 > —1.4432,

= 12096)%(722 4 7953 + 2283% 4+ 17%) > 0 for all 3 > —1.4368,

= 10368)\2(2882 + 21953 + 4683* + 273%) > 0 for all 5 > —2.2600,
= 3456)7;(23162 + 108953 + 14883% + 573%) > 0 for all 3 > —3.8598.

Hence, 552) is non-negative for all A\; > \; > 0 and 8 > —%.

Define & (Aj; \i; B) = fél)()\j; Aj; )\i;ﬁ)/)\?. We wish to show that & is non-negative
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for all A; > \; > 0. Differentiating & with respect to \; gives

E1(Aj; N B) = (35884803 + 1343232 + 27936/3° 4 5763°) A
+(43660873 — 1478016 + 16502437 + 103685”) \; A
+(—14256073 4 1598403% + 475200 + 259206” ) A7 A2
+(368640 + 532803% + 3542403 + 115208%) AP\
+(89280 + 1728053% + 936003) A},

SOy B) = (14353920 + 5372928 + 11174452 + 23045%)\3
+(1309824/3 — 4434048 + 4950723 + 311043°) ;A
+(—2851203 + 3196803 + 950400 + 518403°) A7),
+(368640 + 532804 4 3542403 + 115208%)\?,

DOy AiB) = (430617608 + 16118784 + 33523202 + 69126%)\2
+(26196483 — 8868096 + 99014437 + 62208 3% )\,
+(—285120 + 3196803 + 950400 + 518403°) 7,

B\ A:B) = (861235208 + 32237568 + 67046437 + 138243%) )
+(26196483 — 8868096 + 99014437 + 622083°) \;,

WA B) = 861235203 + 32237568 + 67046437 + 138243% > 0 for all 3 > —7.0502.

Now
gzl(A AiiB) = 1209616+ 3)(46° 4 233 4 22) > 0 for all 5 > —1.2120,
Vi A B) = 403203(69805 + 560 + 24352 + 244%) > 0 for all 3 > —1.3588,
s A B) = 12096A2(54983 + 678 + 136432 + 103°) > 0 for all 3 > —2.4869,
PN A B) = 17280:(65008 + 13524 + 9613 + 445°) > 0 for all § > —4.0951.

Hence, {él) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &a0(Aj; Ais 8) = E2(Aj5 Aj5 Ais ﬁ)/)\?. We wish to show that & is non-negative for
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all A; > \; > 0. Differentiating &y with respect to \; gives

fzo(Aj;)\i;ﬁ) =

féé)()\j; Ai;ﬁ) =

DN A B) =

ED ;A B) =

féé)()\j; Ai;ﬁ) =

Now

(846720 + 321408 + 1443° + 66246%)\;
+(1175040 + 443523% — 402048 4 30243%)\; A
+(155520 + 483843% — 552963 + 90723°) A7\
+(1296008 + 50403° + 138240 + 201603\ ),
+(100803% 4- 46080 + 432003)\,

(33868803 + 1285632 + 576" + 264963%) A3
+(3525123 4 1330563% — 1206144 + 90723%) A\, A3
+(311040 + 967683% — 1105923 + 181443%) A7\,
+(1296008 + 50403% 4 138240 + 201605%) A2,
(101606473 + 3856896 + 1728(3° 4- 79488(%) A3
+(7050243 4 2661123 — 2412288 + 181443°) \;\;
+(311040 + 967683% — 11059203 + 18144/3*)\?,
(203212803 + 7713792 + 34563% + 1589763%) ),
+(7050243 + 2661123% — 2412288 + 181443°) \;,

H. S. Dollar

20321280 + 7713792 + 34563° + 1589763% > 0 for all 3 > —7.3254.

8640} (26 4 5)(5 + 3)(8 +2) > 0 for all § > —2,

172802 (3 + 3)(194* + 1033 + 102) > 0 for all B > —1.3039,
345672(3 + 2) (1162 + 1063 + 254) > 0 for all 8 > —2,

864, (31683 + 6136 + 253 + 4925%) > 0 for all B > —3.5049.

Hence, &, is positive for all \; > \; > 0 and 3 > —%. This implies that £(A;; A\i; Aj; Ai; )
is positive for all Ay > A\; > \; > 0 and 3 > —%.
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Now

E(As A A B) = (144008 + 5760)(\; + Ai)A]
+(4320% + 388803 4 164160) (A + A7) A/
+(129603% — 184320 + 662403) \; A\ A}
+(—124416 + 345608” — 120963 + 12965”) (AAZ + ATA;) A}
+(43208% + 228096 + 1443% + 495363) (A% + AY) A
(12964° + 138243% — 209664 4 720008) (A:X} + A/ X;) A
+(38592 + 8643% + 221765) (A} + A A}
(
(
(
(
(

+

+(38883% — 9331203 + 31104 + 311045%) A7 A2\
+(501123 + 6912 + 69120 + 12965”) (ATA? + AJAZ) A,
+(25923% — 31104 4 276483) (A:AT + AA))A,

+(1443° + 1843203 + 96768 + 8643%) A} A3

+(8643% + 77760 + 32832) (AIX] + A/ A7),

and, hence,

2
A A B) = (691200 + 17280008)(A; + A;) = 0 for all 8 > —

Define &34(Aj; Ai; ) = 53 (/\z, Ai; ). We wish to show that &34 is non-negative for all
Aj > A > 0. Differentiating §34 Wlth respect to \; gives

Eaa(Aj; \i; B) = (4631040 + 266112005 + 1036803%) A
+(—3732480 + 33177603 + 31104032\, \;
+(3939840 + 10368032 + 9331203)\2,
DA 8) = (9262080 + 53222408 + 2073603%) A,
+(—3732480 + 33177608 + 31104062\,
DA 8) = 9262080 + 53222408 + 20736032 > 0 for all 3 > —1.8776.

Now

E4(As A B) = 172800A2(28 + 408 + 35%) > 0 for all 8 > —0.7412,

2
DA B) = 1728000 (8 + 16)(38 +2) > 0 for all 3 > -3

Hence, §§4) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &33(\j; \i; B) = fég)()\j; Aj; Ais B). We wish to show that {33 is non-negative for
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all A; > \; > 0. Differentiating £33 with respect to \; gives

E33( )3 Ais B)

&5 (i Ais )

&2 (i Ais )

55,:;,)()\;'; Ai; 5)
Now

533()\z'§

2
:(53)0% )

%)

i ﬁ)
:%)()\i; Ais 5)
A

)

(5654016 + 20943360 + 12960057 + 864°)\}

+(—4824576 4 238118403 + 77763° + 5184006%) \; A

+(3193344 + 3110403% + 8605443 + TT763*) A2\,

+(8643% + 1368576 + 259203% + 2972163) A2,

(16962048 + 628300803 + 3888003 + 2592/3%) A

+(—9649152 + 476236803 + 155523% 4 10368005%) \;\;

+(3193344 + 3110403° + 8605443 + T7763%)\2,

(33924096 + 125660163 + 7776003% + 51843°) )\,

+(—9649152 + 476236803 + 155523 + 10368005%)\;,

33924096 + 125660163 + 7776003 + 51843% > 0 for all 5 > —3.40.

= 17280)\3(312 + 3268 + 573* + 3*) > 0 for all > —1.2060,
= 8640A%(1216 + 13783 + 2015% + 33%) > 0 for all 3 > —1.0368,
= 3456);(7024 + 50143 + 5253% 4 63%) > 0 for all 3 > —1.6963.

Hence, £§3) is non-negative for all A\; > A; > 0 and § > —%.

Define &52(\j; \i; B) = 5§2)()\j; Aj; Aiz B). We wish to show that {35 is non-negative for
all \; > A; > 0. Differentiating 3o with respect to A; gives

532()% A 5)

:%)()\j; Ai; B)

:(;3)(%‘; Ais 5)

:(;g)()\j; Ais 5)

:E);)(Aj; Ai; B)

(3530880 + 109612803 + 864> + 79488%) A}
+(—3262464 + 115430473 + 103685” + 3905284%) A\, \?
+(20736003 + 1285632 + 32140853° + 155526”) A7 \?
+(34563° + 949248 + 53568(3% + 4412163) A} )\,
+(443523 4 T7184 + 17283%) A7,

(14123520 4 438451203 + 3456/3° + 3179523%) X
+(—9787392 + 34629120 + 311043° + 11715845%) \; A7
+(4147208 + 2571264 + 64281637 + 311043%) A7\,
+(34563° + 949248 + 535683 + 4412163) A},
(42370560 + 1315353603 + 103683° + 953856%) A}
+(—19574784 + 692582403 + 622083° + 2343168 3°)\; )
+(4147208 + 2571264 + 64281653% + 311043°) A7,
(84741120 + 263070723 + 207368° + 19077124%) ),
+(—19574784 + 69258243 + 622083° + 23431683%) \;,
84741120 + 263070723 + 207365 + 19077123% > 0 for all 3 > —4.8136.
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Now
E33(Ai; s ) = 10080AY(256 + 2926 + 353 + 844%) > 0 for all § > —1.4510,
D\ i 8) = 2880A3(2728 + 302203 + 243% + 75952) > 0 for all § > —1.3255,
DN\ diB) = 34560A2(734 4 5938 + 33° 4 1144%) > 0 for all § > —1.8910,
DA B) = 6912X,(9428 + 48083 + 126° + 61552) > 0 for all 3 > —3.1578.

Hence, ﬁéz) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &351(\j; \i; B) = fél)()\j; AjsAis B)/Aj. We wish to show that &3 is non-negative
for all A\; > \; > 0. Differentiating {3, with respect to \; gives

E1(Aj; N B) = (4204800 + 1446912 + 319683 + 4323°) A
+(472320 — 1532160 + 1857603 + 64806”) \; \?
+(—172803 4 414720 + 1900803 + 129603°) A7 A2
+(334080 + 475203° + 4320° + 3427203) A} ),
+(720008 + 46080 + 43203%)\},

WA B) = (168192083 + 5787648 + 1278723 + 1728%) X3
+(14169606 — 4596480 + 5572803 + 194403%) \;\?
+(—345603 + 829440 + 3801603% + 259203%) A7\,
+(334080 + 475203 + 43205° + 3427203) A7,

DOy AiB) = (50457608 + 17362944 + 38361632 + 51843%)\2
+(28339203 — 9192960 + 111456037 4 388803 \;\;
+(—345600 + 829440 + 3801603% + 259203°) 7,

B\ A:B) = (100915208 + 34725888 + 76723243 4 103683%) )
+(28339203 — 9192960 + 11145603* + 388803°%)\;,

WA B) = 100915200 + 34725888 + 76723232 + 103683 > 0 for all 3 > —5.7919.

Now

) = 8064/ (1608 + 88 + 573% + 34%) > 0 for all 3 > —0.7350,

) = 1008A3(338083 + 2336 4 11043% + 515%) > 0 for all 3 > —1.0068,

) = 864A\%(90803 + 10416 + 21743% + 813%) > 0 for all 3 > —22.0124,
) = 864\;(149603 + 29552 + 21783% + 573%) > 0 for all 3 > —30.0509.

Hence, é’él) is non-negative for all A; > \; > 0 and § > —2.

Define &30(Aj; Ai; 8) = E3(Aj5 Ajs Ais ﬁ)/)\?. We wish to show that &3 is non-negative for
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all A; > \; > 0. Differentiating &3p with respect to \; gives

E0(Nji N B) = (1249925 + 436608 + 950447 + 1445°) X
+(639363% — 543744 + 1681923 + 25926” )\, A7
+(7T77606” — 86400 + 172800 + 64803°) A7 A3
+(259203% + 184320 + 28803 + 1900803) AP\,
4-(40320 + 43203 + 5760053) A},

WA B) = (49996803 + 1746432 + 3801647 + 5763%)\°
+(1918085% — 1631232 + 5045763 + 77763%) A\ A}
+(1555208% — 17280 + 345600 + 129603%) A7 \;
+(259203% + 184320 + 28805 + 1900803) 7,

DA ) = (149990483 + 5239296 + 1140483 + 1728%) A3
+(3836163% — 3262464 + 10091523 + 155523° )\,
+(1555203% — 1728003 + 345600 + 129603%)\?,

B\ AiB) = (299980843 + 10478592 + 2280963 + 3456/3%) ),
+(38361643% — 3262464 + 10091523 + 155523%)\;,

WA B) = 29998080 + 10478592 + 2280963 + 34563° > 0 for all 5 > —5.9149.

Now
E0(Mi; Ai; ) = 12096X\(3 4 3)(B% + 126 + 8) > 0 for all § > —0.7085,
AN ) = 8064A2(14603 + 80 + 5182 4+ 33%) > 0 for all § > —0.7226,
DA\ ) = 6048)2(4123 + 384 4 1083 + 53°) > 0 for all 3 > —1.4380,
B\ A B) = 1728X:(23208 + 4176 + 35432 + 115%) > 0 for all 3 > —3.2433.

Hence, &3 is positive for all A\; > \; > 0 and 3 > —%. This implies that £(Ai; Ai; Aj; Ais B)
is positive for all \; > A\; > \; > 0 and 3 > —%.

Now

S A A A ) = (131328 + 311040 + 34563%) (A2 4+ A7)\
+(529923 — 147456 + 103683%) A\, A\ A}

+(144008 + 5760) (\; + M)A/

+(529928 — 147456 + 103686%) (A:A? + A2A ;)\

+(144008 + 5760)(A] + M)A,

+(—62208 + 31104% — 311043) A7 A\,

+(—62208 + 3110447 — 311043)(A7A; + MAT)A

+(131328 + 311043 + 34563%) (A} + AD)A]

+(144003 + 5760) (Af A + AiXj)

+(131328 + 311043 + 34563%) (A X2 + A\) A7),
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and, hence,

2
EP A A B) = (3456000 + 138240)(\; + ;) > 0 for all 8 > -

Define &43(\j; \i; B) = 54(13)()\]-; Aj; Ais B). We wish to show that &3 is non-negative for
all \; > A; > 0. Differentiating {43 with respect to \; gives

Es(N\js A B) = (5322248 + 926208 + 207365%) )2
(6635523 — 746496 + 622086%) A\,
+ (1866243 4 207363 + 787968) 12,
WA B) = (10644485 + 1852416 + 414726%)\;
+(6635523 — 746496 + 622083%)\;,
DN A 8) = 10644483 + 1852416 + 4147232 > 0 for all § > —1.8776.

Now

E3(Ni; \is B) = 34560)07(28 + 403 + 35%) > 0 for all 3 > —0.7412,
2
D\ B) = 34560X:(8 + 16)(38 +2) > O for all 3 > -5

Hence, 54(13) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &42(Aj; \i; B) = 54(12)()\]-; Aj; Ais B). We wish to show that &5 is non-negative for
all \; > A; > 0. Differentiating {4 with respect to A; gives

E(Nji i B) = (4216320 + 1119744 + 276485°) X3
+(4285443 — 940032 + 1244165%) A\, A3
+(1244160 + 829443 4 663552) A2\,
+(691262 + 262656 + 622083)\?,
5 (Vi A B) = (12648960 + 3359232 + 829445%)\2
+(8570883 — 1880064 + 2488323%)\;\;
+(1244163 + 829443% 4 663552) \?,
DA 8) = (25297920 + 6718464 + 1658883%)\;
+(8570883 — 1880064 + 2488323%)\;,
DN Ai B) = 252979203 + 6718464 + 1658884 > 0 for all § > —3.4249.

Now

Ei20(Nis \is B) = 34560702 (73 + 16)(3 +2) > 0 for all 8 > —2,
DAz B) = 3456072(658 + 62 + 126%) > 0 for all 3 > —1.2358,
DA Az B) = 69120\(498 + 70 + 68%) > 0 for all 3 > —1.8457.
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Hence, 54(12) is non-negative for all A\; > \; > 0 and 8 > —%.

Define £41(A;; Ais ) = €57(A\;: Aji A B). We wish to show that &, is non-negative for
all A; > \; > 0. Differentiating £4; with respect to \; gives

En(Nj; i B) = (685440 + 2275200 + 172805°) X}
+(10368048 + 2073608 — 691200)\;\3
+(207360 + 1036805%) A7 A3
+(1728057 + 115200 + 1152008) A3\,
+(144008 + 5760)\},

PO\ B) = (2741760 + 9100808 + 6912052)\2
+(3110404% + 6220803 — 2073600)\;A;
+(414720 + 2073608%) A7 A; + (172803% + 115200 + 1152008) X%,

PO\ B) = (8225280 + 27302403 + 2073605%) A
+(6220803% + 12441608 — 4147200)\; \;
+(414720 + 2073603%) )2,

DA B) = (16450560 + 54604805 + 4147205%)A;

+(6220803% + 12441603 — 4147200)\;,

14
P A B) = 69120(26 + 17) (353 + 14) > 0 for all § > -5

Now

En(Ni; Ai; B) = 80640X}(38 +4)(B+1)>0forall > —1,
DA B) = 5760X3 (10582 + 208 + 2863) > 0 for all 3,
BN i B) = 172800A2(26 + 238 + 68%) > 0 for all 3,
DA A:B) = 69120\;(178 + 973 + 1552) > 0 for all S

Hence, {il) is non-negative for all A\; > \; > 0 and 8 > —%.

Define 40(Aj; Ai; 8) = Ea(Nj5 Ay Ais B)/Aj. We wish to show that &, is non-negative for
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all A; > \; > 0. Differentiating &,y with respect to \; gives

Eao(Nj; A B) = (274176 + 9100873 + 69123%) X
+(103680 — 345600 + 518404%) A\, \?
+(138240 + 691203%) A2 X
+(115200 + 1152008 + 172803*) A3\,
+(288003 + 11520) ],

€0/ (Ai A B) = (1096704 + 3640323 + 276483%)\°
+(3110405 — 1036800 + 1555203%) ;A3
+(276480 + 13824058%) A7\
+(115200 + 11520083 + 172808%) A%,

€9 AsB) = (3290112 + 10920963 + 829445%) )2
+(6220803 — 2073600 + 3110403%*)\;\;
+(276480 + 1382403%) )2,

(N AiB) = (6580224 + 21841920 + 1658883%)\;
+(6220803 — 2073600 + 3110403%)\;,

14

SN B) = 27648(20 4 17)(33 + 14) > 0 for all 3 > -5

Now

Eio(Ni; Mi; B) = 48384X} (33 +4)(B+1) > 0forall § > —1,
Qi A B) = 1128960338+ 4)(B+1) > 0 forall 3> —1,
DN\ B) = 6912X2(216 + 2488 + 773%) > 0 for all 3,
DN\ B) = 6912X;(652 + 4065 + 693%) > 0 for all 3.

Hence, &, is positive for all A\; > A; > 0 and 5 > —%. This implies that £(Ai; Ai; Aj; Ais B)
is positive for all Ay > A; > A\; > 0 and 3 > —%.
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Lemma B.15 Let

EQs A A A B) = (120083 + 480)¢(0,0,4,4) + (72008 + 7208% + 5760)¢(0, 1, 3, 4)
+(30240 + 64803 4 21603%)t(0, 2, 2,4)
+(—28800 + 64803* + 14408)t(1, 1,2, 4)
+(21603% + 2883 + 81792 4 227523)(0, 2, 3, 3)
+(30336.3 + 8643° + 576052 — 90624)t(1,1,3,3)
+(25926° + 86403% — 41472 — 69123)t(1,2,2,3)
+(77763% 4+ 186624 — 1244163)t(2,2, 2, 2),

where
tla,be,d)= Y NTARAEN

(n1,m2,n3,n4)
eperm(a,b,c,d)

The expression £(Ag; Ai; Aj; Ai; B) is positive for all Ay > X > A; > \;, and > —%.

Proof.

Let

Sabe)= Y AR
(n1,n2,n3)
eperm(a,b,c)



On Taylor series approximations

169

Differentiating &(Ax; Ai; Aj; Ai; 3) with respect to A, we obtain

EVNs A AN B) =

ED N N3 A\ \is B) =

4(12008 + 480)2;5(0,0,4)

+4(720083 + 7203* + 5760)\;3(0, 1, 3)
+4(—28800 + 64803% + 14403)A;5(1,1,2)

+4(30240 + 64803 + 21603*)1;5(0, 2,2)
+3(21603% + 2883°% 4 81792 + 227523)\25(0, 2, 3)
+3(303363 + 8643 + 576057 — 90624)A\;5(1, 1, 3)
+3(72008 + 7203 + 5760)123(0, 1, 4)
13(25923% + 86403 — 41472 — 69126)A25(1,2,2)
12(21605 4 2883% + 81792 + 227523)A1,5(0, 3, 3)
277766 + 186624 — 1244163)\,5(2,2,2)
+2(—28800 + 64803% + 14408)\,5(1, 1,4)

2(25923° + 86403% — 41472 — 69123)\5(1, 2, 3)
+2(30240 + 64803 + 21605%)A.5(0, 2, 4)

+

+

+(72003 + 7205% + 5760)5(0, 3, 4)

+(2592(° + 86403% — 41472 — 69123)5(2,2, 3)
+(30336/3 + 864/3° + 576052 — 90624)5(1, 3, 3)
+(—28800 + 64803* + 144003)3(1,2,4),

12(120083 + 480)A;5(0,0,4)

+12(72008 + 7208% 4+ 5760)A75(0, 1, 3)

+12(—28800 + 64803% + 14403)\25(1,1,2)

+12(30240 + 64803 + 21603*)X23(0, 2,2)

+6(21603% + 2883% 4- 81792 + 227523) \¢.5(0, 2, 3)

+6(303363 + 8643 + 576057 — 90624)\,3(1, 1, 3)

+6(72003 + 7203* + 5760)\.3(0, 1, 4)

+6(25923% 4+ 864032 — 41472 — 69126)\:4(1,2,2)

2(21604 + 2883% + 81792 + 22752(3)3(0, 3, 3)

(
(—
(
(

+

2(77763* + 186624 — 124416(3)3(2, 2, 2)
+2(—28800 + 64803 + 14403)5(1, 1, 4)
12(25923°% 4 864047 — 41472 — 69123)5(1, 2, 3)
12(30240 + 64803 + 21603%)5(0,2, 4),
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EO N A A A B) = 24(12008 + 480)M\.3(0,0,4)
+24(720083 + 7208% + 5760)\x3(0, 1, 3)
+24(—28800 + 64803% 4 14403)\.5(1, 1,2)
424(30240 + 648083 + 21605%)\¢5(0, 2, 2)
+6(21605% 4 28833 + 81792 + 22752(3)5(0, 2, 3)
+6(303363 + 8643° + 576042 — 90624)5(1, 1, 3)
+6(72008 + 7203% + 5760)5(0, 1, 4)
+6(25923% + 864037 — 41472 — 69123)5(1,2,2),

ED N Az A5 A B) = 24(12008 + 480)3(0, 0, 4)
4-24(72003 + 7203* + 5760)5(0, 1, 3)
1-24(—28800 + 64803% + 144003)5(1,1,2)
+24(30240 + 64803 + 21603%)5(0, 2, 2).

Define

oA A5 i B) = (A A Ay Ais B),

E1(A5 A Ais B) S f V(N s Ags Ais B),
SIOVD YD YY) IR A [ OVID VI VD VY )
E3(Nis Aji Ais B) déf B (N5 A Ags Ais B),
S\ f) € € (Am,AJ,AZ,ﬁ)

We will prove that the above equations are non-negative for all Ay > A\ > A\; > A\, >0
and 0 > —% and, hence, deduce that £(Ag; A\i; Aj; A3 8) is positive for all A\, > A\ >
)\]2)\Z>0andﬁz—§
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Now

So(M; A A B) = (12008 + 480) A}
+(144008 + 11520 + 14408%)(\; + A\)A]
+(142272 + 6480”4 2883° + 357123) (A} + A)) A}
+(—148224 + 332163 + 18720 + 8643°) A\
+(—140544 + 51843% — 1094403 + 302408%) (AT + ATA)) A
+(175104 4 5765 + 599043 + 57605%) (A} + A})\]
+(—211200 + 216008* + 6816083 + 43208”) (AA? + APA;) N/
+(232800 + 42720 + 36005°) (A} + AN/
+(—1252808 + 12960° 4 216006% + 164160) A7 A2 N/
+(57605° + 316803 + 80640 + 2160057) (A7 AT + N AT)A]
+(—46080 + 1440087 + 172803) (A A] 4+ AfA;) A/
+(31680 + 1440005 + 108003%) (A7 A} + AjA3) A
+(100803% + 72960 + 7584003 4 14406 ) AJAIN]
+(144003 + 11520 + 14408%) (A AT + AAD) A,
+(120083 + 480)AF ]

177

and, hence,

Az A 8) = (483840008 + 19353600) ),
2
(725760003 + 58060800 + T2576005%) (A; + A;) = 0 for all § > —=.

Define &y(Aj; \i; B) = 5(()6)()\]-; Aj; Aiz B). We wish to show that £y is non-negative for
all \; > A; > 0. Differentiating s with respect to \; gives

os(Aji Ais B) = (1224806400 + 170173440 + 1192320037 + 2073603%) A
+(964915208 — 48660480 + 207360003 4 6220805%)\; A,
+(102435840 + 466560052 + 2073603 + 257126406)\2,

A B) = (24496128073 + 340346880 + 2384640032 + 4147203%) A,

+(96491520 — 48660480 + 2073600052 4 6220803%)\;,

24496128073 + 340346880 + 238464003 + 4147205

0 for all g > —1.6454.

é?()\j; Ai; 5)

vV

Now

506(/\1, Ai; B) = 1036800)7(23603 + 216 + 363%3°) > 0 for all 8 > —1.0915,
O A B) = 345600),(9883 + 844 + 129482 + 33%) > 0 for all 3 > —0.9757,
506 (Ai; \i; B) = >0forall § > —1.6454.



172 H. S. Dollar

Hence, 5((]6) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &y5(\j; \i; B) = 5(()5)()\3-; Aj; Ai; B). We wish to show that &y is non-negative for
all \; > A; > 0. Differentiating {5 with respect to \; gives

os(Aji i B) = (77253120 + 155704320 + 89856005 + 2764805”) A
+(—94556160 + 588902408 + 207360004% + 12441605”) A\;\7
+(85570560 + 82944003* + 829440 + 243993603) A7\,
+(21012480 + 691203 + 71884803 4 6912003%)\3,

DA B) = (2317593608 + 467112960 + 2695680032 + 8294405°)\3
+(—189112320 + 1177804803 + 4147200053 + 24883205°)\;\;
+(85570560 + 82944003* + 8294403% + 243993603)\2,

DA B) = (4635187208 + 934225920 + 5391360052 + 16588800%)A;
+(—189112320 + 117780480 + 414720003% + 24883203°) \;,

(N A B) = 4635187200 + 934225920 + 5391360052 + 16588803

0 for all g > —2.9155.

Vv

Now

Ai;B) = 806400)? (2083 + 208 + 483 + 33%) > 0 for all 3 > —1.4294,
DN\ 3) = 69120002(5418 + 526 + 11182 + 63%) > 0 for all 3 > —1.2898,
\iiB) = 691200);(8418 + 1078 + 1383% 4 63) > 0 for all § > —1.7421.

Hence, 5((]5) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &yi(Aj; \i; B) = 5(()4)()\]-; Aj; Ais B). We wish to show that £y, is non-negative for
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all A; > \; > 0. Differentiating &y4 with respect to \; gives

Soa(Nj; i B) = (347155200 + 83738880 + 43200003 + 1728003%) A}
+(—65617920 + 243763203 + 120960003 + 10368005”) \; A
+(38292480 + 64800005” 4 10368003° + 85363203) A7 A7
+(15943680 + 12096005 + 88243203 + 1728003%) A3\,
+(5587200 4 1025280 + 8640052) A7,

&1 (A his B) = (1388620808 + 334955520 + 172800005 + 6912005%) A2
+(—196853760 + 731289600 + 362880005% + 31104005”) A\;\?
+(76584960 + 1296000057 + 20736003% + 170726408) A2\,
+(15943680 + 12096003 + 88243203 + 1728003%)\7,

&1 (i AiB) = (4165862408 + 1004866560 + 5184000052 + 20736005%)\2

+(—393707520 + 1462579203 + 72576000537 + 62208003%)\; A,

+(76584960 + 129600008 + 20736008° + 170726403) )7,

(8331724803 + 2009733120 + 10368000057 + 41472005°) ),

+(—393707520 + 1462579203 + 725760005 + 62208003°) \;,

8331724803 + 2009733120 + 1036800005 + 4147200°

56?1) (/\j; A ﬁ)

5(()3) (/\j§ Ai; ﬁ)

> 0 forall B > —4.3861.
Now
Coa(Nis Ais B) = 403200\}(1913 + 182 + 603% + 63%) > 0 for all § > —1.7321,
DN\ B) = 40320033(59083 + 572 + 1684% + 153%) > 0 for all 3 > —1.5802,
PO AiB) = 172800A2(33560 + 3980 + 7953 + 605%) > 0 for all 8 > —1.9649,
BN\ B) = 691200A;(14178 + 2338 + 25532 + 158%) > 0 for all 3 > —2.9237.

Hence, 6(()4) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &p3(Aj; \is B) = (()3)()\j; AjsAis B)/Aj. We wish to show that y3 is non-negative
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for all A\; > \; > 0 for all > . Differentiating {3 with respect to \; gives

o3(Aj; Ais B) = (1186560083 + 31184640 4 15120005° 4- 691206%)\;
+(—29145600 + 80928000 + 49680003 + 5184005” ) \; A7
+(13063680 + 32400005% + 6912008” + 8121608) A7 A3
+(5921280 + 1728003° + 54201603 + 9936005%) A\,
+(6624000 4 748800 + 17280052) A2,

SO\ B) = (474624008 + 124738560 + 60480008 + 2764805%)\2
+(—87436800 + 2427840073 + 149040003 + 15552005”) \; A
+(26127360 + 64800003 + 13824003° + 16243203) A7 ),
+(5921280 + 1728003° + 54201603 + 9936005%) A3,

DA B) = (1423872008 + 374215680 + 1814400087 + 8294406%)\;
+(—174873600 + 485568003 + 298080003% + 31104005%)\;\;
+(26127360 + 64800005 4 13824003° + 16243203)\7,

B\ AiB) = (2847744008 4 748431360 + 36288000437 + 16588803%)\;

+(—174873600 + 4855680003 + 298080003 + 31104005%) \;,

2847744003 + 748431360 + 3628800037 + 16588803

0 for all B > —5.6105.

(()3,) (>\j§ Ai; ﬁ)

v

Now
os(Ai; Ai; B) = T25760M/ (26 4 5)(5+3)(8+2) > 0for all 3 > —2,
B\ B) = 4032003(19540 + 1720 + 7053 + 843%) > 0 for all 8 > —1.7877,
Bz B) = 24192002(7960 + 932 4 22542 4 226%) > 0 for all 3 > —2.5561,
B\ A B) = 51840X,(64308 + 11064 + 12758% + 923%) > 0 for all 8 > —3.7901.

Hence, 5(()3) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &p2(Aj; Ais B) = 562)()\]-; Aj; )\i;ﬁ)/)\?. We wish to show that &£y, is non-negative
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for all A; > \; > 0. Differentiating &y, with respect to A; gives

So2(Aj; A B) = (32208003 4 8793600 + 41328037 + 201603°) A}
+(—9584640 + 23040000 + 15724803 + 1814406” ) \; A7
+(3974400 + 12096008% + 3024003* — 4320008) A7\
+(1597440 + 1008003° + 23577603 + 5241605%) A} \;
+-(4118403 + 299520 + 15120082) A7,

&5 (N A B) = (128832008 + 35174400 + 165312052 + 806405%) X’
+(—28753920 + 691200083 + 47174403 + 5443203°) X\, A
+(7948800 + 24192005 + 6048003° — 8640008) A7 \;
+(1597440 + 1008003 + 23577603 + 5241603%) 7,

QDA B) = (38649600 + 105523200 + 495936052 + 2419208%)\;
+(—57507840 + 138240003 + 94348803* + 10886403%)\; \;
+(7948800 + 24192003% + 6048003° — 8640003)\?,

8N Ai B) = (772992003 + 211046400 + 991872052 + 48384043%) )\,

+(—57507840 + 13824000 + 94348803 + 10886403°)\;,

7729920003 + 211046400 + 99187203% + 4838403

0 for all B > —5.9825.

€5 (i A )

A%

Now
o2(Ais Aiz B) = 120960 (50 + 7)(B +3)(B +2) > 0 for all 3 > —2,
&5 (N his B) = 133056003(8 + 3)(5 +2)* > 0 for all § > —2,
QN A B) = 4032002(12808 + 1388 + 41747 + 484%) > 0 for all § > —3.0665,
€8N A B) = 40320,(22603 + 3808 + 48032 + 393%) > 0 for all 3 > —3.8373.

Hence, 6(()2) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &y (Aj; \is B) = f[()l)()\j; Aj; )\i;ﬁ)/)\?. We wish to show that &y, is non-negative
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for all A; > \; > 0. Differentiating &y with respect to \; gives

Cor(Nji A B) = (7173126 + 1984512 + 921605” + 46085”) A}
+(—2494464 + 5698563 + 4032006” + 483843%) \; A
+(1112832 + 3628804% + 967683% — 217728 3) A} A3
+(430080 + 403203% + 8332803 + 2016003%)\; \;

+ (1881603 4 107520 + 806403%) A},

VA B) = (28692483 + 7938048 + 36864052 + 184326%) A3
+(—7483392 + 170956803 + 12096003 + 1451523%) A\ A3
+(2225664 + 7257603 + 1935365° — 4354563) A7),
+(430080 + 403203* + 8332808 + 2016005%) A2,

&0 (i A B) = (86077440 + 23814144 + 110592052 + 552963%) A2

+(—14966784 + 34191363 + 24192005 + 2903043*)\; )

+(2225664 + 7257605 + 1935363° — 4354563)\7,

(172154883 + 47628288 + 22118404 + 1105923%) \;

+(—14966784 + 34191363 + 24192008% + 2903043%)\;,

WA B) = 1721548803 + 47628288 + 221184037 4 1105923°

&9 (i Ais )

> 0 forall 5> —6.0282.
Now
Eo1(Ai; Xi; B) = 190080A; (6 +3)(B+2)(6+1) > 0forall 3 > —1,
30

VOGN B) = 1728003(233 +30)(B+3)(B+2) > 0 forall 8 > -5
&7 (N AisB) = 20736M2(B +3)(268 + 1278 + 178) > 0 for all § > —3,
P\ N B) = 4608)(44783 + 7088 + 100532 + 873°)

> 0 for all 5 > —3.4940.

Hence, 55” is non-negative for all A\; > \; > 0 and § > —%.

Define &oo(Aj; Ais 8) = Eo(Nj5 Ajs Ais ﬁ)/)\?. We wish to show that &y is non-negative for
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all A; > \; > 0. Differentiating &y, with respect to \; gives

&oo(Aj; Ais B)

&8 (i Ais )

f(()(2)) ()\j; Ai; ﬁ)

8 (N A B)

&8 (i Ais )

Now

Vv

(1344963 + 372096 + 172805” 4 8643°) A
+(—534528 + 1221120 + 8640057 + 103686%) A, A}
+(278208 + 907203 4 241923° — 544326) A7\
+(129024 + 120963° + 2499843 + 604805%)AI\;
+(705600 + 40320 + 302405%) )},

(5379843 + 1488384 + 691205” + 34563°) A
+(—1603584 + 3663363 + 2592008” + 311043%)\; A3
+(556416 + 1814403 + 483843° — 1088643) A7 )\,
+(129024 + 120963 + 2499843 4 604805%)\?,
(16139523 + 4465152 + 2073603 + 103683°) A7
+(—3207168 + 7326723 + 51840083 + 622083%) \;\;
+(556416 + 1814405 + 48384/3° — 1088643) 7,
(322790403 + 8930304 + 4147203% + 207363%)\;
+(—3207168 + 73267203 + 5184003* + 622085°) \;,
32279043 + 8930304 + 4147203% + 207363°

0 for all B > —6.0282.

47520\ (B +3)(B+2)(6+ 1) > 0 for all § > —1,
950407 (3 +3)(6+2)(6+ 1) > 0 for all § > —1,
604807 (23 +5)(8 + 3)(B +2) > 0 for all § > —2,
20736);(3 + 3)(45% + 333 + 92) > 0 for all § > —3.

Hence, & is positive for all \; > \; > 0 and 3 > —%. This implies that £(A;; A\i; Aj; Ai; )
is positive for all Ay > A\; > \; > 0 and 3 > —%.
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Now

S\ A5 8) = (48003 + 1920) )]

+(504003 4 40320 + 50408%) (\; + XA
+(194405% + 1071360 + 864/3° + 426816) (A + A7)\
+(561603% — 444672 + 9964803 + 25923 )\ A\j\]
+(—273603 — 351360 + 129603° + 7560057) (A A3 + A7A;) A/
+(437760 + 1440053° + 14408% + 1497603) (A% + AP}
+(86404% + 4320037 — 422400 4 1363205) (A:X3 + A X))\
+(72003% + 4656073 4 85440)(A] + A{) A/

(—25056003 + 25920” + 328320 + 432005%) A7 AN
+(120960 + 3240087 + 475203 + 86408%) (A?AT + AIAH) A
+(259200 + 2160057 — 69120) (A X] + AfA;) A
+(31680 -+ 108005% + 144008) (A7 AT + AfAZ)A,
+(72960 + 7584003 + 14403% + 100803%) AJ AT\,
+(72008 4 72087 + 5760) (A X] + AJAD),

+

and, hence,

O A A 8) = (241920008 4 9676800) A, + (362880008 4 29030400 + 36288008%)(\; + A;)

2
> Oforall g > —5

Define &15(\j; Ai; B) = 5%5)()\1; Aj; Ai; B). We wish to show that &5 is non-negative for all
Aj > A; > 0. Differentiating &5 with respect to \; gives

&i5(Aj; A B) = (612403203 + 85086720 + 59616005 4 1036805”) A3
+(482457603 — 24330240 + 103680003% + 3110408%)\; )\,
+(23328003% + 128563203 + 1036803° + 51217920) )7,
DA B) = (1224806408 + 170173440 + 1192320082 + 2073603%) )
+(482457603 — 24330240 + 103680003 + 3110403%)\;,
DA\ 8) = 12248064005 + 170173440 + 1192320052 + 2073603 > 0 for all 3 > —1.6454.

Now

Ei5(\i; Ai; B) = 518400)\2(2363 + 216 + 363%3%) > 0 for all B > —1.0915,
DN\ B) = 172800A(98803 + 844 + 12982 + 33%) > 0 for all 8 > —0.9757.

Hence, 5%5) is non-negative for all A\; > A\; > 0 and 8 > —%.
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Define £14(A;: Aii ) = €2 (A; Az Ais 3). We wish to show that &4 is non-negative for all
Aj > A; > 0. Differentiating §;4 with respect to \; gives

&N Ais ) = (386265600 + 77852160 + 449280047 + 1382403°) A7
+(103680004% — 47278080 + 294451203 4 6220803%) A\, A3
+(41472008% + 121996803 + 4147203% 4 42785280)\2 ),
+(10506240 + 3456003 + 345603 + 35942403) X7,

O3 As8) = (11587968003 + 233556480 + 1347840052 + 4147205%)\2

+(207360008% — 94556160 + 588902403 + 12441603°)\;\,

+(41472008% + 121996803 + 4147203° + 42785280)\7,

(2317593603 + 467112960 + 269568005 + 8294403%) ),

+(207360003% — 94556160 + 588902400 + 12441605°) \;,

2317593600 + 467112960 + 269568003% + 8294403

0 for all B > —2.9155.

B (i i B)

S)O\j; Ai; B)

v

Now

M\i;B) = 403200)\7(2083 + 208 + 483% + 33°) > 0 for all > —1.4294,
DN\ 3) = 34560002(5418 + 526 + 11182 + 63%) > 0 for all 3 > —1.2898,
Ai; B) = 345600;(8413 + 1078 + 1383 + 63°) > 0 for all 8 > —1.7421.

Hence, {YL) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &13(\j; \i; B) = 5%3)()\]-; Aj; Aiz B). We wish to show that {3 is non-negative for
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all A; > \; > 0. Differentiating &3 with respect to \; gives

&3(\ji A B) = (1735776003 + 41869440 + 21600003 + 864008%) A
+(60480006% — 32808960 + 1218816073 4 5184003%)\; A?
+(32400005” + 426816073 + 5184005” + 19146240) A7 3
+(864003% + 6048003 + 7971840 + 44121608)\; \;
+(432005% 4 27936003 + 512640) )},

&5 (A A B) = (694310408 + 167477760 + 864000052 + 3456005%) A2
+(181440005% — 98426880 + 3656448083 + 15552005°) A A]
+(64800003* + 85363203 + 10368003% 4 38292480) A7 \;
+(864005° 4 60480037 4 7971840 + 44121603) )7,

B A 8) = (2082931200 + 502433280 + 2592000032 + 10368008%) A3
+(362880004% — 196853760 + 73128960 + 31104005%)\;\;
+(64800003% + 85363203 + 10368003° + 38292480) )7,
(4165862400 + 1004866560 + 518400003 + 20736003°) ),
+(362880003* — 196853760 + 7312896003 + 31104005°) \;,
4165862403 + 1004866560 4 518400005 4 20736003
0 for all B > —4.3861.

é*i?,) (>\j; A 5)

S,) ()\j§ Ai; ﬁ)

v

Now

= 201600A}(1918 + 182 + 608% + 63%) > 0 for all § > —1.7321,

= 201600A3(5908 + 572 + 1683 + 153%) > 0 for all 8 > —1.5802,
= 86400)\?(3356(3 + 3980 + 7953% + 603%) > 0 for all 3 > —1.9649,
= 345600);(14175 + 2338 + 25547 + 153%) > 0 for all 3 > —2.9237.

Hence, §§3) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &12(Aj; \i; B) = %2)()% AjsAis B)/Aj. We wish to show that {5 is non-negative



On Taylor series approximations 181

for all A; > \; > 0. Differentiating &, with respect to \; gives

E2(Nji A B) = (59328008 + 15592320 + 7560005 + 345603°) X}
+(24840006% — 14572800 + 404640003 + 2592003°) \; A
+(16200005° + 40608043 + 3456008” + 6531840) A7\
+(2960640 + 4968003 + 864003° + 27100803) A7\,
+(864005 4- 33120003 + 374400) )},

B\ As8) = (237312005 + 62369280 + 302400057 + 1382404%) A2
+(74520004% — 43718400 + 121392003 4 7776003%)A\; A3
+(32400003% + 8121603 + 6912003% + 13063680)\7 \;
+(2960640 + 4968003 + 864003° 4 27100803)A?,

DA\ 8) = (711936003 + 187107840 + 907200037 + 4147208%) A2

+(149040003% — 87436800 + 2427840083 + 15552005%)\;\;

+(32400005% 4 81216083 + 6912003 + 13063680) )7,

(1423872003 + 374215680 + 1814400057 + 8294403%) ),

+(149040005% — 87436800 4 2427840073 + 15552005%) \;,

14238720003 + 374215680 + 181440003? + 8294403

0 for all B > —5.6105.

SN\ A B)

S i B)

v

Now

= 362880\ (26 +5)(4 +3)(6 +2) > 0 for all § > -2,

201603 (19543 + 1720 4 7053% + 843%) > 0 for all 3 > —1.7877,
= 120960\7(79603 + 932 4 2253 + 22/3%) > 0 for all 3 > —2.5561,
= 25920);(64303 + 11064 + 12753 + 923°) > 0 for all 3 > —3.7901.

Hence, §§2) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &11(A\j; \i; B) = f%l)()\j; Aj; )\i;ﬁ)/)\?. We wish to show that &;; is non-negative
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for all A; > \; > 0. Differentiating &;; with respect to \; gives

&u(Nj; A B) = (16104003 + 4396800 + 2066405 + 100803%)A;
+(7862406% — 4792320 + 11520003 + 907205%) A\, A3
+(6048005% — 2160005 + 1512005° + 1987200) A7 A3
+(798720 + 2620803 + 504005° + 11788803) A\,
+(7560057 4 2059203 + 149760)\},

WA B) = (64416005 + 17587200 + 82656047 + 403205°) X
+(23587203% — 14376960 + 34560003 + 2721606”) A\;\?
+(12096003% — 4320008 + 3024003° + 3974400) A \;
+(798720 + 2620803* + 504003° + 11788803) A7,

BN B) = (193248008 + 52761600 + 24796808 + 1209603%) A7
+(47174408% — 28753920 + 69120003 + 54432058%) \;\;
+(12096005% — 43200083 + 3024003° 4 3974400)\2,

B XA B) = (386496008 + 105523200 + 495936082 + 2419203%) ),

+(47174405% — 28753920 + 691200083 + 5443203%)\;,

386496005 + 105523200 + 495936037 4 2419203°

0 for all B > —5.9825.

DN As8)

Vv

Now

7

(A Ai; B) = 60480N; (58 + 7)(B +3)(B3 +2) > 0 for all B > T

)
EDNi N B) = 66528003(3 +3)(B+2)% > 0 forall > —2,

DNz A B) = 20160A2(12803 + 1388 + 41732 + 483%) > 0 for all 3 > —3.0665,
DA B) = 201607:(226085 + 3808 + 480437 + 395%) > 0 for all 8 > —3.8373.

Hence, 5%1) is non-negative for all A\; > A; > 0 and § > —%.

Define &1o(Aj; Ai; 8) = &1(A\j5 Ajs Ais ﬁ)/)\?. We wish to show that ;¢ is non-negative for
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all A; > \; > 0. Differentiating &;p with respect to \; gives

G0N\ A B) = (3586560 + 992256 + 460808” + 23045%)\;
+(2016005° — 1247232 + 2849283 + 2419253 )\, A3
+(1814403% — 1088640 + 483843° + 556416) A7 A3
+(215040 + 1008005% + 201605 + 4166403) AP\,
1(403205 4 940803 + 53760) \},

3 As8) = (14346240 + 3969024 + 18432052 + 92166%) A2
+(6048003% — 3741696 + 85478403 + T25763%) \;\;
+(3628803% — 2177283 + 967683 + 1112832)\2);
+(215040 + 10080052 + 201603° + 41664053)\?,

E5 (i A B) = (43038726 + 11907072 + 5529608° + 276483%)\2

+(12096003* — 7483392 + 17095683 + 1451526°)\;i\;

+(3628803% — 21772803 + 967683° + 1112832) )7,

(86077443 + 23814144 + 11059203% + 552963%) \;

+(12096005% — 7483392 + 170956803 + 1451523%)\;,

86077440 + 23814144 + 11059203% + 552963°

0 for all 8 > —6.0282.

D (i Ais B)

%) (/\j; Ai; ﬁ)

v

Now
E10(Ni; Mis B) = 950400} (B +3)(B+2)(B+1) > 0forall 3> —1,
30
D\ \i;8) = 8640A3(233 + 30)(8+3)(B+2) > 0 for all 3 > ~55
B (Ni;\i;3) = 10368X%(8 + 3)(2682 + 1278 + 178) > 0 for all 8 > —3,
BN Ai;B) = 2304);(44780 + 7088 + 10053 4 873%) > 0 for all 3 > —3.4940.

Hence, &; is positive for all \; > \; > 0 and 3 > —%. This implies that £(A;; A\i; Aj; Ai; )
is positive for all Ay > A\; > \; > 0 and 3 > —%.
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Now

&N A A B) = (144008 4 5760) A

+(1296008 + 1296037 + 103680)(A; + XA
+(4320003% + 914112 + 22723203 + 17283%) (A2 + X))\
+(1252803% — 946944 + 2021763 + 51843%) \; A\
+(—677376 + 1468803 — 3801603 + 207363%) (A:AT + ) X))\
+(268416(3 + 723456 + 23043° + 259203%)(A] + A)) A}
+(103686” 4 25459203 + 604803% — 557568) (A:XT + AJA;) A
+(86408% + 7056083 + 100800) (A} + Af)A]
+(487296 — 2125440 + 311043° + T77608%) A AT A
+(12268803 + 69123° + 407808 + 302403%) (AIX? + M A7)\,
+(172806% — 23040 + 460805) (AiX] + AfAj) N
+(43205% + 5763° 4 163584 + 45504ﬁ)A§’A§
+(60480 + 129600 + 43203%) (AZX] + AjA3),

and, hence,

PNz A A B) = (103680003 + 4147200) A,
2
(155520000 + 15552005° + 12441600)(A; + ;) > 0 for all § > —=.

Define &4(Aj: Aii ) = €57 (s Az Ais 3). We wish to show that & is non-negative for all
Aj > A; > 0. Differentiating 24 with respect to \; gives

Sa(Nj; Ais ) = (261895680 + 36453888 4 259200057 + 4147247 \?
+(204042243 + 45619203% — 10285056 + 1244163°)\; )\,
+(10368003* + 21938688 + 54535683 + 414723%) A7,
G AB) = (523791360 + 72907776 + 51840003 4 829443%) ),
+(204042243 + 45619203% — 10285056 + 1244163°) \;,
DN\ A B) = 5237913603 + 72907776 + 51840003 + 829443% > 0 for all 3 > —1.6562.

Now

Eaa(Nis Nis B) = 103680A7 (50203 + 464 + 7957 +23%) > 0 for all 8 > —1.1141,
DA B) = 207360)(3518 + 302 + 47823%) > 0 for all 3 > —0.9885.

Hence, 554) is non-negative for all A; > \; > 0 and 3 > —2.

Define &3(\j; \i; B) = 553)()\]-; Aj; Ais B). We wish to show that &3 is non-negative for
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all A; > \; > 0. Differentiating &3 with respect to \; gives
Eas(N\js Ais B8) = (165680640 + 33191424 + 19699206% 4 552963°) A7
+(46656003% — 20570112 + 124001283 4 248832(”) A\, N7
+(19180803% + 17874432 + 52254723 + 1658883°) A7 \;
+(16104963 + 4340736 + 138243% + 1555205%)\?,

&5 (A his B) = (497041925 + 99574272 + 590976052 + 1658883°) A
+(93312003 — 41140224 + 248002563 + 4976643° )\ \;
+(19180803% 4 17874432 + 52254723 + 1658883%)\?,
(994083843 + 199148544 + 11819520 + 3317763%)\;
1+(93312003% — 41140224 + 248002563 4 497664,3°) \;,
994083843 4+ 199148544 + 11819520 + 3317763
0 for all B > —2.9562.

fé? ()\j§ Ai; ﬁ)

9\ \i; B)

v

Now
Eos(Nis Ais B) = 483840X3(8 + 4) (3% 4 148 + 18) > 0 for all 3 > —1.4322,
D\ 8) = 51840A%(15383 + 1472 + 33182 + 163%) > 0 for all 3 > —1.2958,
DA B) = 2073607:(5995 + 762 + 1023 + 48%) > 0 for all 8 > —1.7669.
Hence, 553) is non-negative for all A\; > A\; > 0 and § > —%.
Define &32(Aj; \i; B) = 5%2)(/\]; Aj; Ais B). We wish to show that £y, is non-negative for
all A; > \; > 0. Differentiating &2 with respect to \; gives

E2(Nj; N B) = (75024003 + 17758080 + 95040057 + 345603°) A}
+(27648005% — 14469120 + 52992003 + 2073605 ) \; A
+(15552008% + 7879680 + 2073600 + 2073603°) A7 A7
+(345603% + 21196803 + 276480 + 3225600)\7 ),
+(172803% + 1411203 4 201600) A},

S\ As8) = (300096005 + 71032320 + 38016005 + 1382405%) A2
+(8294400° — 43407360 + 158976003 + 6220805”) A;\?
+(31104008% + 15759360 + 41472003 + 41472058%) A7\
+(345603° + 211968003 + 2764803% + 3225600) )7,

DA Az B8) = (900288008 + 213096960 + 1140480032 + 4147208%) X
+(165888003% — 86814720 + 317952003 + 12441603° )\,
+(31104006 4 15759360 + 41472000 + 41472053%) 2,
(18005760003 + 426193920 + 228096003% + 8294403%) ),
+(165888003% — 86814720 + 3179520005 + 12441605°%)\;,
1800576003 + 426193920 + 228096003% + 8294403
0 for all B > —4.5933.

ég)O\jS Ai; B)

(i i B)

v
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Now
Eao(Nis Ais B) = 40320\ (42508 + 362 4 1383% + 123%) > 0 for all 3 > —1.4432,
D (\i; i 8) = 80640X3(6473 + 578 + 19282 + 153%) > 0 for all 8 > —1.4382,
DA Ai;B) = 518400A2(2438 + 274 + 60582 + 43%) > 0 for all 3 > —1.9255,
DN hi; B) = 345600\;(6136 + 982 + 11442 + 64%) > 0 for all § > —3.0812.

Hence, 552) is non-negative for all A; > \; > 0 and 3 > —2.

Define & (Aj; A B) = 51)()% AjsAis B)/Aj. We wish to show that £ is non-negative
for all A\; > \; > 0. Differentiating £»; with respect to \; gives

E1(Nj; \is B) = (25896963 + 6581376 + 33264057 + 138243°) A
+(11448003% — 6439680 + 189792003 + 1036803%) \; A
+(7992005% + 3006720 4 49248073 + 1382403%) A7 \?
+(14371203 + 1463040 + 345603% + 2289603%) A\ ),
+(345603° + 1872003 + 178560)

VA B) = (1035878473 + 26325504 + 133056052 + 552963°)\3
+(34344003% — 19319040 + 56937603 + 3110406) \;\?
+(15984003% + 6013440 + 98496073 + 2764803%) A7\,
+(14371203 + 1463040 + 345603° 4 2289605) A7,

PN Ai ) = (310763520 + 78976512 + 39916804 + 1658886”) A3
+(68688003* — 38638080 + 1138752083 + 6220803 )\,
+(1598400% 4 6013440 4 9849603 + 2764803°)\?,

A AiB) = (621527040 + 157953024 + 79833600 + 3317763%) ),

+(68688005% — 38638080 + 113875203 + 6220805°) \;,

621527043 4+ 157953024 + 79833605% + 3317763°

&0 (i Ais )

> Oforall 3 > —10.7897.
Now
En(M A ) = T2576M4(3 + 3)(46% + 236 + 22) > 0 for all § > —1.2120,
DA B) = 403203(45828 + 3592 + 16353 + 1683°) > 0 for all 8 > —1.3254,
DA B) = 24192)2(179643 + 1916 + 51532 + 448%) > 0 for all 3 > —2.1392,
B\ A B) = 5184X;(141860 + 23016 + 28653 + 1843%) > 0 for all 8 > —7.5649.

Hence, ﬁél) is non-negative for all A\; > A\; > 0 and 8 > —%.

Define &a0(Aj; Ai; 8) = E2(Nj5 Ajs Ais ﬁ)/)\?. We wish to show that & is non-negative for
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all A; > \; > 0. Differentiating &y with respect to \; gives

E0(Aj; \is B) = (7102083 + 1847808 + 907205° + 40324%) A}
+(3628805% — 2101248 + 5944323 + 362886%) A\, A3
+(3024005% 4 1192320 + 11232073 + 604805”) A7 \?
+(6912003 + 737280 + 201603* + 1209603%) AP\,
+(3024057 + 1296003 + 138240) )},

&0\ B) = (28408326 + 7391232 + 3628804 + 161283%)\°
+(10886403% — 6303744 4 17832963 + 1088643%)\; ]
+(6048003% + 2384640 + 2246400 + 1209603°) A7 )\,
+(6912003 + 737280 + 201605 + 1209605%)\?,

&0 (N his B) = (852249603 + 22173696 + 10886405° + 48384 %) \2
+(21772803* — 12607488 + 35665923 + 2177283%)\; \;
+(60480057 + 2384640 + 2246400 + 1209603°) A7,

PN AiB) = (170449928 + 44347392 + 21772800 + 967683%) )
+(21772803* — 12607488 + 35665923 + 2177283%) \;,

&8 (N3 Aii B) 170449923 + 44347392 + 217728032 + 967683

> 0forall 3> —5.7061.
Now
gzO(A,, A\i;B) = 60480} (28 +5)(B+ 3)(B+2) > 0 for all > —2,
520 (A \i; B) = 24192)3(8 + 3)(1168% + 576 + 58) > 0 for all 3 > —1.3909,
DA B) = 2419202(5098 + 494 + 16052 + 1643°) > 0 for all > —1.8336,
s A ) = 24192),(85203 + 1312 + 18042 + 133°) > 0 for all § > —3.2288.

Hence, &, is positive for all \; > \; > 0 and 3 > —%. This implies that £(A;; A\i; Aj; Ai; )
is positive for all Ay > A\; > \; > 0 and 3 > —%.
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Now

&N A A ) = (288008 + 11520)\7

+(172800 + 216003% 4 2160008) (\; + Ai) A}
+(648003% + 17283% + 2920320 + 1216512) (A2 + A7)}
+(—1234944 + 1900805° + 2165763 + 51845%) A\ A}
+(—69123 — 940032 + 20736037 + 155523°) (A A5 + A7A)) A
+(628992 + 3093123 + 302403 + 17283%) (A + A?) A}
+(43206% + 7200083 + 46080) (A + X))\,

(3548163 — 405504 + 5184037 + 51843%) (A AT + X)X ;)\
+(476928 + 1036803* + 155523 + 1140485)A§A§Al
+(129606% + 17283° + 490752 + 1365123)(A] A3 + A7AY)
+(432008 + 43205° 4 34560) (A A7 + AfA)),

+

and, hence,

DO A s B) = (34560003 + 1382400) ),
2
+(4147200 + 5184005° + 51840008) (A + X;) = 0 for all § > —=.

Define &33(Aj; \i; B) = 5&3)()\]-; Aj; Ais B). We wish to show that {33 is non-negative for
all \; > A; > 0. Differentiating {33 with respect to A; gives

Es3(Nji N B) = (86641925 + 12137472 + 90720037 + 103683°) A7
+(—3262464 + 16588803” + 64834563 + 311043*)\;\;
+(3888003% + 103683 + 17521923 + 7299072) 7,
DA B) = (173283840 + 24274944 + 181440052 + 207363%)\;
+(—3262464 + 165888037 4 64834563 + 311043%)\;,
DN AsB) = 173283840 + 24274944 + 181440087 + 207363° > 0 for all 3 > —1.6963.

Now

E33(Ai; A\ B) = 51840A7 (3263 + 312 + 573*3°) > 0 for all B > —1.2060,
DN\ B) = 17280A,(137803 + 1216 + 20152 + 33%) > 0 for all 3 > —1.0368.

Hence, éég) is non-negative for all A\; > A; > 0 and § > —%.

Define &52(\j; \i; B) = 5§2)()\j; Aj; Ais B). We wish to show that {35 is non-negative for
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all A; > \; > 0. Differentiating &3, with respect to \; gives

E2(Nj; A B) = (55388163 + 10861056 + 70848037 + 138243%) A7
+(—7216128 + 18144004% 4 38776320 + 622083%) \;\?
+(8035203% + 41472(3° + 17383683 + 5419008) A7\,
+(1257984 + 6186243 + 604803* + 34563°) A,
SO AsB) = (166164480 + 32583168 + 212544057 + 414723%)\2
+(—14432256 + 36288003 + 77552643 + 1244163%)\; ),
+(8035203% 4 414723 + 17383683 + 5419008) A7,
DN\ hiB) = (332328960 + 65166336 + 425088037 4 829443%) ),
+(—14432256 + 36288008% + 77552643 + 1244163%)\;,
BN\ AiB) = 332328960 + 65166336 + 42508803 + 829443% > 0 for all 3 > —3.1578.

Now

E(Ais Ais ) = 40320X3(2928 + 256 + 8432 + 34%) > 0 for all 8 > —1.4510,
DN\ 3) = 8640A2(30223 + 2728 + 75947 + 243%) > 0 for all 8 > —1.3255,
DA B) = 69120A;(5938 + 734 4 1144 + 36%) > 0 for all § > —1.8910.

79

Hence, §§2) is non-negative for all A\; > A\; > 0 and 8 > —%.
Define &31(Aj; \i; ) = §§1)()\j; Aj; Ai; 3). We wish to show that &3; is non-negative for
all A; > \; > 0. Differentiating £3; with respect to \; gives

Ea1(Aj; \is B) = (25747203 4 5702400 + 34560087 + 86405°) A}

+(—5299200 + 11232005% + 18547200 + 518403°) A\
+(7128005% 4 518405” + 9763200 + 2246400) A7 \?
+(852480 + 9734400 + 1123203 + 86405%) AP\,
+(43203% 4 720003 + 46080) A7,

VA B) = (1029888073 + 22809600 + 138240052 + 345605”) A\

+(—15897600 + 33696004 + 55641600 + 1555203°) A\ A3
+(142560032 + 1036803% 4 195264073 + 4492800)\?\;
+(852480 + 9734403 + 1123203 + 86403%)\3,

&V (N A B) = (308966400 + 68428800 + 414720052 + 1036805°) A2
+(—31795200 + 67392003 + 111283208 + 3110408°) ;)\,
+(14256005% 4 1036803 + 195264003 + 4492800) A7,
(617932803 + 136857600 + 82944003% + 2073605°)\;
+(—31795200 + 673920057 4 1112832083 + 3110403%)\;,
6179328003 + 136857600 + 82944003* + 2073603
0 for all B > —31.1005.

£\ \i; B)

&0 (g5 Ais )

Vv
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) = 40320\ (1608 + 88 + 573% + 35%) > 0 for all B > —0.7350,

) = 20160);(9328 + 608 + 3123 + 154°) > 0 for all 3 > —0.9275,
) = 432007\7(10183 + 952 + 2854% 4 128*) > 0 for all 3 > —1.6188,
) = 172800);(4223 4 608 + 873 + 33%) > 0 for all 3 > —23.3467.

Hence, ﬁél) is non-negative for all A\; > A\; > 0 and 8 > —%.

Define &30(Aj; Ai; 8) = E3(Xj5 Ay Ais B)/Aj. We wish to show that &5y is non-negative for
all A; > \; > 0. Differentiating £3p with respect to \; gives

Ea0(Aj; i B) = (9181440 + 2075904 + 1209605” + 3456/3°) A
+(—2373120 4 47520037 + 8236800 + 259206” ) \; A3
+(3888003” 4 345604” + 5356800 + 1244160) A7 \?
+(714240 + 8006400 + 9504037 + 86403 ) A} ),
+(86403% + 1152003 + 80640) )\,

&0 (A A B) = (36725763 + 8303616 + 48384047 + 138245%) A2
+(—T7119360 + 14256003° 4 24710408 + T77603%) ;A3
+(7776005” + 691203° + 107136073 + 2488320)\7 \;
+(714240 + 8006403 + 950403% + 86403°)\?,

&0 AiB) = (110177280 + 24910848 + 14515205% + 414726%)\2

+(—14238720 + 285120043 + 49420803 + 1555203%) \; )\,

+(7776008° + 691203% 4+ 10713603 + 2488320) A7,

(220354563 + 49821696 + 29030403% + 829443) )\,

+(—14238720 + 28512005 4 49420803 + 1555205%) \;,

DA B) = 2203545603 4 49821696 + 29030403 + 8294433

5;?)) (/\j; A ﬁ)

> 0 for all 5 > —25.5082.
Now
E0(Ni; A B) = T2576MN(B+3)(6% + 126 +8) > 0 for all § > —1,
DA B) = 8064X3(99483 + 544 + 34582 + 213%) > 0 for all 8 > —0.7187,
DA B) = 2419202(70408 + 544 + 21052 + 118%) > 0 for all 3 > —1.1328,
B\ A B) = 10368);(3 + 3)(233% + 4863 + 1144) > 0 for all 8 > —2.6985.

Hence, &3 is positive for all \; > \; > 0 and 3 > —%. This implies that £(A;; A\i; Aj; Ai; )
is positive for all Ay > A\; > \; > 0 and 3 > —%.
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Now,

&\ A A B) = (288008 + 11520)\;
+(1728008 + 1728037 + 138240) (\; + M)A}
+(725760 + 1555203 4 518406%) (A7 + A7)\
+(—691200 + 3456083 + 1555208%) A\ ;A7
+(—691200 + 345600 + 1555203%) (AiX7 + A7A;) N,
+(1728005 + 1728037 + 138240) (A% + A))\,
+(1728000 + 172803 + 138240) (AT + A2);)
+(725760 + 1555200 + 5184052)A§A§.
+(288003 + 11520) (A + A7),

and, hence,

P A A B) = (6912008 4 276480) A,
2
(10368005 + 1036805° + 820440) (A; + A;) = 0 for all § > —.

Define &40(Aj; \is ) = 54(12)()\]-; Aj; Ai; 3). We wish to show that 4 is non-negative for
all \; > A; > 0. Differentiating {4 with respect to \; gives

E2(Nji A B) = (16934408 + 2419200 + 20736067\
+(11059203 + 4147203% — 552960)\; \;
+(1451520 + 3110403 + 1036803%) A2,
DA B) = (33868800 + 4838400 + 4147205%)\;
+(11059203 + 4147203* — 552960) \;,
DN\ A B) = 33868804 + 4838400 + 41472032 > 0 for all 3 > —1.8457.

Now

(N3 Mi; B) = 103680A\3(78 + 16)(8+2) > 0 for all 3 > —2,
DA B) = 69120)(658 + 62 + 126%) > 0 for all 3 > —1.2358.

Hence, &(12) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &41(\j; \i; B) = 54(11)()\]-; Aj; Ais B). We wish to show that & is non-negative for
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all A; > \; > 0. Differentiating &; with respect to \; gives

Ea(Nj; A B) = (11174408 + 2050560 + 1728008%) A}
+(622080 + 5184005% — 1658880)\;A]
+(760320 + 3456000 + 2592003%) A7)\,
+(17280083 + 172803% 4 138240)\?,

V(A B) = (33523206 + 6151680 + 5184005%)\2
+(12441608 + 10368003% — 3317760)\;\;
+(760320 + 3456003 + 25920032 \2,

DA B) = (670464085 + 12303360 + 10368008%)\;
+(12441608 + 10368005% — 3317760)\;,

DA B) = 67046408 + 12303360 + 10368008% > 0 for all 3.

Now

(s Mi; B) = 32256002(36 +4)(6+41) > 0forall 3> —1,
DN\ B) = 17280A%(10543 + 208 + 286/3) > 0 for all 3,
DN\ B) = 345600X(2303 + 26 4 66%) > 0 for all 3.

Hence, fil) is non-negative for all A\; > A; > 0 and § > —%.

Define 40(Aj; Ai; 8) = €4(Aj: Ay Ais ). We wish to show that &, is non-negative for all
Aj > A; > 0. Differentiating {40 with respect to \; gives

E(Nj; N B) = (5587200 + 1025280 + 864005°) X
+(—1105920 + 41472073 4 3456006%) A X}
+(760320 + 3456003 4 2592005 A7 X7
+(3456003 + 345605° + 276480) A\,
+(288003 + 11520)\},

WA B) = (22348808 + 4101120 + 34560052) A
+(12441608 + 10368008% — 3317760)\; A3
+(1520640 + 6912003 + 5184008%) A7 \;
+(3456008 + 345603% 4 276480) A2,

DA B) = (67046408 + 12303360 + 10368005%) A2
+(24883203 + 20736003% — 6635520)\; )\,
+(1520640 + 6912008 + 5184003%) )2,

B\ AsB) = (134092808 + 24606720 + 207360052) A,
+(248832073 + 20736003 — 6635520)\;,

WAz B) = 134092808 + 24606720 + 20736008% > 0 for all 3.
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Now

E(Ni; Ai; ) = 2419200138 +4)(6+1) > 0 for all 8 > —1,
DN\ B) = 6451203333 +4)(B+1) > 0forall 3> —1,
(N A B) = 3456072(1058% + 208 + 2863) > 0 for all 3,
€5 (Nis \is ) 691200);(2343 + 26 + 63%) > 0 for all .

Hence, &, is positive for all \; > A\; > 0 and § > —%. This implies that £(A;; Ai; Aj; Ai; 5)
is positive for all \; > \; > \; > 0 and § > —%.

Lemma B.16 Let

E Az A i B) = (864083 + 3888047 — 172800)¢(1,1,1,4)
+(129602 + 48960 4 360003)t(0, 1,2, 4)
+(14408% + 19200 + 13440)t(0,0, 3, 4)
+(158403% + 119040 + 1334400 + 14403%)t(0, 1, 3,3)
+(129603° — 552960 + 691203 + 7776053)t(1, 1,2, 3)
+(302403% 4 43203° + 570240 + 1555203)t(0, 2, 2, 3)
+(—3110403 + 388803 + 777608%)t(1, 2,2, 2),

where
tla,be,d) = > NTARAEA

(n1,m2,n3,n4)
eperm(a,b,c,d)

The expression £(Ag; Ai; Aj; Ai; B) is positive for all Ay > X > A; > \;, and § > —

(S]]

Proof.
Let

Sabe)= Y AR
(n1,n2,n3)
eperm(a,b,c)



194

H. S. Dollar

Differentiating &(Ax; Ai; Aj; Ai; 3) with respect to A, we obtain

N (s A Ay i B)

(—691200 + 1555203* + 345608)A{5(1,1, 1)
+(518405% 4 195840 + 1440008)X35(0,1,2)
+(768003 + 57603% + 53760)A;5(0, 0, 3)
+(2332803% — 1658880 + 388803° + 2073605)A75(1, 1,2)
+(907203% + 4665603 4 1710720 + 129603°)A\75(0, 2, 2)
(576000 + 43203 + 40320)A73(0, 0,4)
+(4003208 + 43203° + 357120 + 475203*)X25(0, 1, 3)
+(1555203% — 1105920 + 13824003 + 259205%)\5(1, 1, 3)
+(1555208% — 6220803 + 777603°)\p5(1,2,2)
(
(
(
(
(—
(-
(

_|_

+(259203% + 97920 + 720008) A\, 5(0, 1, 4)

+(604803% + 3110403 + 1140480 + 86405%)\¢5(0, 2, 3)
1334400 + 14404 4+ 119040 + 158403%)3(0, 3, 3)
777605% — 3110403 + 388803%)3(2, 2, 2)
+(—552960 + 691208 + 777605 + 129603%)3(1, 2, 3)
+(—172800 + 388803 + 86403)3(1, 1, 4)

+(129603% + 48960 + 36000/3)5(0, 2,4),

_|_
+

ED N A AN B) = 3(—691200 + 1555203% + 345603)A75(1,1,1)

+3(518405? + 195840 + 1440003)\25(0, 1, 2)
+3(768003 + 57603 + 53760)A£3(0, 0, 3)
+2(2332803% — 1658880 + 388803 + 2073603)\,5(1,1,2)
+2(907205% + 4665603 + 1710720 + 129608%)\:5(0, 2, 2)
+2(576008 + 43203 + 40320)\3(0, 0, 4)

(

+2(4003203 + 43203° + 357120 + 475206%)\¢5(0, 1, 3)
+(1555203% — 1105920 + 1382408 + 25920°)5(1, 1, 3)
+(1555203* — 6220808 + 777603°)5(1, 2,2)
+(259203% + 97920 + 7200083)5(0, 1,4)

+(604803% + 3110404 + 1140480 + 86405°)5(0, 2, 3),
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ED N A A N B) = 6(—691200 + 1555203% + 345603) \e5(1,1,1)
+6(518405? + 195840 + 1440003)\.3(0, 1, 2)
+6(768003 + 57603 + 53760)Ax3(0, 0, 3)

+2(23328043% — 1658880 + 383304° + 207360.3)5(1,

+2(576008 + 432032 4 40320)3(0, 0, 4)

(
(
(
+2(907203? + 4665603 + 1710720 + 129603°)3(0,
(
(

+2(4003203 + 43203 + 357120 + 4752032)5(0, 1, 3),

D (s A A i B)

6(—691200 4 1555208 + 345608)5(1,1, 1)
+6(5184043 4 195840 + 1440008)5(0, 1, 2)

+6(7680083 + 57603 + 53760)5(0, 0, 3).

Define

§o( A5 Ajs Ai; )
§1( A5 Ajs Ai; B)
Ea(Ais Ajs Ais )
E3(Ai; Aj; Ai; B)
Ea( N5 Ajs Ais )

(O N A Ais B),

5< UOYPYPY z,m,
B M Aji Ais ),
RICVIPVDY uﬁ),
D (s Ais Aji Ai; ).

2, )

2)

195

We will prove that the above equations are non-negative for all Ay, > A\ > A\; > A\, >0
and 0 > —% and, hence, deduce that £(Ag; A\i; Aj; A3 8) is positive for all A\, > A\ >

)\]2)\Z>Oandﬁz—§
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Now

50()\1; )\]

and, hence,

H. S. Dollar

‘Ai;B) = (26880 + 384000 + 28805%) A/

+(2054403 + 14403% + 417603 + 216960) (\; + Ai) AP
+(3830400 + 1238400 + 86404” + 864003%) (A7 + A7)\
+(1555203 + 259203% + 2332803% — 1451520) A\ A}
+(—1008008 + 2592005 + 648003° — 1008000) (A A + A7A;) A}
+(4608000 + 648003 + 835200 + 72003%) (A7 + X)) A/
1872003% — 867840 + 4051200 + 288005”) (A AT + AJA;) N/
124800 + 11040073 4 288008%) (X} + A} A

2160008% + 1140480 — 31104073 + 864005 ) A7 A3}
+(3801608 + 1382403 + 587520 + 216008%) (A7A? -+ A A A7
+(806408 — 74880 + 648003%) (A:X] + AjAj) A

+(259203% + 97920 + 720005)()\2)\4 + MDA

+(2668803 + 238080 + 3168037 + 28803%) A A2\,

+(192008 + 14405° 4 13440) (A} X} + AfAD),

+

_|_
+

(
(
(=
(
(
(
(
(
(
(
(
(

PN A B) = (135475200 + 1935360008 + 145152008%)),

Define &p5(Aj; A

+(14791680053 + 103680032 + 3006720052 + 156211200)(X\; + A))
> Oforall 8> —0.7412.

HOES &(]5)(/\l; Ajs Ais B). We wish to show that &5 is non-negative for all

Aj > A; > 0. Differentiating §ps with respect to \; gives

Cos( Nz Ni: B) = (372556800 + 2906496003 + 4769280032 + 207360032) A2
J J

8 (i N B)

&2 (A

Now

5050\1'; A
\iiB) = 1382400);(526 4 5415 + 1115% 4 63) > 0 for all 5 > —1.2898.

&8 (O

Hence, 5[()5)

+(1665792003 + 41472003° + 580608005% — 17971200)\;\;
+(459648003 + 148608000 + 10368003 + 103680003%) 7,
(745113600 + 5812992003 + 953856003% + 41472003%) ),
+(1665792003 + 41472003° + 58060800% — 17971200)\;,

\i; B) = 745113600 + 5812992003 + 953856003 4 41472003°
> Oforall § > —1.7421.
5 B) = 2419200A7(208 4 2083 + 483% + 35°) > 0 for all B > —1.4294,

is non-negative for all A\; > A\; > 0 and 8 > —%.
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Define &o4(A: Aii ) = € (s Az Ais 3). We wish to show that &o4 is non-negative for all
Aj > A; > 0. Differentiating §y4 with respect to \; gives

Soa(Nj; Ais B) = (269337600 + 1632384000 + 293760004% + 17280005”) A
+(902016003 4 51840003 4 492480003% — 120268800) A; A7
+(435456000 + 124416000 + 25920005° + 165888003%) A7 \;
+(110592008 + 15552003 + 20044800 + 1728003°) A3,

&0\ B) = (808012800 + 4897152008 + 8812800052 + 51840005°) A2
+(18040320083 + 103680003" + 984960003% — 240537600)\;\,
+(435456000 + 124416000 + 25920003° + 165888003%) A\,

PN AiB) = (9794304003 + 1616025600 + 17625600052 + 103680003) A,

+(1804032003 + 103680005 4 984960003% — 240537600)\;,

9794304008 + 1616025600 + 1762560003% + 103680003

0 for all 3 > —2.9237.

f(gi)(%; Ai; 5)

IV

Now

A B) = 1612800X%(182 4 1913 + 6052 + 63%) > 0 for all 5 > —1.7321,
WA B) = 1209600A2(572 + 5905 + 1684 4+ 153°) > 0 for all § > —1.5802,
A B 345600, (33563 + 3980 + 795532 + 603°)

0 for all 8 > —1.9649.

~—

v

Hence, 584) is non-negative for all A; > \; > 0 and § > —2.

Define &y3(Aj; \i; B) = 5(()3)()\]-; Aj; Aiz B). We wish to show that ys is non-negative for
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all A; > \; > 0. Differentiating &y3 with respect to \; gives

o3(Nj; A B) = (126777600 + 674208003 4 1252800037 + 8640003%) A
+(3399552003 + 34560003> + 263520003% — 90455040)\; A7
+(1869696073 4 56954880 + 25920005” 4 127008003%) A7 A3
+(26784003% + 14837760 + 1348992003 + 3456003°) A} ),
+-(748800 + 6624003 + 17280032) A7,

WA 8) = (507110400 + 2696832003 + 5011200082 + 34560003%) A3
+(10198656043 + 103680003 + 790560006% — 271365120)\;\?
+(373939208 + 113909760 + 5184000° + 254016005%) A7 \;
+(26784003° + 14837760 + 134899203 + 3456003°)\?,

@A B) = (1521331200 + 8090496008 + 15033600052 + 103680003°) A7
+(20397312083 + 207360003° + 1581120003% — 542730240)\;\;
+(373939203 + 113909760 + 51840003 + 254016003%) )7,

8N Ai B) = (3042662400 + 161809920073 + 30067200052 + 207360003) A,

+(2039731203 + 20736000 + 1581120003 — 542730240)\;,

3042662400 + 161809920083 + 3006720005% + 207360003°

0 for all 3 > —4.2760.

€5 (i A )

IV

Now

= 3628800\ (28 +5)(B+3)(B+2) >0 for all 8 > —2,

= 806400\3(452 + 5243 + 19532 + 243%) > 0 for all 3 > —1.8116,

= 483840A7(2258 + 21713 + 6905 + 753) > 0 for all 8 > —2.3123,

= 103680);(24112 4 1757403 + 442543 4 4003°) > 0 for all 5 > —3.2529.

Hence, 5(()3) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &pa2(Aj; \is B) = (()2)()\j; AjsAis B)/Aj. We wish to show that py is non-negative
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for all A; > \; > 0. Differentiating &y, with respect to A; gives

Co2(Nji s ) = (43176960 + 2162880003 + 40521603 + 3024005%) A
+(106560005 + 15120003 + 1028160037 — 39974400)\;\7
+(534528003 + 20689920 + 15120008” + 64108805 A7 X7
+(872064003 + 21772803% + 5990400 + 3024003\ \;
1(599040 + 8236803 + 3024005%)\f,

i AsB) = (172707840 + 865152003 + 1620864057 + 12096005%) X
+(319680003 4 45360005° 4 308448003% — 119923200) A; A;
+(106905600 + 41379840 + 30240003% + 128217603 A7 ),
+(87206400 + 21772805% 4 5990400 + 3024003%) )7,

BD(\ia:B) = (518123520 + 2595456008 + 486259205 + 36288005°) A3
+(639360003 + 90720003 + 616896003% — 239846400)\; A,
+(1069056003 + 41379840 + 30240005° + 128217603%)\7,

BN\ AB) = (1036247040 + 5190912008 + 972518408 + 72576005%)A;
+(639360003 4 90720003° + 616896003% — 239846400)\;,

W\ A:B) = 1036247040 + 5190912008 + 97251840532 4 72576005

> Oforall § > —4.5982.

Now

= 725760\ (50 +T)(B+3)(B+2) > 0 forall § > —2,

4
= B628B0N(250 + 46)(3 + 3)(5 +2) > O for all §> — .

(Ai; Ai; B)
(Ai; Ai; B)

D (\i; i 8) = 80640X%(3964 + 414483 + 152752 + 1953%) > 0 for all 3 > —3.0390,
(A Ai; B) = 120960);(6584 + 48203 + 13143 + 1353%) > 0 for all 3 > —3.5381.

Hence, 562) is non-negative for all A; > \; > 0 and § > —2.

Define &y (Aj; \i; B) = f[()l)()\j; Aj; )\i;ﬁ)/)\?. We wish to show that &y, is non-negative
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for all A; > \; > 0. Differentiating &y with respect to \; gives

So1(Aji A B) = (11397120 4 55910400 + 10483205% 4 806405%) A
+(2983680/3 + 4838404” + 31449605° — 12741120) A, X}
+(1411200 + 6854400 + 6048003° + 24192003%) A7 A3
+(40857603 + 11289603% + 2150400 + 1612803 A3\,
1(322560 + 5644803 + 2419205%)\f,

SO\ B) = (45588480 + 2236416003 + 419328047 + 3225604%) A2
+(895104003 + 14515203° + 94348803% — 38223360)\; A]
+(282240073 + 13708800 + 12096005° + 48384003%) A7 )\,
+(408576003 + 11289605 4 2150400 + 1612803%)\?,

PO\ B) = (136765440 + 6709248003 + 1257984057 + 9676805°) A
+(179020803 + 29030403 + 188697603% — 76446720)\; \;
+(282240003 + 13708800 + 12096003° 4 48384003) A\,

W\ a:B) = (273530880 + 1341849608 + 251596803 4 19353605°) A,
+(179020808 4 29030403 + 188697603% — 76446720)\;,

WNjiA:B) = 273530880 + 13418496043 + 2515968032 + 19353603

> 0 forall B > —4.6109.

Now
Eor(A\i; Ai; B) = 133056077 (5 +3)(8 +2)(3+1) > 0 for all > —1,
16
WA B) = 241920A3(133 + 16)(5 + 3) (B +2) > 0 for all § > I3
BN AB) = T25T6072(8 + 3)(74% + 298 + 34) > 0 for all 3 > —3,
BN AsB) = 161280);(1222 + 9438 + 2733% + 303%) > 0 for all 8 > —3.3405.

Hence, 5(()1) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &oo(Aj; Ais 8) = Eo(Aj5 Ajs Ais ﬁ)/)\?. We wish to show that &y is non-negative for
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all A; > \; > 0. Differentiating &y, with respect to \; gives

foo(/\j; Ai; 5)

féé)(/\j; Ai; ﬁ)

&2 (i Ais )

&9 (i Ais )

f(()é)(/\j; Ai; ﬁ)

Now

v

(2442240 + 11980800 + 2246403 + 172805°) ]
+(7459205 + 1209604° + 7862404% — 3185280) ;A7
+(4233600 + 2056320 + 1814403 + 7257603%) A7 A3
+(15321603 + 4233605 + 806400 + 604805%) A} \;
+(161280 + 28224003 + 12096052) A7,

(9768960 + 47923200 + 8985603> + 691205 \?
+(22377605 + 362880° + 23587205 — 9555840) \; A7
+(84672003 + 4112640 + 3628803% + 14515208%) A2 \;
+(153216073 + 423360437 + 806400 + 604803%) 3,
(29306880 + 1437696003 + 26956805° + 2073605”) A7
+(44755203 + 7257603% 4 471744057 — 19111680)\;\;
+ (8467203 + 4112640 + 3628803% + 14515203%)\2,
(58613760 + 287539203 + 53913605 + 4147203%)\;
+(44755208 + 7257603 + 47174403% — 19111680)\;,
58613760 + 287539203 + 53913605 + 4147203°

0 for all 3 > —4.6109.

380160} (6 +3)(B+2)(8+1) > 0 forall 3 > —1,

8553603 (3 + 3)(8+2)(6+ 1) > 0 for all 3 > —1,

4
51840A7 (258 + 46) (3 + 3)(8 + 2) > 0 for all 5 > —£,

51840\ (8 + 3)(226% + 1293 + 254) > 0 for all 3 > —3.

Hence, & is positive for all \; > \; > 0 and 3 > —%. This implies that £(A;; A\i; Aj; Ai; )
is positive for all Ay > A\; > \; > 0 and 3 > —%.
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Differentiating & (A;; Aj; Ai; ) with respect to A; we obtain

E (A A5 0 8) = (1344008 + 94080 + 100805%) A

+(43203% 4 650880 + 12528032 + 6163203)(\; + A\i) A}
+(2160005% 4 216008° + 9576003 + 3096000) (A7 + A7)\
+(—3628800 + 648005° + 3888003 + 5832008%) \;\j A}
+(—2016008 + 5184005” + 1296003° — 2016000) (A A + A7A;) A
+(144006° + 9216008 + 1670400 + 1296006%) (A7 + X)) A}
+(—1301760 + 6076803 + 432003% -+ 2808005%) (AT -+ AP Aj) A}
+(1656000 + 432003 + 187200) (X} + A}) A
+(1710720 — 4665600 + 1296003 + 3240003%) A7 AZ A}
+(3801600 + 13824043 + 587520 + 216008%) (A7A? -+ A A3\,
+(806408 — 74880 + 648003%) (AT + AfAj) N\
+(1334400 + 14405° 4 119040 + 158403%) A7 \)
+(129608% + 48960 + 360008)(A; X} + AfA3),

and, hence,

B XA A 8) = (967680003 + 67737600 + 72576003%) A,
+(5184005° + 78105600 + 150336003 4 739584003) (A; + A;)
0 for all g > —0.7412.

v

Define &14(Aj; Ai; ) = 51 (/\z, Ai; ). We wish to show that &4 is non-negative for all
Aj > A; > 0. Differentiating 514 Wlth respect to \; gives

&a(Aj; Nis B) = (1453248000 + 186278400 + 238464004 + 10368006”) A3
+(20736003° — 8985600 + 2903040037 + 832896003) \; )\,
+(51840005 4 5184003° + 229824003 + 74304000) A,

DA 8) = (2906496008 + 372556800 + 4769280082 + 2073600%)\;

+(20736003% — 8985600 + 290304007 4 832896003)\;,

2906496003 + 372556800 4 476928005 4 20736003

0 for all § > —1.7421.

3 (M \i; B)

v

Now

E1a(Ni; Ai; B) = 12096007 (2083 + 208 + 483 + 33°) > 0 for all 3 > —1.4294,
DA B) = 691200)(5418 + 526 + 11152 4 63%) > 0 for all 3 > —1.2898.

Hence, 5%4) is non-negative for all A\; > A\; > 0 and 3 > —%.
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Define €15(0; A 8) = €2 (A3 A5 Ai; 3). We wish to show that &5 is non-negative for
all A; > \; > 0. Differentiating &3 with respect to \; gives

G3(Aj; A B) = (816192008 + 134668800 + 146880003 + 8640003%) A3
+(—60134400 + 25920005° 4 451008008 + 246240005%) \; A
+(82944003% + 12960003 + 217728003 + 62208000) A7 \;
+(864003° + 55296000 + 10022400 + 7776005%)\3,

SO\ As8) = (2448576000 + 404006400 + 440640005% + 25920005%) )2
+(—120268800 + 51840003 + 9020160073 + 492480005%) \;\;
1-(82944005% 4 12960003° + 217728003 + 62208000)\2,

PN A B) = (4897152008 + 808012800 + 8812800052 + 51840008%)A;

+(—120268800 + 51840003 + 902016003 + 492480003%)\;,

4897152003 + 808012800 + 881280003* + 51840003

0 for all B > —2.9237.

i?(&-; Ai; B)

v

Now

E13(Ai; A3 B) = 80640023 (1913 + 182 4 605% + 63°) > 0 for all § > —1.7321,
DN\ B) = 604800A%(59083 + 572 + 16842 + 153%) > 0 for all 3 > —1.5802,
DA B) = 172800A:(33563 + 3980 + 79582 + 603°%) > 0 for all 8 > —1.9649.

Hence, §§3) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &12(Aj; \i; B) = 5%2)()\]-; Aj; Ais B). We wish to show that {5 is non-negative for
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all A; > \; > 0. Differentiating &;, with respect to \; gives

E12(A\j; A B) = (337104008 + 63388800 + 62640003 + 4320008%) A
+(—45227520 + 17280003 + 169977600 + 131760003%) A\;\?
+(63504003 + 12960003° + 93484803 + 28477440) A7 N7
+(7418880 + 67449603 + 1728003° + 13392005%) A\ \;
+(3312003 + 864003% + 374400) )},

DA B8) = (1348416008 + 253555200 + 250560002 + 17280008%) A}
+(—135682560 + 51840005” + 509932803 + 395280003%) X; A3
+(127008005° + 25920005° + 186969603 + 56954880) A7 )\,

+ (7418880 + 674496073 + 1728005 + 13392003%) 7,

D\ AiB) = (4045248000 + 760665600 + 7516800052 + 51840005°) 3

+(—271365120 + 103680003° + 1019865603 + 790560003%)\; \;

+(127008003% + 25920003% + 1869696073 + 56954880) A7,

(80904960073 + 1521331200 + 15033600057 + 103680003%) ),

+(—271365120 + 103680003% + 1019865603 + 79056000%) \;,

8090496003 + 1521331200 + 1503360003 + 103680005°

0 for all 8 > —4.2760.

€9 (0 \i; B)

€5 (N3 Ais B)

v

Now

E1a(Ai; Nis B) = 1814400} (28 + 5)(B +3)(3 +2) > 0 for all 8 > —2,

D\ B) = 40320033(52483 + 452 + 19582 + 243%) > 0 for all 3 > —1.8116,
DAz i B) = 24192002(21713 + 2258 + 6903% + 758%) > 0 for all 8 > —2.3123,

B (Ni; i 3) = BI840A (175740 + 24112 + 442553 + 4003%) > 0 for all 8 > —3.2529.

Hence, §§2) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &11(A\j; \i; B) = %l)()\j; AjsAis B)/Aj. We wish to show that £;; is non-negative
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for all A; > \; > 0. Differentiating &;; with respect to \; gives

ST ()\j§ Ai; 5)

Wi As )

ﬁ)()‘ﬁ Ai; 5)

ﬁ)()\ﬁ Ai; B)

D As )

Now

511()\1'; )\i;ﬁ) =
DA B) =

DN i B) =
G i B) =

Y]

(108144003 + 21588480 + 20260803 4 1512005°) A
+(—19987200 + 7560003 + 53280003 4 51408003%) ;A3
+(32054405° 4 7560005” 4 267264003 + 10344960) A7 A3
+(1512003° + 436032003 + 2995200 + 10886403%) A7\,
+(4118403 + 15120057 4 299520) A7,

(432576003 4 86353920 + 81043205° 4 6048005”)\?
+(—59961600 + 22680006” 4 159840000 + 154224003%)\; \?
+(64108803% + 15120003% + 53452803 + 20689920) A7\,
+(1512008% + 43603203 + 2995200 4 10886403%) A2,
(12977280073 4 259061760 + 2431296057 + 18144003%) A3
+(—119923200 + 45360003 + 3196800073 + 308448005%) \;\;
+(64108805% 4 15120003% + 53452803 + 20689920) A7,
(2595456003 + 518123520 + 4862592057 + 36288005°) ),
+(—119923200 + 45360003 + 31968000 + 308448003%)\;,
25954560003 + 518123520 + 486259203% + 36288004°

0 for all B > —4.5982.

362880X (50 + 7)(8+3)(8+2) > 0 for all 5 > _g,

46

181440X7 (2503 4 46) (6 + 3)(8 +2) > 0 for all § > ——,

25

4032077 (41448 + 3964 + 15273% + 1956°) > 0 for all 3 > —3.0390,
60480);(48203 + 6584 + 13143% 4 1353%) > 0 for all 3 > —3.5381.

Hence, 69) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &1o(Aj; Ai; 8) = &1(A\j5 Ajs Ais ﬁ)/)\?. We wish to show that ;¢ is non-negative for
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all A; > \; > 0. Differentiating &;p with respect to \; gives

Eo(Aji A B) = (27955200 + 5698560 + 5241605 + 403203°) X
+(—6370560 + 2419203° + 14918403 + 15724803%) ;A3
+(120960053” + 3024005° 4 70560003 + 3427200) A7 A2
+(806405° + 20428800 + 1075200 + 5644805%) A3\,
+(2822408 4 1209603% + 161280) A7,

DA B) = (111820800 + 22794240 + 209664052 + 1612805°) X3
+(—19111680 + 7257603% + 44755203 + 47174403%) X\ A5
+(24192003% + 6048004° + 141120083 + 6854400) A7),
+(806403° + 20428803 + 1075200 + 5644803%) A7,

€0\ B) = (335462400 + 68382720 + 628992032 + 4838405°) A

+(—38223360 + 14515203° + 89510403 + 94348803%) \i )\,

+(24192003% + 6048005 + 14112003 + 6854400) )7,

(670924803 + 136765440 + 125798403% 4 9676803%)\;

+(—38223360 + 14515203 + 89510403 + 9434880/3%) \;,

6709248073 + 136765440 + 1257984032 + 9676803°

0 for all g > —4.6109.

D (i Ais B)

€80\ s B)

v

Now
Go(Ai; Ais B) = 6652807 (64 3)(6+2)(B+1) > 0 for all § > —1,
16
;A 8) = 120960A2(136 + 16)(8 4 3)(6+2) > 0 for all 3 > 13
B (\i;\i;B) = 362880A0%(3 + 3)(78% 4+ 295 + 34) > 0 for all 3 > —3,
BN A B) = 80640A;(9438 + 1222 + 2736% + 308%) > 0 for all 8 > —3.3405.

Hence, & is positive for all \; > \; > 0 and 3 > —%. This implies that £(A;; A\i; Aj; Ai; )
is positive for all Ay > A\; > \; > 0 and 3 > —%.
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Now

S\ i B) = (2592087 + 3456003 + 241920) A\

+(86403% 4 2764805 + 1399680 + 13046405)(\; + Ai)\}
+(5149440 + 16761600 + 3974403 + 345603°) (A3 + A7)\
+(—6497280 + 108864037 + 1036803° + 6566403) A\ \; A}
+(1555205” — 2730240 + 2246400 + 7776003%) (A AT + A7A;) A
+(2016000 + 172803 + 1728003 + 13420803) (A 4+ A}) A}
+(345606” + 178560 + 1872005) (A} + A}) A,
+(2505605% 4 345604° — 391680 + 9388303) (XA + APX;) A
+(1036803% + 3421440 + 3110408 + 336960&2))\2)\2
+(604806% + 3110400 + 1140480 4 86403%) (A X7 + A7 A7)
+(259203% + 97920 4 720003) (A:A] + ML),

and, hence,

A A B) = (311040082 + 4147200085 + 29030400) A,
+(2073605° + 663552042 + 33592320 + 3131136053) (A; + A;)
> Oforall > —0.7412.

Define &3(Aj; \i; B) = 553)()\]-; Aj; Ais B). We wish to show that &3 is non-negative for
all \; > A; > 0. Differentiating {3 with respect to A; gives

E3(Aj; A B) = (1057536037 + 6210432008 + 79004160 + 4147205°)\7
+(8294403% 4 13167360 — 5391360 + 352512003)\i )\
+(30896640 + 100569603 + 23846403% + 2073603°) A2,
Wi A B) = (2115072052 + 1242086408 + 158008320 + 8294405%)\,
1(8294403° + 1316736047 — 5391360 + 352512003)\;,
DN\ AiB) = 211507208 4 1242086408 + 158008320 4 8294403 > 0 for all § > —1.7669.

Now

Coa(Ais N B) = 1451520M7(B + 4)(8% + 148 + 18) > 0 for all B > —1.4322,
s A B) = 103680:(3313% 4 153803 + 1472 + 163%) > 0 for all 3 > —1.2958.

Hence, 553) is non-negative for all A\; > A; > 0 and § > —%.

Define &32(Aj; \i; B) = 552)()\]-; Aj; Ais B). We wish to show that £y, is non-negative for
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all A; > \; > 0. Differentiating &2 with respect to \; gives

E2(Nji M B) = (65664005° 4 353088003 4 56563200 + 3456006%) A7
+(—27648000 + 114048005° + 10368005” 4 200448005) A \?
+(25436160 + 1050624003 + 39398405 + 5184005°) A7 \;
+(4032000 + 345603 + 3456003* + 26841603)\?,
DA B) = (196992008 4 1059264008 4 169689600 + 10368003%) A3
+(—55296000 + 228096003* + 20736003° + 400896003) \;\;
+(25436160 + 105062400 + 393984032 + 5184003°) 7,
DA B) = (393984004 4 2118528008 + 339379200 4 20736008%) A,
+(—55296000 + 228096003 + 20736003° + 400896003)\;,
BN\ AiB) = 39398400037 4 2118528008 + 339379200 + 20736003 > 0 for all 3 > —3.0812.

Now

E2(Mi A B) = 161280A3(1385% + 42503 + 362 + 126%) > 0 for all § > —1.4432,
DN\ 3) = 241920A%(1923% + 6473 + 578 + 153%) > 0 for all 3 > —1.4382,
DA Ai;B) = 1036800\ (6082 + 2433 + 274 + 48%) > 0 for all 3 > —1.9255.

79

Hence, ﬁéz) is non-negative for all A\; > A\; > 0 and 8 > —%.
Define &o1(Aj; Ai; ) = 551)0\]-; Aj; Ai; 3). We wish to show that &»; is non-negative for
all A; > \; > 0. Differentiating £, with respect to \; gives
&1 (N3 Ai; B) = (28080003 + 148464000 + 26467200 + 1728005°) X
+(6912005° 4 61776005° — 19745280 + 85766403) A\; X
+(13409280 + 57888000 + 30844804% + 5184003°) A7 A7
+(3640320 4 691205 + 5961603% 4 36230403) N3\,
+(345603% + 178560 + 1872005) A\,
eV A B) = (11232000582 + 593856003 + 105868800 + 6912005°) A\
+(20736005° + 185328003% — 59235840 + 257299203) \;\;
+(26818560 + 115776003 + 616896032 4+ 10368003%) A7\,
+(3640320 + 691204° + 5961603* + 36230403) A2,
DA B) = (3369600087 + 1781568008 + 317606400 -+ 20736005°) A3
+(41472003° + 370656003% — 118471680 + 514598403)\; )\,
+(26818560 + 115776003 + 61689603* + 10368003°) A7,
(673920003* + 3563136003 + 635212800 + 41472003%) ),
1(41472005° 4 370656003% — 118471680 + 514598405)\;,
67392000 4 3563136003 4 635212800 + 41472003°
0 for all B > —7.5855.

8 (i \i; B)

&0 (i Ais )

v
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) = 362880\}(8 + 3)(46% + 238 +22) > 0 for all 8 > —1.2120,

) = 80640} (4533% + 12443 + 956 + 483%) > 0 for all 8 > —1.2965,

) 24192077 (3183% + 99783 + 934 + 303%) > 0 for all B > —1.7649,

) = 673920008% 4 3563136003 + 635212800 4 41472005° > 0 for all 8 > —7.5855.

Hence, ﬁél) is non-negative for all A\; > A\; > 0 and 8 > —%.

Define &o0(Aj; Ai; 8) = E2(Nj5 A4 Ais B)/Aj. We wish to show that & is non-negative for
all A; > \; > 0. Differentiating &3p with respect to \; gives

E0(Nji A B) = (90720057 4 485568003 + 8985600 + 604805°) ;]
+(—8121600 + 24192006% + 3024003 + 31968003) A\, A2
+(6981120 + 2522880 + 157248057 + 30240053°) A7 \?
+(2764800 + 604805° + 4838403% + 25920003) AP\,
+(60480 4- 276480 + 2592003) A},

SO B) = (362880087 + 194227203 + 35942400 + 2419205%) A2
+(—24364800 + 725760037 + 9072003 + 95904003) ;A
+(13962240 + 50457603 + 31449603° + 6048005°) A7 \;
+(2764800 4 604803 4 4838403% + 25920003) A2,

DN\ A:B) = (1088640087 + 582681608 + 107827200 + 7257608%)\;

+(—48729600 + 1451520037 + 18144003° + 191808003) \; \;

+(13962240 + 50457600 + 31449605 4 6048003%)\?,

(217728003* + 1165363203 + 215654400 + 14515203%) \;

+(—48729600 + 145152003 + 18144005 + 191808003) \;,

WA B) = 2177280082 + 1165363208 + 215654400 + 14515205

éﬁ)w; Ai; B)

> 0 forall § > —4.4853.
Now
E20(Ai; Ai; B) = 362880 (26 +5)(8 +3)(8 +2) > 0 for all § > -2,
DA B) = 36283003 (3 + 3)(53% + 253 + 26) > 0 for all B > —1.4753,
DN\ B) = 241920X%(11843% + 3413 + 302 + 138%) > 0 for all > —1.6897,
N\ B) = 362880A:(1008% + 37453 + 460 + 93%) > 0 for all B > —2.7709.

Hence, &, is positive for all \; > \; > 0 and 3 > —%. This implies that £(A;; A\i; Aj; Ai; )
is positive for all Ay > A\; > \; > 0 and 3 > —%.
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Now

(A N B) = (403200 + 5760003 + 432008%)\}
+(1889280 + 86403° + 16646403 + 4060803%)(\; + A\j)A;
+(4596480 + 17971200 + 4924803 + 259205°) (A + A})A7
+(7T77603° + 6220808 — 7464960 + 13996803%) A\, A7
+(1036800 + 12614400 + 86405° 4 12960057) (A} + A7)\,
+(7776003% — 2142720 + 127872003 + 777605”) (AAT + A7A)A,
+(714240 4 950403 + 8006408 + 86403%) (M A3 + APN;)
+(259206” + 1814406% + 9331200 + 3421440) A7 \?
+(86404% + 1152008 + 80640) (A} + A}),

and,hence,

PN A B) = (9676800 + 138240008 + 103680032 A,
+(11335680 + 518403 4 998784003 + 24364808%)(\; + ;)
> Oforall 3> —0.7412.

Define &52(Aj; \i; B) = §§2)()\j; Aj; Ais B). We wish to show that {35 is non-negative for
all \; > A; > 0. Differentiating 3o with respect to \; gives

E2(Nj; A B) = (25367040 + 2049408073 + 39398403 + 1036808%) A3
+(—3594240 + 2073605 + 112320008 + 52358408%)\; \;
+(9192960 + 35942403 + 9849603 4 518405%) 2,

DA B) = (50734080 + 4098816003 + 787968052 + 2073603\,

+(—3594240 + 2073603 + 112320003 + 52358403%)\;,

50734080 + 409881603 + 78796803% + 207360°

0 for all g > —1.8910.

5:%) (/\j; Ai; ﬁ)

v

Now

Eo(Nis A3 B) = 120960)7(256 + 2923 + 843% + 33%) > 0 for all 3 > —1.4510,
DO A B) = 172800:(2728 + 30223 + 7598 + 245%) > 0 for all 8 > —1.3255.

Hence, £§2) is non-negative for all A; > \; > 0 and § > —2.

Define &51(\j; \i; B) = fél)()\j; Aj; Ais B). We wish to show that &3 is non-negative for
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all A\; > \; > 0 for all 8 > . Differentiating £3; with respect to \; gives

531()\]'; )\i;@

Vi A )

(A A B)
&9 (0 Mi; B)

Now
531 ()\iQ
& O
5;,? (/\z‘;

Hence, {él

Ai;ﬁ)

Ai;ﬂ) =
Ai;ﬁ) =
)

v

(17510400 + 121536003 + 25056005% 4- 864005°)\?
+(—11404800 + 2592003 + 75168003 + 47952003%) ;A3
+(7050240 + 487296003 + 176256032 + 1296003 ) A7 ),
+(1036800 + 126144003 + 86403 + 1296003%)\?,
(52531200 + 364608003 4 75168005° + 2592005°)\?
+(—22809600 + 51840032 + 150336003 + 95904003%) A\,
+(7050240 + 48729603 + 17625603 + 1296003°) A7,
(105062400 + 729216003 + 150336005 + 5184003%)\;
+(—22809600 + 5184003 + 150336008 + 95904003%) \;,
105062400 + 729216003 + 150336005% + 5184003°

0 for all 3 > —23.3467.

1612802 (88 + 1603 + 573% + 33°) > 0 for all 8 > —0.7350,
6048017 (608 + 9323 + 3123% + 153%) > 0 for all 3 > —0.9275,
86400);(952 + 10183 + 2853 + 12/3%) > 0 for all B > —1.6188.

is non-negative for all A\; > \; > 0 and 8 > —%.

Define &30(Aj; Ai; 8) = &3(Aj: Ajs Ai; B). We wish to show that &5 is non-negative for all
Aj > A; > 0. Differentiating 39 with respect to \; gives

530()\3‘; A 5)

i A B)

2\ A B)

B (i A B)

(i i B)

v

(8006400 + 54144008 + 108000057 + 432003°) A}
+(17280043 + 43660805 — 7004160 + 267840057 A\, X}
+(5875200 + 40089600 + 145152037 + 1296003%) A7 A3
+(1751040 + 2246405 + 20620803 + 172803%) A%\,
+(86403% + 1152003 + 80640)\},

(32025600 4 2165760073 4 43200005° 4 1728005 \?
+(5184003 + 130982403 — 21012480 + 80352003%)A; A2
+(11750400 + 80179208 + 29030403% + 25920058%) A\,
+(1751040 + 2246403* + 20620803 + 172803°) A2,
(96076800 4 6497280073 + 129600003 + 5184005°)\?
+(10368003° + 261964803 — 42024960 + 160704005%)\;:\;
+(11750400 + 80179200 + 29030403% + 2592003%)AZ,
(192153600 + 1299456003 + 259200008 + 10368005°) ),
+(10368003° + 261964803 — 42024960 + 160704003%)\;,
192153600 + 1299456003 + 259200003% + 10368003

0 for all B > —18.8822.
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— 3628804 (5 + 3)(82 + 128+ 8) > 0 for all 3 > —0.7085,

= 3225607 (76 + 1393 + 483* + 33°) > 0 for all 8 > —0.7158,
1209607 (544 + 82003 + 2643% + 153%) > 0 for all 3 > —0.9237,

= 103680);(1448 + 150603 + 4053 + 203°) > 0 for all § > —1.5818.

positive for all \; > A\; > 0 and 8 > —%. This implies that £(A;; Ai; Aj; Ais B)

is positive for all Ay > A\; > A\; > 0 and 3 > —%.

Differentiating £4(A;; Aj; Ai; §) with respect to A, we obtain

SO A A B) = (20736083 — 4147200 + 93312082) A A5\,

and, hence,

+(8640000 + 1175040 + 31104057) (A + X))\,
+(8640008 + 1175040 + 3110408%)(\; + ;) A
+(4608000 + 322560 4 345606%) (A} + A7)
+(8640000 + 1175040 + 3110405%) (A A3 + A7A)
+(46080073 + 322560 + 345605%) )\,

DA A B) = (27648003 + 1935360 + 20736052) A,

+(17280005 + 2350080 + 62208Oﬁ2)(>\j +\)
> Oforall 8> —0.7412.

Define &41(\j; \i; B) = fil)()\j; Aj; Ais B). We wish to show that & is non-negative for
all A; > \; > 0. Differentiating &; with respect to \; gives

En(Nji i B) = (39744005 + 4492800 + 10368003%) A3

+(19353603 — 1797120 + 15552008%)\;\;
+(8640003 + 1175040 + 31104058%) )7,

VA 8) = (794880083 + 8985600 + 20736003%)\;

+(19353603 — 1797120 + 15552003%)\;,

DN A B) = 79488008 + 8985600 + 20736005 > 0 for all 3.

Now

Ea(Nis My B) = 967680M2(38 +4)(B+1) > 0forall > —1,
DN\ B) = 34560A;(1058% + 208 + 286/3) > 0 for all 3.

Hence, @(11) is non-negative for all A\; > A\; > 0 and 8 > —%.
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Define &40(Aj; Ai; 8) = €4(Aj: Ay Ais ). We wish to show that &, is non-negative for all
Aj > A; > 0. Differentiating {40 with respect to A; gives

Eo(Nji A B) = (26496003 + 2995200 + 6912003%) A3
+(19353606 — 1797120 + 15552003%)\; A7
+(172800073 + 2350080 + 6220803%) A7\,
+(4608003 + 322560 + 345605%) A2,
(79488000 + 8985600 + 20736003%) A3
+(38707203 — 3594240 + 31104003%)\; )\,
+(17280008 + 2350080 + 6220803%) A7,
(158976003 + 17971200 + 41472005%) ),
+(38707208 — 3594240 + 31104005%)\;,
B\ AiB) = 1589760083 + 17971200 + 414720032 > 0 for all 3.

i A B)

D (i i B)

Now

Eo(Mi; i B) = 967680A3(38 +4)(B+1) > 0forall > —1,
QOGN B) = 19353600233 +4)(8+1) > 0 for all > —1,
DA B) = 69120);(1058% + 208 + 286/3) > 0 for all 3.
Hence, &, is positive for all \; > \; > 0 and 3 > —%. This implies that £(A;; A\i; Aj; Ai; )
is positive for all Ay > A\; > A\; > 0 and 3 > —%.
O

Lemma B.17 Let

Ee; A A Ais B) = (345600 + 4204808 + 432003% + 28803%)t(0,0, 3, 3)
+(1140480 + 9244803 + 23760037 + 259203%)¢(0, 1,2, 3)
+(15264003 + 23040 + 907203%)t(0,1, 1,4)
+(777603% — 4008960 + 44928003 + 62208032)t(1,1,1,3)
+(7776008% — 8294400 + 2332804° — 3317760)t(1,1,2,2)
+(1296003 + 3024032 + 138240)(0,0, 2,4)
+(34992032 + 777603% + 5132160 + 108864043)t(0,2,2,2),

where
ta,be,d) = Y NTARAEN

(n1,m2,n3,n4)
eperm(a,b,c,d)

The expression £(Ag; Ai; Aj; Ai; B) is positive for all Ay > N > A; > \;, and > —%.
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Proof.

Let
Sabe) = Y ATARARS,

(n1,m2,n3)
€perm(a,b,c)

Differentiating &(Ax; Ai; Aj; Ai; B) with respect to A\, we obtain

EV s A A i B) = 4(3024067 + 1296008 4 138240)A25(0,0, 2)
+4(1526400 + 23040 4+ 907205%)X;5(0, 1, 1)
+3(777603° — 4008960 + 44928003 + 6220803*)A\;5(1,1,1)
28803% + 432003% + 345600 + 4204803)\75(0, 0, 3)
+3(9244803 + 1140480 + 2376005 + 259203%)X25(0, 1, 2)
+2(—3317760 + 2332803% + 77760058% — 8294403)\;5(1,1,2)
+2(5132160 + 34992057 + 777603% + 10886403)A1.5(0, 2, 2)
+(604803° + 2592003 + 276480)\.5(0, 0, 4)
+2(92448003 + 1140480 + 2376005 4 259203*)\,5(0, 1, 3)
+(—3317760 4 2332803° + 7776003 — 8294403)5(1, 2, 2)
+(777603° — 4008960 + 4492803 + 6220803%)5(1, 1, 3)
+(9244803 + 1140480 + 2376003% + 25920/3%)5(0, 2, 3)
+(15264083 + 23040 + 907203%)5(0, 1,4),
ED N A A\ A B) = 12(3024062 + 1296000 4 138240)A25(0, 0, 2)
+12(1526403 + 23040 + 907203%)A$5(0,1,1)
+6(777603> — 4008960 + 44928003 + 6220803*)\,5(1,1,1)
+6(28803°% 4 432003% + 345600 + 4204803)\5(0, 0, 3)
+6(924480 + 1140480 + 2376005 4 259208%)\.5(0, 1, 2)
+2(—3317760 + 2332803% + 7776005% — 82944003)5(1,1,2)
+2(5132160 + 3499203% + 777605 + 1088640.3)5(0, 2, 2)
+(604803? + 25920073 4 276480)5(0, 0, 4)
+2(92448073 + 1140480 + 2376005 + 259203)3(0, 1, 3),
EO N Az A\ A B) = 24(3024062 + 1296000 4 138240)\¢5(0, 0, 2)
+24(15264073 4 23040 + 907203%)\:5(0,1,1)
+6(777603° — 4008960 + 44928003 + 6220803%)5(1,1,1)
+6(28803° 4 432003% + 345600 + 4204803)3(0, 0, 3)
+6(9244803 + 1140480 + 2376005 4 259205%)5(0, 1, 2),
ED N A A i B) = 24(3024067 + 1296003 + 138240)5(0, 0, 2)
+24(1526404 + 23040 + 90720%)5(0, 1,1).

+3

+3(
(
(
(=
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Define

= S\ A5 A A 0),

= W0 A A ),
£ (s M Ajs Ais B),

D00 A A A B),
€D (N Mz Ags Ais B).

We will prove that the above equations are non-negative for all Ay > A\ > A; > A; >0
and g > —% and, hence, deduce that {(Ag; \i; Aj; Ai; 5) is positive for all A, > N >
)\JZ)\Z>OandﬂZ—§

Now

oA A A B) = (28808 + 10368037 + 622080 + 6796803) A
+(215424003 + 2327040 + 6566403 + 518403%)(A\; + A;)\?
+(3196800 + 7689600 + 8856003 + 1296003%) (A3 + AF) A/
+(3888004% — 11289600 + 3744003 + 22032003%) M\, A
+(1900805 — 4354560 + 203040037 + 5184003%) (A A7 + AZA;) A}
+(576003° + 56160087 + 2972160 + 26899203) (A} + AY) A}
+(1296005” — 1728000 + 22982400 + 10972803%) (A:A? + ) A;) A
+(1512005% 4 4118400 + 299520) (X} + A}) A
+(6946560 + 14774406% 4 38880037 + 13478403) A7 A2 N}
+2(92448003 + 1140480 + 23760053 + 259205°) (A7AT + A2AT)\,
+2(15264005 + 23040 4 907206%) (A:A] + AN A
+(28803” + 4320037 + 345600 + 4204805) A} \?
+(302406% + 1296000 + 138240) (AIX] + AjAY),

and, hence,
555)()\1; Nis i B) = (20736003° + 746496003 + 447897600 + 4893696003) \;

+(2585088003 + 279244800 + 787968003 + 62208003%)(A; + \;)
> 0 forall 5> —1.0915.

Define &ya(Aj; Ai; B) = 5(()4)()\1; Aj; Ais B). We wish to show that &4 is non-negative for all
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Aj > A > 0. Differentiating §y4 with respect to \; gives

Soa(Nj; N B) = (103680003° + 1373760005° + 687744000 + 5799168003)\7
+(2674944003 + 8294400 + 13167360052 + 155520003%) \;\;
+(767232003 + 184550400 + 212544003 + 31104003%) )7,

A 8) = (207360008% + 2747520008 + 1375488000 + 11598336003) A,

+(2674944003 + 8294400 + 1316736003% + 155520003%)\;,

207360003 + 2747520003% + 1375488000 + 11598336003

0 for all g > —1.9649.

&7 (i Ais )

v

Now

Coa(Ai; A3 B) = 4838400)\%(63° + 603% + 182 + 1913) > 0 for all 3 > —1.7321,
N\ B) = 2419200X(158° + 16803 + 572 + 5903) > 0 for all 3 > —1.5802.

Hence, 564) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &y3(Aj; \i; B) = 5(()3)(/\j; Aj; Ais B). We wish to show that £ys is non-negative for
all A; > \; > 0. Differentiating &y3 with respect to \; gives

o3(Aj; As ) = (69120005” + 764640008 + 416655360 -+ 3036787203) A\
+(155520008” — 157455360 + 1393804800 + 1044576003%) ;A7
+(77863680 + 158423040 + 33436800537 + 62208005%) A7\,
+(3456008° + 33696003% + 17832960 + 161395203) A3,

A B) = (2073600053 + 2293920003 4 1249966080 + 91 10361603) A

+(311040005° — 314910720 + 278760960 + 2089152003%) \;\,

+ (778636803 + 158423040 + 3343680037 + 62208003%) )7,

(414720003° + 4587840003% + 2499932160 + 18220723203)\;

+(311040003° — 314910720 + 2787609603 + 2089152005%) \;,

414720003° 4 4587840003% + 2499932160 + 18220723203

0 for all B > —3.2529.

€8\ \i; B)

8\ A B)

v

Now

Coa(Nis Ay B) = 14515200X3 (23 + 5)(B + 3)(B+2) > 0 for all 3 > —2,
DN B) = 2419200\2(243° + 1953 + 452 + 5243) > 0 for all 3 > —1.8116,
PN\ B) = 967680A(753% + 6903 + 2258 + 21713) > 0 for all 3 > —2.3123.

Hence, 5(()3) is non-negative for all A\; > A\; > 0 and 3 > —%.
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Define &o(Aj; A 8) = 57 (Aj; A Az 3). We wish to show that & is non-negative for
all A; > \; > 0. Differentiating &y, with respect to \; gives

C2(Aj; Ais B) = (30240003 + 3054240047 + 175910400 + 1188000003) A}
+(90720005” — 118517760 + 533145608 + 539481603%) A\
(4219776073 4 80040960 + 257644805% 4- 54432003°) A7 A2
+(6048003° + 14376960 + 207360003 + 55641603\ ),
+(3024005 + 8236803 + 599040)\;,

&5 (i AiB) = (120960008° + 12216960052 + 703641600 + 4752000003) A2
+(272160003% — 355553280 + 1599436803 + 1618444803%) \;\;
+(8439552003 + 160081920 + 515289603% + 108864003 ) A7 )\,
+(6048003° + 14376960 4 207360003 + 55641603)\?,

&5 (A A B) = (362880004° + 36650880052 + 2110924800 + 14256000003) )2

+(544320005° — 711106560 + 3198873603 + 3236889603%) A\,

+(8439552003 + 160081920 + 515289603 + 108864003°) 7,

(725760003° + 7330176003% + 4221849600 + 28512000003)\;

+(544320005° — 711106560 + 31988736073 + 3236889603°)\;,

725760003° + 7330176003% 4 4221849600 + 28512000003

5532’)(&-; Ai; ﬂ)

&5 (i Ais )

> 0 forall 3> —3.7755.
Now
7
Co2(Nis Aii B) = 3628800A/ (58 + 7)(8+ 3)(B +2) > 0 for all > —
(1) 12

oo (i Ais B) = T25T600X\3 (B + 3)(B 4+ 2)(78 +12) > 0 for all 3 > -

DAz A B) = 48384002(2105° + 153352 + 3224 + 37823) > 0 for all 8 > —3.0192,
BN\ B) = 241920)(5253 + 436852 + 14512 + 131083) > 0 for all 3 > —3.2688.

Hence, §((]2) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &y (Aj; \is B) = él)(Aj; AjsAis B)/Aj. We wish to show that &y is non-negative
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for all A; > \; > 0. Differentiating &y with respect to \; gives

501()\3'; A 5)

&V (i \i; B)

B (A5 M B)

B i A B)

&7 (Vi \i; B)

Now

S1(Mi A B) =
Vi A B) =
s\ B) =
&) i N B) =

v

(967680° + 94348803% + 55641600 + 365299203) A}
+(36288003% — 49996800 + 177408003 4 205632003%)A\; A7
+(1790208073 + 33868800 + 130636803 + 29030403°) A7 A3
+(483840° + 43545603 + 7741440 + 145152008) A\
1(48384052 + 1128960 4 645120) A%,

(38707203 + 3773952047 + 222566400 + 1461196803) A’
+(108864003% — 149990400 + 532224008 + 616896003%)\; A7
+(3580416073 + 67737600 + 261273603% + 58060803*) A1),
+(4838403° + 435456037 + 7741440 + 145152008)\3,
(1161216043% + 1132185605° 4 667699200 + 4383590403)\?
+(217728003% — 299980800 + 1064448003 + 1233792005%)\i\;
+(358041603 4 67737600 + 2612736057 4 58060803\,
(232243203° + 2264371203% + 1335398400 + 8767180803) )\,
+(217728003° — 299980800 + 10644480083 + 1233792005%) \;,
232243203 + 2264371203% + 1335398400 + 8767180803

0 for all g > —3.7954.

7983360X; (3 + 3)(8+2)(6+ 1) > 0 for all > —1,
34

72576003 (6 + 3)(6 + 2)(293 + 34) > 0 for all § > ~50°

145152002 (5 + 3)(273% + 1006 + 100) > 0 for all § > —3,
483840;(933° + 7233 + 2140 + 20323) > 0 for all 3 > —3.1755.

Hence, 5(()1) is non-negative for all A\; > \; > 0 and 8 > —%.

Define £o(Aj; Ai; B)

=& (N3 A A ﬁ)/)\?. We wish to show that &y is non-negative for
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all A; > \; > 0. Differentiating &y, with respect to \; gives

Soo(Aji i ) = (2419208” + 23587203 + 13910400 + 91324805) A
+(10886403° — 14999040 + 532224003 + 61689605%) A\; X
+(6713280/3 + 12700800 + 48988803% + 10886405”) A7 \?
+(2419208° + 21772803 + 3870720 + 72576003) A\ ),
1362880 + 8467203 + 483840) A7,

SN B) = (9676804° + 943488052 + 55641600 + 365299203) A2
+(3265920% — 44997120 + 159667203 + 185068805%)\; A3
+(134265600 + 25401600 + 97977603% 4 21772805%) AT\,
+(2419203° + 21772803% + 3870720 + 72576003) 7,

g0 (i) = (29030404° + 2830464057 + 166924800 + 1095897605) A

+(65318403° — 89994240 + 3193344003 + 370137605%)\; )\,

+(134265608 + 25401600 + 97977603% + 217728053%) A7,

(58060803 + 566092803% + 333849600 + 2191795203)\;

+(65318404% — 89994240 + 3193344043 + 370137605%) \;,

9 (i Ais B)

WA B) = 58060808 + 566092808 + 333849600 + 21917952043
> Oforall 8> —3.7954.
Now
500()\1, AiiB) = 2661120A\;(3+3)(6+2)(B+1) > 0forall g > —1,
A B) = 665280003 (3 +3)(3+2)(B+1) > 0forall B> —1,
A7
&0 (N AisB) = 36288002(53 +3)(B+2)(328 +47) > 0 for all § > ~35
BN Az B) = T25760M(8 + 3)(178% + 788 + 112) > 0 for all 3 > —3.

Hence, & is positive for all \; > \; > 0 and 3 > —%. This implies that £(A;; A\i; Aj; Ai; )
is positive for all Ay > A\; > \; > 0 and 3 > —%.
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Now

&1 (N Aj Ais B)

and, hence,

554)0\1; i3 iy B)

>

H. S. Dollar

(3110403% + 203904073 + 1866240 + 86403°) A}
+(53856003 + 5817600 + 16416003 + 1296003°)(A; + X\i)A;
+(63936008 + 15379200 + 17712008% + 25920058°) (A7 + A7) A}
+(7776005° — 22579200 + 7488003 + 44064003%) M\, A\
+(28512003 — 6531840 + 30456000% + 7776005 (A A7 + A7 A))A]
+(40348803 + 4458240 + 84240087 + 864005”) (A} + AY) N}
+(1296005° — 1728000 + 22982400 + 10972805%) (AT + A2A;) A

(

(

(

(

+

1512003 + 4118400 + 299520) X7 + A})A,

+(6946560 + 147744067 + 3888004” + 134784068) A7 A7\,
+(1526400 + 23040 + 907208%) (A:X] + AfA;)

+(9244800 + 1140480 + 2376005° 4 259205”) (AJAZ + AIXY),

(3732480037 4 2446848003 + 223948800 + 10368003°) \;
+(12925440003 + 139622400 + 393984003 + 31104008%)(\; + A))
0 for all B > —1.0915.

Define &13(Aj; \i; B) = %3)(/\]; Aj; Ais B). We wish to show that &3 is non-negative for
all A; > \; > 0. Differentiating &3 with respect to \; gives

Now

f13(>\j; A 5)

%)O\j; Ais 5)

O (A3 Ai; B)

513(/\1‘;/\1‘%5) =

5%)()\7;; A 5)

v

= (686880003* + 2899584003 + 343872000 + 518400053))\]2

+(1337472003 + 4147200 + 658368003% + 77760003%) \;\;
+(383616003 4 92275200 + 1062720057 + 15552003%) A7,

= (1373760008 4 57991680083 + 687744000 + 103680003%)\;

+(13374720083 + 4147200 + 658368003 + 77760005%) \;,
1373760005 + 5799168003 + 687744000 + 103680003
0 for all B > —1.9649.

24192000?(608% + 1913 + 182 + 63%) > 0 for all 3 > —1.7321,
1209600);(1683% + 5903 + 572 4+ 154%) > 0 for all 3 > —1.5802.

Hence, §§3) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &12(Aj; \i; B) = 5%2)()\]-; Aj; Ais B). We wish to show that {5 is non-negative for



On Taylor series approximations 221

all A; > \; > 0. Differentiating &;, with respect to \; gives
G2(Aj3 N B) = (3823200087 + 15183936003 + 208327680 + 34560006”) A
+(77760003° — 78727680 + 696902403 + 522288003%) ;A3
+(389318400 + 79211520 + 167184005 + 31104003°) A7 ),
+(80697603 + 8916480 + 16848003 + 1728003%)\?,
DA 8) = (11469600067 + 45551808043 + 624983040 + 1036800053°)\?
+(155520006° — 157455360 + 1393804803 + 1044576003%) A\,
+(3893184073 + 79211520 + 167184003* + 31104005%)\?,
DA 8) = (22939200087 + 91103616043 + 1249966080 + 207360008%) A,
+(155520003° — 157455360 + 1393804803 + 1044576005%) \;,
2293920003% + 9110361600 + 1249966080 + 207360003
0 for all g > —3.2529.

£ (N3 Ais B)

v

Now
E1o(Mi; M B) = T257600X3(26 + 5)(8 4+ 3)(B +2) > 0 for all 3 > —2,
DN\i;hi;3) = 1209600A2(1958% + 52403 + 452 + 243%) > 0 for all 3 > —1.8116,
DN B) = 483840X,(6908% + 217183 + 2258 + 758%) > 0 for all 3 > —2.3123.
Hence, §§2) is non-negative for all A\; > A\; > 0 and 5 > —%.
Define &1(Aj; \i; B) = 5%1)(/\]; Aj; Ais B). We wish to show that £;; is non-negative for
all A; > \; > 0. Differentiating &;; with respect to \; gives
&1(Aj i B) = (1527120087 + 594000008 + 87955200 + 15120003%) A}
+(45360008° — 59258880 + 2665728083 + 269740808%)A;\3
+(2109888083 + 40020480 + 1288224057 + 27216005%)A7A?
+(1036800073 + 7188480 + 27820803% 4 3024003%) X3\,
+(1512003% + 41184083 + 299520) A7,
eV i\ B) = (6108480067 + 2376000003 + 351820800 + 60480005%) A2
+(136080003° — 177776640 + 799718408 + 809222403%) A\, A7
+(421977608 + 80040960 + 257644805 + 54432003°) A7 )\,
+(103680000 + 7188480 + 278208052 + 3024003%) A3,
V(A B) = (18325440087 + 7128000005 + 1055462400 + 181440005%) A2
+(272160005° — 355553280 + 1599436803 + 1618444805%)\; \;
+(421977603 + 80040960 + 2576448032 + 54432003%)\2,
(36650880042 + 14256000003 + 2110924800 + 362880003%)\;
+(272160003% — 355553280 + 1599436800 + 1618444803%)\;,
36650880052 4 142560000073 + 2110924800 + 362880003°
0 for all g > —3.7755.

£V (N3 A B)

eV 5 Ais B)

v
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Now

En(hishis B) = 1814400\ (53 + 7)(8 + 3)(5 +2) = 0 for all 5 > _g,

12
DO i B) = 362880003(6 + 3)(6 4 2)(78 + 12) > 0 for all 3 > -

BN\ B) = 241920X\2(15336% + 37820 + 3224 + 2108°) > 0 for all 8 > —3.0192,
B (\i; i B) = 120960\;(43683% + 131083 + 14512 + 5253%) > 0 for all 8 > —3.2688.

Hence, él) is non-negative for all A; > \; > 0 and § > —2.

Define &19(Aj; Ai; B) = &1(Aj;5 Ajs Ais 8)/Aj. We wish to show that & is non-negative for
all \; > A; > 0. Differentiating &;o with respect to \; gives

E0(Aji A ) = (47174405% + 182649603 + 27820800 + 4838404%) A
+(18144003° — 24998400 + 88704003 + 1028160057 A\, A3
+(895104073 4 16934400 + 65318404% + 14515205”) A7 A7
+(72576003 + 3870720 + 21772805 + 2419203%) A ),
+(5644803 4 322560 + 2419205%) A7,

DA\ 8) = (188697608 + 730598408 + 111283200 + 19353605°) X3
+(54432006° — 74995200 4 2661120073 4 308448003%) X; A
+(179020808 + 33868800 + 130636803 + 29030403%) A7\,
+(72576008 + 3870720 + 217728037 + 2419203*)\3,

DA B) = (566092803 + 2191795203 + 333849600 + 58060805”) A3
+(108864003% — 149990400 + 5322240083 + 616896003 \; \;
+(179020803 + 33868800 + 130636803 + 29030403°) A,

DA B) = (11321856052 + 4383590403 + 667699200 + 116121603,
+(108864003% — 149990400 + 532224000 + 616896003)\;,

ACVEDWC) 1132185603% + 4383590400 + 667699200 + 116121603°

> 0Oforall 8> —3.7954.
Now
E0(Xi; Ais B) = 3991680A} (B +3)(B+2)(B+1) > 0 forall § > —1,
o 3

= T25760X\%( + 3)(276% + 10083 + 100) > 0 for all 3 > —3,

)
) = 3628807\ (3 +3)(6+2)(296434) > 0 forall 3 > ——
)
) = 241920);(7233% 4+ 20323 4 2140 4 933%) > 0 for all 3 > —3.1755.

Hence, &; is positive for all \; > \; > 0 and 3 > —%. This implies that £(A;; A\i; Aj; Ai; )
is positive for all Ay > A\; > \; > 0 and 3 > —%.
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Now

Ea(Ms A A B) = (68256057 + 43372803 + 4008960 + 172803%)\}

+(9227520 4 9400320 + 298944053 + 2073605%) (\; + \;) A}
+(24883205” + 927936003 + 18766080 + 3110403%) (A7 + A7) A
+(—30412800 + 9331203 4 637632037 + 28684808) \; \; A}
+(437184083 + 4354560 + 73440037 + 691208%) (A3 + X))\,
+(207360 + 6220803 + 29808003 + 38880003) (A A5 + A7A/)A,
+(184896003 + 2280960 + 4752003 + 518405”) (A AT + APA;)
+(10264320 + 6998403% + 1555203% + 21772805)A§A§
+(604804% + 2592000 + 276480) (X} + A}),

and, hence,

Pz A A B) = (1638144087 + 1040947208 + 96215040 + 414720%) ),
+(553651203 + 56401920 + 179366403 + 12441603%)(\; + \;)
> Oforall > —1.1141.

Define &a2(Aj; \is ) = 552)0\]-; Aj; Ai; 3). We wish to show that &2 is non-negative for
all A; > \; > 0. Differentiating 22 with respect to \; gives

E2(Nj; Ais ) = (311040005% + 12597120073 4 142041600 + 20736003°) A3
+(611020803 — 4423680 + 306892803* + 31104008*)\;\;
+(49766403% + 185587203 + 37532160 + 6220803°) A7,

A B) = (62208000532 + 2519424003 + 284083200 + 41472003%) A,
+(611020803 — 4423680 + 306892805% + 31104003%)\;,

(i Ai B) = 6220800052 + 25194240003 + 284083200 + 41472003

> Oforall g > —1.9255.

Now

Coa(Nij Nis B) = 483840X7(1383% 4 4253 + 362 4 123%) > 0 for all 8 > —1.4432,
O A ) = 483840);(1926° + 6478 4 578 4 158%) > 0 for all § > —1.4382,
DN\ B) = 62208000532 + 2519424008 + 284083200 + 41472003°

> 0 forall 3> —1.9255.

Hence, ﬁéz) is non-negative for all A\; > \; > 0 and 8 > —%.

Define & (Aj; \i; B) = fél)()\j; Aj; Ais B). We wish to show that & is non-negative for
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all A; > \; > 0. Differentiating &; with respect to \; gives

521()\3'; A 5)

&V (N3 A 8)

&2 (N3 Ais B)
&9 (0 Mi; B)

Now
521()\1';)\1‘;5) -
EV A B) =
DN B) =

= (174096003 + 679622403 + 86123520 + 13824005°)\?
+(373075203 — 32417280 4 247017603 + 31104003%) ;A3
+(79574403% + 224467203 + 37739520 + 124416058%) A7\,
+(43718400 + 4354560 + 73440057 4+ 691205%) )7,

= (5222880007 + 20388672003 + 258370560 + 41472006”)\;

+(746150408 — 64834560 + 49403520 + 62208005 ) \;\,

+(79574403% 4 224467203 + 37739520 + 12441603°) A\,

(1044576003 + 4077734400 + 516741120 + 82944003°) ),

+(746150403 — 64834560 + 494035203 + 62208005%) \;,

= 1044576005 + 4077734405 + 516741120 + 82944003°

0 for all > —6.5166.

v

145152003 (3 + 3)(43% + 233 + 22) > 0 for all 3 > —1.2120,
24192017 (4533% + 12443 + 956 + 483) > 0 for all 3 > —1.2965,
483840);(3185% + 9973 + 934 + 303%) > 0 for all 3 > —1.7649.

Hence, 551) is non-negative for all A\; > \; > 0 and § > —%.

Define &90(Aj; Ai; 8) = &2(Aj: Ajs Ai; B). We wish to show that & is non-negative for all
Aj > A > 0. Differentiating &9 with respect to \; gives

520()\]';)%@ =

&0 hif) =

553)(/\]-; )\i;@ =

fg(g))()\j; Ai; ﬁ)

&85 (i Ais )

v

(69552003 + 274752000 + 36806400 + 6048005°) A}
+(—18524160 + 18144003° + 128217605” + 178329603) A;\?
+(61689603° + 1534464003 + 29237760 + 10886405” ) A7 A7
+(62208003 + 6635520 + 12096003% + 1209603%) AP ),
+(604803% + 2592000 4 276480) A},

(2782080053 + 1099008003 + 147225600 + 24192005°) X}
+(—55572480 + 54432003° + 38465280” + 534988803) A; A7
+(12337920% + 3068928073 + 58475520 + 21772803°) A7\,
+(62208008 + 6635520 + 12096003% + 1209603%) A2,
(8346240037 + 329702400 + 441676800 + 72576005”) A3
+(—111144960 + 108864003° + 769305603 + 1069977603)\; \;
+(123379203 + 30689280 + 58475520 + 21772803\,
(1669248003 + 6594048000 + 883353600 + 145152003%)\;
+(—111144960 + 108864003* + 769305603 + 1069977603)\;,
16692480057 + 6594048003 + 883353600 + 145152003

0 for all B > —3.4191.
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1814400); (26 + 5) (6 + 3)(6 +2) > 0 for all § > -2,
145152003 (8 4 3)(76° + 348 + 36) > 0 for all § > —1.5596,
145152077 (1198% + 3223 + 268 4 143%) > 0 for all 3 > —1.6020,
725760\ (33632 4+ 10565 + 1064 4 355°) > 0 for all 3 > —2.1389.

Hence, &, is positive for all A; > \; > 0 and § > —%. This implies that £(A;; Ai; Aj; Ais B)
is positive for all Ay > A\; > \; > 0 and 3 > —%.

Now

E3(Ai; Ajs i B)

&M A A B)

€2 (i Mg A B)

= (9849603% + 563328003 + 5391360 + 172803%)\}
+(92102403 + 7395840 + 36028803 + 1555203%)(A\; + A\i) A
+(215136008 + 865728003 + 10160640 + 15552058°) (A% + A7)\,
+(63590403 — 23500800 + 59097603 + 4665603%) \; A\,
+(172803 + 2592006% 4 2073600 + 25228806) (A} + A7)
+(554688003 + 6842880 + 142560037 + 1555203%) (AiX7 + A7),

= (2954880 + 1689984003 + 16174080 + 518403\
+((184204803 + 14791680 + 72057603 + 3110405°)\;
42(92102403 + 7395840 + 3602880 4 1555205%) A )\
+(63590403 — 23500800 + 59097603 + 4665603°) \;\;
+(21513605° 4 865728003 + 10160640 + 1555203%) A2
+(21513608% + 86572803 + 10160640 + 1555205%) A7,

= (59097605 + 337996803 + 32348160 + 1036803°)\;
+(18420480 + 14791680 + 72057605 + 3110408%)(\; + \;)

> 0 forall 3 > —1.2060.

Define &31(Aj; \i; ) = él)(A]‘; Aj; Ai; 3). We wish to show that &3; is non-negative for
all A; > \; > 0. Differentiating £3; with respect to \; gives

531()\3'; /\z‘;ﬁ) =

:(ﬁ)()\j; AiB) =

é?)(Aj; )\i;ﬁ) =

Now

(1231200037 + 439776000 + 41126400 + 5184005°)\?

+(2477952083 — 8709120 + 131155205 + 7776008 )\ )

+(21513608% + 86572803 + 10160640 + 1555205%)\?,

(246240003* + 879552003 + 82252800 + 10368003%)\;

+(247795203 — 8709120 + 1311552032 + 7776005°)\;,

2462400057 4 879552003 + 82252800 + 10368003% > 0 for all 3 > —1.6188.

E1(Ni; Ai; B) = 4838407 (578 + 1603 + 88 + 34°) > 0 for all 3 > —0.7350,

fé?@\i; Ai; ﬂ)

120960);(3124% + 9323 + 608 + 153%) > 0 for all 3 > —0.9275.
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Hence, §§1) is non-negative for all A\; > \; > 0 and 8 > —%.
Define &30(Aj; Ai; 8) = €3(Aj: Ajs Ai; B). We wish to show that &5 is non-negative for all
Aj > A; > 0. Differentiating &30 with respect to \; gives
E0(Aj; N B) = (6998400537 + 260236800 + 25021440 + 3456005°) \?
+(211161605 — 9262080 4 109382405% 4 7776003%) \; \?
+(35769603% + 142041603 + 17003520 + 3110403%) A7),
+(172804° + 2592003% + 2073600 + 25228803) A2,
DA B) = (2099520087 + 780710408 + 75064320 + 10368003%) A3
+(422323208 — 18524160 + 218764805 + 15552003°) \; )\,
+(35769603% + 142041603 + 17003520 + 3110403°) )7,
(419904006% + 1561420808 + 150128640 + 207360053°)\;
1(422323203 — 18524160 + 218764803 + 15552005%) \;,
BN\ AiB) = 419904008 + 1561420808 4 150128640 + 20736003°
0 for all § > —1.5818.

D (i A B)

v

Now

E0(Ai; Ai; ) = 145152003 (6 + 3)(6% 4 123 + 8) > 0 for all 3 > —0.7085,
DO\ ) = 96T680A2(4832 + 1393 + 76 + 343°) > 0 for all > —0.7158,
DN\ B) = 241920),(2645% + 82003 + 544 + 153%) > 0 for all 8 > —0.9237.
Hence, &3 is positive for all A; > \; > 0 and § > —%. This implies that £(A;; Ai; Aj; Ais B)
is positive for all Ay > A\; > A\; > 0 and 8 > —%.
Differentiating £4(A; Aj; Ai; ) with respect to A; we obtain

G\ N B) = (72576057 + 31104008 + 3317760) A7
(36633603 + 552960 + 21772803%)(A; + A\,
+(36633608 + 552960 + 217728052)\; A,
+(7257605° 4 31104003 + 3317760) (A + A7),
DA Az B) = (145152082 + 62208008 + 6635520) )\,
+(36633608 + 552960 + 21772805%)\;
+(36633603 + 552960 + 21772803%)\;,
BN A B) = 145152082 + 622080085 + 6635520 > 0 for all § > —2.

Define &41(\j; \i; B) = 51(11)()% Aj; Ais B). We wish to show that & is non-negative for
all A; > \; > 0. Differentiating &; with respect to \; gives
En(M\i A B) = (362880032 + 98841600 + T188480)),
+(36633605 + 552960 + 217728062)>\i,
¢V A 8) = 3628800537 4 98841600 + 7188480 > 0 for all 3.
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Now
En(\i; Ni; B) = 1935360\;(38 +4)(B3+1) >0 forall > —1.

Hence, gf) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &40(Aj; Ai; 8) = €4(Aj: Aj; Ais ). We wish to show that &, is non-negative for all
Aj > A; > 0. Differentiating {40 with respect to A; gives

Eo(Aj; N B) = (362880053 + 988416073 4 T188480)\
+(73267208 + 1105920 + 43545605%) A\,
+(7257605% + 31104003 + 3317760) 2,

DA B) = (725760082 + 197683208 + 14376960) )\,
+(73267203 + 1105920 + 43545603%) \;,

BN\ A B) = 72576008 4 197683208 4 14376960 > 0 for all 3.

Now

E0( iz Nis B) 29030407\7(33 4+ 4)(B +1) > 0 for all 3 > —1,
QA B) = 38707200(33 +4)(B+1) > 0 forall 8 > —1.

Hence, &, is positive for all \; > \; > 0 and 3 > —%. This implies that £(Ai; Ai; Aj; Ais B)
is positive for all Ay > A; > A\; > 0 and 3 > —%.

O

Lemma B.18 Let

EQ M A A B) = 20160(322560 + 5644803 + 24192032)¢(0,0, 1,4)
+(604803° 4 3870720 + 36288000 + 72576052)t(0, 0,2, 3)
+(193536032 + 1814403% + 645120 + 47577603)t(0,1, 1, 3)
+(29030403? 4 5443203° + 13789440 + 68947203)t(0, 1,2, 2)
+(—36288004 4 65318408% — 31933440 + 16329605%)¢(1,1,1,2),

where
tla,be,d) = Y NTARAPEN

(n1,m2,n3,n4)
eperm(a,b,c,d)

The expression £(Ag; Ai; Aj; Ai; B) is positive for all Ay > N > \; > \;, and 8 > —%.

Proof.
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Sabe)= S RN
(n1,n2,n3)
€perm(a,b,c)

Differentiating £(Ag; Ai; Aj; Ai; B) with respect to A\ we obtain

EV N A AN B) =

@ s

ISUCTEDVDY

ED O s

Define

iy i B)

;/\z‘;ﬁ)

>\j; )\z‘; B)

(22579203 4 96768053% + 1290240)\;5(0,0,1)
+(1935360 4 1427328073 + 5443203% 4 58060805%)A25(0, 1,1)
+(11612160 + 21772803* + 1814403% + 108864003)A75(0, 0, 2)
+ (7741440 4 72576008 + 14515208% 4 1209603)\.3(0, 0, 3)
+(—T725760083 + 130636803% — 63866880 + 32659203 \.5(1,1, 1)
+(137894408 + 10886403 + 58060807 + 27578880)\x5(0, 1,2)
+(16329603* — 36288003 — 31933440 + 653184052)5(1, 1, 2)
+(5644808 + 322560 + 2419205)3(0, 0, 4)
+(19353603% + 1814403° + 47577603 + 645120)5(0, 1, 3)
+(5443203% 4 68947203 + 13789440 + 29030405%)5(0, 2, 2),
3(22579203 + 9676805 + 1290240)173(0,0, 1)
12(1935360 + 142732800 + 5443203° + 58060803 \5(0,1, 1)
+2(11612160 4 21772805 + 1814403% 4 108864003) \«5(0, 0, 2)
+(7741440 + 72576000 + 14515203 + 120960,3)5(0, 0, 3)
+(—T725760083 + 130636803% — 63866880 + 32659203%)3(1,1,1)
+(137894408 + 10886403 + 5806080 + 27578880)5(0, 1,2),
6(22579203 + 9676805 + 1290240)\.,3(0,0, 1)
+2(1935360 + 142732800 + 5443203° + 58060803%)5(0,1,1)
+2(11612160 4 21772805 + 1814403% + 1088640043)5(0, 0, 2),
6(22579203 + 967680/3% + 1290240)3(0,0,1) > 0 for all 3 > —1.

Eo A A5 A 8) = & A Ay A B),

SO0 €D B),
E2(Ais A i B) o ¢ ()‘l;)\ly)\ is ),
E A5G B) €O A A5 A5 ).

We will prove that the above equations are non-negative for all Ay > A\ > A\; > A, >0
and g > —% and, hence, deduce that £(Ag; A\i; Aj; A3 8) is positive for all A\, > A\ >
)\]2)\Z>0andﬁz—§
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Now

Eo(Nis Ajs Ai; B)

and, hence,

(()4)()\1; iy iy B)

>

(8386560 + 19353603* + 8386560 + 1209603°)\]

+(15724800 + 175392003 + 9072003% + 72576003%)(A; + A\) A/
+(35320320 + 12096008” + 72576005” + 2104704053) (X7 + A7)\
+(169344005° + 36288003° — 62576640 + 22579208) \; \; A}
+(101606403 — 4354560 + 27216006° + 1233792057) (A A5 + A7A;) A
+(8386560 + 120153600 + 338688037 + 3024003%) (A3 + AJ) A7
+(4838403 + 645120 + 11289608) (A + A}) A

+(95155200 + 362880” + 1290240 + 38707203%) (M AT + M)A\
+(58060803” + 137894403 + 10886403° + 27578880) A7 A7\,
+(7257603% + 604803% + 3870720 + 36288003) (AL AT + A7AY)
+(5644803 + 322560 + 2419203%) (XA + AfA)),

(10063872000 + 2322432003% + 1006387200 + 145152003%) )\,
+(377395200 + 4209408008 + 217728005 + 17418240052)(\; + \;)
0 for all g > —1.4294.

Define &y3(Aj; \i; B) = (()3)(/\j; Aj; Ais B). We wish to show that £y3 is non-negative for
all A; > \; > 0. Differentiating &y3 with respect to \; gives

503(/\j; Ai; ﬁ)

(()é) (Ajs Ai; B)
5(()?),) ()\j§ i ﬁ)

Now

503(/\1‘; A 5)
5(%) ()‘i; Ai; 5)

v

(10504166408 + 3338496005° 4 1092510720 + 362830003%) A
+(1935360 + 43448832003 4 435456003 + 2757888005%) \i)\;
+(211921920 + 72576003% + 435456003° + 1262822403) A7,
(21008332803 + 6676992003 + 2185021440 + 725760003%) \;
+(1935360 + 4344883203 + 435456003% 4 2757888003%) \;,
21008332803 + 6676992003 + 2185021440 + 725760003°

0 for all B > —2.3123.

4354560007 (28 +5)(B +3)(B +2) > 0 for all 3 > =2,
4838400, (5243 + 19542 + 452 + 244%) > 0 for all 8 > —1.8116.

Hence, 5[()3) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &p2(Aj; \i; B) = 5(()2)()\]-; Aj; Ais B). We wish to show that £y, is non-negative for
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all A; > \; > 0. Differentiating &y, with respect to \; gives

Co2(Nj; Ais B) = (5285145600 + 1761177603 + 585123840 + 211680003°)A?
+(213373440% + 381024005” — 195471360 + 2443392003)\; A
+(203212800 + 127008005 + 682214403% + 1466035203)\? ),
+(16773120 + 240307203 + 677376037 4+ 6048003°)\?,

A B) = (158554368003 + 52835328047 + 1755371520 + 635040005°) A2
+(4267468803% + 7620480053° — 390942720 + 4886784005) \;\;
+(203212800 + 127008003 4 682214405 + 1466035203) A7,

D\ A:B) = (31710873603 + 105670656052 + 3510743040 + 1270080003%) ),

+(4267468803% + 762048003% — 390942720 + 48867840003) \;,

317108736083 + 10567065603 4 3510743040 + 1270080003

0 for all g > —3.2688.

(0 Ai; 8)

v

Now

Coa(Nis A3 B) = 1451520003(53 + 7)(B + 3)(8 4+ 2) > 0 for all 3 > —2,

12
A B) = 2177280002(3 + 3) (8 + 2) (76 4 12) > 0 for all § > -

D (\i; i 8) = 967680X(378203 + 153302 + 3224 + 2104%) > 0 for all 3 > —3.0192.

Hence, 5(()2) is non-negative for all A\; > A\; > 0 and 8 > —%.

Define &y1(Aj; \i; B) = 5(()1)()\]-; Aj; Ais B). We wish to show that £y is non-negative for



On Taylor series approximations 231

all A; > \; > 0. Differentiating &y with respect to \; gives

So1(Aj; A B) = (2003904008 + 6773760047 + 228211200 + 84672006%) \;
+(—132249600 + 1067673603 + 20321280” 4 1083801603%) ;A
+(124830720 + 101606403 + 5225472037 + 972518405) A} A3
+(18063360 + 335462400 + 106444803 + 9676805°) A\,
1-(4838403% + 645120 + 11289605) A7,

SOy AsB) = (801561600 + 27095040057 + 912844800 + 338688005%)\2
+(—396748800 + 32030208043 + 609638403” 4 3251404803%)\; A;
+(249661440 + 203212805 + 1045094405 + 1945036808) A7\,
+(18063360 + 335462400 + 106444803 + 96768053%)\?,

B\ A:B) = (240468480003 + 81285120042 + 2738534400 + 1016064003%) A
+(—793497600 + 6406041603 + 1219276805° + 6502809605%) \;i\;
1(249661440 + 203212803 + 10450944057 4 1945036803) A2,

B\ a:B) = (48093696003 + 162570240052 + 5477068300 + 2032128003%) ),

+(—793497600 + 64060416003 + 1219276803% + 6502809605%) \;,

48093696003 + 16257024008% + 5477068800 + 2032128003°

0 for all g > —3.3100.

S5 N B)

v

Now
€1(Ni; Ais B) = 39916800M! (8 + 3)(8+2)(3+1) > 0 for all B > —1,
9
WA B) = 1451520003 (83 + 9)(5 + 3) (B +2) > 0 for all § > 5
BN B) = 34836480M2(8 + 3)(78% + 248 + 21) > 0 for all 3 > —3,
B\ AB) = T741440)(7045 + 29452 + 605 + 423%) > 0 for all 8 > —3.0629.

Hence, 5(()1) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &oo(Aj; Ais 8) = Eo(Aj5 Ay Ais B)/Aj. We wish to show that £y is non-negative for
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all A; > \; > 0. Differentiating &y, with respect to \; gives

Soo(Aj; Ais B) =

DA B) =

QN A B) =

8\ A B)

&8 (i Ais )

Vv

3
(()o) (>\z’§

(601171208 + 203212803 + 68463360 + 25401603%) A
+(406425608” + 76204803° — 49593600 + 400377603)\; A
+(62415360 + 50803203° + 261273603 + 486259203) A7 A3
+(13547520 + 2515968003 + 79833603% + 7257603 )\ ),
+(72576032 + 967680 + 169344053) A2,

(2404684800 + 812851203? 4 273853440 + 101606405°) A
+(1219276804% + 228614403 — 148780800 + 1201132803)\;\;
+(124830720 + 101606403° + 522547203 + 972518403) A7 )\,
+(13547520 + 251596803 + 79833603 + 7257603°) A7,
(7214054400 + 2438553605” + 821560320 + 304819205°)\?
+(2438553603% + 457228803% — 297561600 + 2402265603) \;\;
+(124830720 + 101606403° + 522547203% 4 972518403) A7,
(14428108803 + 487710720/3% + 1643120640 + 609638403%) \;
+(2438553603% + 457228803 — 297561600 + 2402265605)\;,
14428108803 + 4877107203 + 1643120640 + 609638403°

0 for all 3 > —3.3100.

= 15966720\ (3 +3)(8+2)(B+ 1) > 0 for all § > —1,
= 43908480\3(8 +3)(B+2)(6+1) > 0 for all 8 > —1,

= T725760A2(3 4 3)(6 + 2)(1198 + 149) > 0 for all § > ——

149
119’

= 2177280):(5 + 3)(498% + 1893 + 206) > 0 for all 8 > —3.

Hence, & is positive for all \; > \; > 0 and 3 > —%. This implies that £(Ai; Ai; Aj; Ais B)
is positive for all Ay > A; > A\; > 0 and 3 > —%.

Now

S\ AN B8) =

(20966400 + 3024003° + 209664003 + 48384003%) A}

+(31449600 + 18144005 + 145152003% + 350784003) (A + A;) A}
+(3157056073 4 52980480 + 18144005” + 1088640057) (A2 4+ A7) A}
+(254016005 + 33868803 + 54432003 — 93864960) \; \; A}
+(101606403 — 4354560 + 27216006° + 123379205%) (A3 + A7A) A
+(8386560 + 120153600 + 3386880% + 3024008%) (A} + A7)\,
+(5443203° + 68947200 + 13789440 + 29030405%) A7 A7

+(5644800 + 322560 4 2419205%) (X} + A})

+(19353608% + 1814408” + 47577603 + 645120) (MY + AJN),
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and, hence,

BN A 8) = (503193600 + 72576008% + 5031936008 + 1161216003%)),
+(188697600 + 108864003% + 8709120043 + 2104704003) (A; + \;)
> Oforall g > —1.4294.

Define &12(Aj; \i; B) = 5%2)()\]-; Aj; Ais B). We wish to show that {5 is non-negative for
all \; > A; > 0. Differentiating &2 with respect to A; gives

G2(Aj; Ais B) = (546255360 + 181440003 + 52520832003 + 1669248005%) A7
+(967680 + 217728003 + 1378944005 + 2172441603) \;\;
+(631411203 4 105960960 + 36288003° + 217728003%)\?,
(1092510720 + 362880003 + 105041664003 + 33384960053%)\;
+(967680 + 217728003° + 1378944003% + 21724416003)\;,
1092510720 + 3628800052 + 105041664073 + 3338496003

0 for all g > —2.3123.

£SO A )

€3 (i Ais )

v

Now

E2(N; Ay B) = 2177280077 (28 + 5)(B + 3)(8+2) > 0 for all 3 > —2,
DN\ B) = 2419200)(452 + 2458° + 524 + 1954%) > 0 for all 3 > —1.8116.

Hence, §§2) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &11(Aj; Ai; ) = i”()\j; Ajs Ais B). We wish to show that £;; is non-negative for
all A; > \; > 0. Differentiating £;; with respect to \; gives

&1(Ni A B) = (292561920 + 105840003% + 26425728003 + 830588805°) A7
+(1066867204% + 12216960003 + 190512005 — 97735680)A; A7
+(733017608 + 101606400 + 63504006° + 341107208%)\Z )\,
+(8386560 + 120153600 + 3386880 + 3024005%)\?,

V(i A B) = (8TT685760 + 317520005° + 7927718408 + 2641766405%)\2

+(2133734403% + 381024003 — 195471360 + 2443392003) \;\,

+(733017603 + 101606400 + 63504003% + 341107208%) )7,

(1755371520 + 635040003° + 158554368003 + 5283532803%)\;

+(2133734408% + 381024003 — 195471360 + 24433920005) \;,

1755371520 + 635040003° + 158554368003 + 52835328037

0 for all g > —3.2688.

£ (N3 Ais B)

€9 (5 Ai; B)

v
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ST (/\z‘§ Ai; ﬁ)

ﬁ)<)‘i§ Ais 5)
8)()\1‘; Ais 5)

H. S. Dollar

TOSTO0ON(55 + 7)(5 + 8)(6 +2) > O for all 5> —L

12
1088640072 (3 + 3)(3 + 2)(76 + 12) > 0 for all 3 > -

483840);(3224 + 2103% + 37823 + 15333%) > 0 for all B > —3.0192.

Hence, él) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &1o(Aj; Ai; 8) = &1(Aj: Ay Ais B). We wish to show that &g is non-negative for all
Aj > A; > 0. Differentiating &9 with respect to A; gives

510()\]‘; A ﬁ)

’f%)()\ﬁ Ai; 5)

5%(2))(/\]‘; Ai; ﬁ)

é?(&: Ai; ﬁ)

5%)()\]'; Ai; 5)

Now

E10(Ai; As; B)
€8 i A B)
€8V (Nis Ais B)
B s B)

&1

v

(114105600 + 42336003 + 1001952008 + 3386880047 \;
+(—66124800 + 101606405” + 54190080/3% + 533836803) ;A
+(4862592003 + 62415360 + 50803205” 4- 261273606%) A7 A2
+(9031680 + 167731203 + 53222403 + 4838403%) A} \;
+(5644803 + 322560 + 2419203%) A},

(456422400 + 169344003 + 4007808008 + 1354752006%) A
+(—198374400 + 304819203° + 16257024053 + 1601510405) A\ A3
+(97251840 + 124830720 + 101606403 + 522547203%)\7 \;
+(9031680 + 167731203 + 53222403% + 4838403°)\?,
(1369267200 + 508032003° + 120234240043 + 4064256003%) A7
+(—396748800 + 609638403° + 3251404803* + 3203020803) A\,
+(972518403 4 124830720 + 101606403° + 522547205%)\2,
(2738534400 + 1016064003 + 24046848003 + 8128512003%) ),
+(—396748800 + 609638403 + 3251404803 + 3203020803) \;,
2738534400 + 1016064003% + 24046848003 + 8128512003

0 for all B > —3.3100.

19958400} (8 + 3)(8 +2)(8 + 1) > 0 for all § > —1,
725760077 (86 + 9) (8 + 3)(B +2) > 0 for all 8 > —z,

1741824072(8 + 3)(78% + 243+ 21) > 0 for all 8 > —3,
3870720605 + 423° + 70403 + 2945%) > 0 for all 8 > —3.0629.

Hence, & is positive for all \; > \; > 0 and 3 > —%. This implies that £(A;; A\i; Aj; Ai; )
is positive for all Ay > A\; > \; > 0 and 3 > —%.
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Now

E2(Ais Ajs A B)

and, hence,

(34836480 + 87091203 + 358041603 + 4838405°)\}
+(21772803% + 2032128053 + 491097603 + 35320320)(\; + \;) A7

+

B A A B)

(
(
(
(

—59996160 + 43545603° + 246758405 + 212889603) A \; A,

+(7741440 4 725760083 + 145152087 + 1209605°) (A} + A?)
+(58060803% 4 1378944073 4 10886403° + 27578880) (A7 A; + \iX7),

= 209018880 + 522547203% + 2148249603 + 29030403°
> Oforall § > —1.4322.

235

+(101606403 + 355622403 + 50803200 4 14515205°)(A? + A7)\,

Define &aa(Aj; Ais ) = 52)0\]-; Aj; Ai; 3). We wish to show that &» is non-negative for
all A; > \; > 0. Differentiating &2 with respect to \; gives

5220\]‘; A ﬁ)

5 i A\ B)

Now

522()\1';)%@ =

>

067680);(362 + 13832 + 4258 + 128%) > 0 for all 8 > —1.4432.

(279659520 + 928972803% + 31304448003 + 72576003%) ),
1(43545605° 4 406425603% + 9821952003 + 70640640)\;,
279659520 + 928972805% + 3130444800 + 72576003°

0 for all B > —1.4382.

Hence, 552) is non-negative for all A\; > A; > 0 and 8 > —%.
Define &4 (Aj; \i; B) = él)()\j; Aj; Ais B). We wish to show that £y is non-negative for
all A; > \; > 0. Differentiating &; with respect to \; gives

5210\]‘; Ais 5)

&Y (A \i; B)

& (s Ais )

Now

521()\1;; A 5)
5;1) ()‘i; Ai; 5)

v

(225953280 + 769305606% 4 24119424003 + 72576003%) A3
+(87091203% + 653184003 + 1195084803 + 10644480)\;\;
+(101606405° + 355622403 + 50803200 + 14515203°) )7,
(451906560 + 1538611203° + 48238848073 + 1451520053%)\;
+(87091203° 4 6531840057 + 1195084803 + 10644480)\;,
451906560 4 1538611203% + 4823884803 + 14515200.3*

0 for all § > —1.7649.

435456072(3 + 3) (462 + 233 + 22) > 0 for all § > —1.2120,

483840);(956 + 45332 + 124453 + 483%) > 0 for all B > —1.2965.
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Hence, 551) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &0(Aj; Ai; B) = &(Aj; Aj; Ai; 5). We wish to show that &y is non-negative for all
Aj > A; > 0. Differentiating 0 with respect to A; gives

E0(Aj; N B) = (128701440 + 4064256037 + 12773376003 + 42336006”) A\
+(2903040 + 76204803% + 5080320037 + 841881605)\;\;
+(1596672053% + 493516803 + 78382080 + 25401603%) A7 \;
+(7741440 + 72576003 + 14515208% + 1209603%)\?,

A B) = (386104320 + 1219276804 + 3832012808 + 127008008%) A3

+(5806080 + 152409603° + 1016064003% + 1683763203)\i)\;

+(159667203? + 493516803 + 78382080 4 25401603°) A7,

(772208640 + 2438553603 + 7664025603 + 254016003%) ),

+(5806080 4 152409603° + 1016064003% + 1683763203)\;,

B\ A B) = 772208640 + 24385536043 + 76640256083 + 254016005

0 for all B > —2.1389.

53)0‘3‘3 Ais 5)

v

Now

E0(Ni; Ai; B) = T257600X7 (28 4+ 5)(8+ 3)(8+2) > 0 for all 3 > —2,
D A B) = 4354560A2(8 + 3)(75% + 348 + 36) > 0 for all 3 > —1.5596,
s A B) = 2903040)(268 + 1195 + 3223 + 1453°) > 0 for all 8 > —1.6020.

Hence, &, is positive for all \; > \; > 0 and 3 > —%. This implies that £(Ai; Ai; Aj; Ais B)
is positive for all Ay > A; > A\; > 0 and 8 > —%.
Now
ENs AN B) = (3628808 + 1016064037 + 30965760 + 353203203) A7
+(10886403% + 420940803 + 11612160 + 174182403%)(\; + \i)\;
+(43545606% + 217728000 + 362880” 4 23224320)\

(
+(10886403° + 285465603 + 3870720 + 116121605%)\; )\,
+(43545603% + 21772800 + 3628803° + 23224320) )7,

and, hence,

§§2)(/\l; N B) = 7257605% + 203212805% + 61931520 + 7064064003
> Oforall 3 > —1.4510.

Define &51(\j; \i; B) = él)()\j; Aj; Aiz B). We wish to show that &3 is non-negative for
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all A; > \; > 0. Differentiating &3, with respect to \; gives

&1\ N ) = (18144008% + 3773952053 + 73543680 + 1127347203) )\,
+(10886403° + 42094080 + 11612160 + 1741824053%) ),
DA B) = 18144008% + 377395204 + 73543680 + 11273472003
> 0 forall g > —0.9275.

Now
E1( A\ B) = 967680&(3&3 +573% 4+ 88 + 1603) > 0 for all 8 > —0.7350.

Hence, §§1) is non-negative for all A\; > \; > 0 and § > —%.

Define &30(Aj; Ai; B) = &3(Aj; Ajs Ai; 8). We wish to show that &3 is non-negative for all
Aj > A; > 0. Differentiating 3o with respect to A; gives

Ea0(Aj; A B) = (18144005° + 3193344053 + 65802240 + 991872003) A3
+(21772805° + 706406403 + 15482880 + 290304003 \i \;
+(435456083% + 2177280073 + 3628803 + 23224320) A2,

DA 8) = (362880003 + 638668803 + 131604480 + 1983744005)\;

+(21772803% + 706406403 + 15482880 + 2903040052)\;,

36288003 + 638668803% + 131604480 + 19837440003

0 for all B > —0.9237.

&0 (i Ais )

Vv

Now

Es0(Mis M3 ) = 4354560\2(3 + 3)(3* + 126 4 8) > 0 for all B > —0.7085,
DA B) = 1935360\ (38% + 4832 + 76 + 1393) > 0 for all 8 > —0.7158.

Hence, &3 is positive for all \; > \; > 0 and 5 > —%. This implies that £(Ag; Ai; Aj; Ais B)
is positive for all Ay > A\; > A\; > 0 and 3 > —%.
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Lemma B.19 Let

EAks Az Ajs Ais B)

where

The expression £(Ag; Ai; Aj; Ai; B) is positive for all Ay > X\ > A\; > \;, and § > —

(72576052 + 967680 + 16934403)¢(0,0,0, 4)
+(382233603 + 2395008032 + 25159680 + 43545603%)t(0,1,1,2)

(
+(50803200 + 101606408 + 355622403 + 145152053%)¢(0,0, 2, 2)
+(=

tla,be,d)= > NTARAENM

+(10321920 + 4838403 + 1903104083 + 62899203%)¢(0,0,1,3)

290304008 + 52254720% — 255467520 + 130636808%)¢(1, 1, 1,1),

3 ) )

(n1,m2,n3,n4)
eperm(a,b,c,d)

CJ"I[O

Proof.
Let

s(a,b,c) = g ATATEN.
(n1,m2,m3)
eperm(a,b,c)

Differentiating &(Ax; Ai; Aj; Ai; B) with respect to Ay we obtain

EW O A A i )

¢@ ()\k,Al,)\ Ai; B)

Define

Vv

(67737603 + 3870720 + 29030405%) X3
+((14515203° + 30965760 + 188697603% + 570931203)A75(0, 0, 2)
+(101606400 + 711244803 + 203212803% + 29030403%)\7\.5(0, 0, 2)
+(87091203% + 479001603% + 7644672083 + 50319360)\3(0, 1, 1)
+(—290304000 + 522547203 + 1306368053° — 255467520)3(1,1, 1)
+(10321920 + 190310403 + 62899203* + 4838403*)5(0, 0, 3)
+(43545603% + 2395008032 + 25159680 + 382233603)5(0, 1,2),
3(67737603 + 3870720 + 29030408%)\}
+2((14515203% + 30965760 + 188697605 + 570931203)\1,5(0, 0, 2)
+(101606400 + 711244803 + 203212805% + 29030403°)A?5(0, 0, 2)
+(87091203% + 479001603* + 7644672083 + 50319360)5(0, 1,1)
0 for all B > —0.6924.

oA A5 0i8) = (A5 A5 A 6),
OGN0 E €D N A A5 ).
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We will prove that the above equations are non-negative for all Ay > A\ > A; > A\, >0

and 3 > —% and, hence, deduce that £(Ag; Aj; Aj; Ai; 5) is positive for all A, > A >

Aj> A >0and §> —2,

Now

o\ A i B) = (241920005 + 73382400 + 7701120083 + 24192005\
+(96768003% + 604800003 + 70963200 + 1145088003) (\; + Aj) A}
+(72576005° 4 4427136037 + 126766080 + 1093478405) (A5 + A7) A}
+(217728005° + 1001548803 — 205148160 + 474163203) \;\j A7
+2(10321920 4 190310400 + 62899205% 4 4838405%) (X3 + A)) )\,
+2(4354560° + 239500803% 4 25159680 + 382233603) (MiAT + ATA;) A

+(7257605% + 169344003 + 967680) X
+(10321920 + 1903104003 + 62899205% + 4838404%) \; \?
+(10321920 + 190310408 + 628992037 + 4838403\ ),
+(101606403 + 50803200 + 355622403 + 14515203°) A7 A3
+(7257603% + 169344003 + 967680) A7,

and, hence,

(()3)()\1; Ny B) = (58060800062 + 1761177600 4 18482688003 + 5806080053))\1
+(58O60800ﬁ3 + 36288000032 + 425779200 + 6870528005)(\; + A))
> Oforall 3 > —1.7321.

Define §pa(Aj; Ais ) = 5(()2)()\]-; Aj; Ai; B). We wish to show that &y is non-negative for
all \; > A; > 0. Differentiating {y» with respect to \; gives

Co2(Nji Ais B) = (74172672057 + 1559900160 + 18298828803 4 1016064003%) A2
+(1016064003* + 56318976037 + 15482880 + 7818854403) \; )\,
+(145152003° + 885427203 + 253532160 + 2186956803) A2,
(14834534403% + 3119800320 + 36597657600 + 20321280053%) \;
+(1016064003% + 5631897603 4 15482880 + 7818854403) \;,
D\ AiB) = 14834534404 + 3119800320 + 365976576083 + 2032128003

0 for all g > —3.0192.

&85 (5 Ais )

v

Now

Coa(Nis Ais ) = 4354560072 (53 + 7)(B + 3)(B3 +2) > 0 for all § > —g

E9 0 N 6) = 43345600 (5 -+ 3)(5 + 2)(TH+12) > 0 forall >

Hence, 5(()2) is non-negative for all A\; > A\; > 0 and 8 > —%.
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Define &1 (A3 A 8) = €57 (Aji A Ais 3). We wish to show that &, is non-negative for
all A; > \; > 0. Differentiating &y with respect to \; gives

501()\3'; )\z’;ﬁ) =

Wi B) =

P \id:B) =

B (i i B)

Vv

Now

501(/\1'; )‘i; 5)
&V A B)
2 (i \i; B)

(3793305603 + 780595200 + 9083289603 4 541900805”) \?
+(812851203° + 4296499205” — 147087360 + 5148057603)\; A3
+(232243205° + 1364428803 + 303851520 + 2951424008) A7\,
+(20643840 + 3806208003 + 125798403 + 9676803%) A2,
(11379916805% + 2341785600 + 27249868800 + 1625702406”) A3
+(1625702403% + 8592998403% — 294174720 + 10296115203) A\,
+(232243203° + 1364428803% + 303851520 + 2951424003) A\,
(22759833603% + 4683571200 + 54499737600 + 3251404803%)\;
+(1625702403% + 8592998403% — 294174720 + 10296115203) \;,
227598336037 + 4683571200 + 54499737603 + 3251404803

0 for all B > —3.0629.

= 1596672007 (8 + 3)(8+2)(B3+1) > 0 for all B > —1,

9
= 435456007 (85 + 9)(8 + 3)(342) > 0 for all § > ~5

= 69672960)\;(3 + 3)(78% + 243 + 21) > 0 for all 3 > —3.

Hence, 5((31) is non-negative for all A\; > A\; > 0 and 3 > —%.

Define &oo(Aj; Ais 8) = &o(Aj: Ajs Ais ). We wish to show that &y is non-negative for all
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Aj > A\ > 0. Differentiating £y with respect to \; gives

Soo(Nji s B) = (1422489603 + 292723200 + 34062336073 + 203212803%) A}
+(406425603° + 214824960 — 73543680 + 2574028803) A \?
+(174182403° + 1023321605” + 227888640 + 2213568003) A7 \?
+(30965760 + 570931203 + 188697605 + 14515208°) AP\,
+(7257603% + 16934403 + 967680)\;,

SOy B) = (56899584052 + 1170892800 + 13624934408 + 812851205%) A2
+(1219276803% + 6444748803 — 220631040 4 7722086403)\; A2
+(348364803 + 20466432057 + 455777280 + 4427136003) A7\,
+(30965760 + 570931203 + 188697603 + 14515203°) A7,

DA B) = (170698752047 + 3512678400 + 40874803208 + 2438553605”) A
+(2438553603° + 128894976057 — 441262080 + 154441728053)\; \;
+(348364803° + 2046643203* + 455777280 + 4427136003)\?,

WA B) = (341397504082 + 7025356800 + 81749606400 + 4877107205%)A;
(2438553603 + 128894976037 — 441262080 + 15444172805)\;,
WA B) = 341397504087 + 7025356800 + 81749606400 + 487710720

>0 forall § > —3.0629.

Now
Coo(Ni; Ais B) = T9833600A! (8 +3)(8+2)(3+1) > 0 for all B > —1,
&5 (A A B) = 23950080003(8 + 3)(6 +2)(6 4+ 1) > 0 for all 5§ > —1,
@ M) = 65318400A2(83 + 9)(3 +3)(3+2) > 0 for all § > —g,
s A B) = 104509440):(3 + 3)(78% 4+ 248 + 21) > 0 for all § > —3.

Hence, & is positive for all A; > \; > 0 and 8 > —%. This implies that £(A\i; Ai; Aj; Ais §)
is positive for all Ay > A; > \; > 0 and 3 > —%.

Now

S (A5 A5 A5 8) = (15402240083 + 146764800 + 4838400037 4 48384003%) \
+(106444800 + 1717632008 + 907200003* + 145152006%) (\; + A) A7
+(72576005° 4 442713603 + 126766080 + 1093478408) (A + A7)\,
+(217728005° + 10015488037 — 205148160 + 474163203) \i\; A
+(10321920 + 1903104003 + 62899205” + 4838404”) A
+(4354560° + 2395008037 + 25159680 + 382233603) \; A
+(10321920 + 190310408 + 628992037 + 4838403%)\?

+(43545603% + 239500803% + 25159680 + 382233605)\2);,
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and, hence,

52)()\1; Ay A B) = (92413440008 + 880588800 + 29030400052 + 2903040063))\1
+(29()30400ﬁ3 + 18144000052 + 212889600 + 3435264005)(\; + ;)
> Oforall 3 > —1.7321.

Define &1 (\j; \i; B) = 5%1)()\]-; Aj; Ais B). We wish to show that £y is non-negative for
all \; > A; > 0. Differentiating &;; with respect to \; gives

G1(Aj; i B) = (9149414408 + 779950080 + 3708633606” + 508032005°) A7
+(50803200° + 2815948803 + 7741440 + 39094272053) \; \;
+(72576003% + 442713603% + 126766080 + 1093478403)\?,
(7417267203% 4+ 1559900160 + 182988288043 + 1016064003%)\;
+(508032003° + 28159488032 + 7741440 4 3909427203) \;,
DN\ 8) = 7417267208 + 1559900160 + 182988288043 + 1016064003

0 for all 5 > —3.0192.

UONP W)

v

Now

(A A3 B) = 217728007 (58 +7)(B +3)(B+2) > 0 for all § > —g,

DA B) = 21772800M:(8 + 3)(3 + 2)(78 + 12) > 0 for all § > —1—72.

Hence, él) is non-negative for all A\; > \; > 0 and 8 > —%.

Define &19(Aj; Ai; 8) = &1(Aj; Ay A ). We wish to show that &g is non-negative for all
Aj > A\; > 0. Differentiating &;o with respect to \; gives

E0(Aj; A ) = (4541644800 + 390297600 + 1896652804 + 270950403°) X3
+(406425603° + 2148249603° — 73543680 + 2574028803) \; A7
+(116121606° + 6822144047 4 151925760 + 1475712008) A7\
+(10321920 + 190310408 + 62899203 4 4838403°)\2,

DA 8) = (13624934408 + 1170892800 + 56899584052 + 812851203°) A\
+(812851204° + 42964992037 — 147087360 + 5148057603) \; A,
+(116121603° + 682214403 + 151925760 4 1475712003) A2,

DA B) = (27249868800 + 2341785600 + 113799168052 + 1625702405\,
+(812851203° + 4296499203% — 147087360 4 514805760/3) \;,

(N AiB) = 27249868800 + 2341785600 + 113799168052 + 1625702403

> 0 forall # > —3.0629.
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Now
E0(Mi; iy B) = T9833600X3 (B +3)(B+2)(B+1) > 0forall f> —1,
QOGN B) = 21772800A2(83 + 9) (B + 3)(B +2) > 0 for all § > —g,
DA B) = 34836480M:(8 + 3)(78% + 248 +21) > O for all 3 > —3.

Hence, &; is positive for all \; > \; > 0 and 3 > —%. This implies that £(A;; A\i; Aj; Ai; )
is positive for all Ay > A\; > \; > 0 and 3 > —%.
O

Lemma B.20 Let

EQms A Aji A B) = 1451520(153% 4 448 + 3° + 24)t(0,0,0, 3)
+4354560(33° + 42 + 478 + 206%)t(0,0,1,2)
+4354560(93° + 4547 — 24 4+ 463)t(0,1,1, 1),

where
tla,be,d)= Y NTARAENM

(n1,m2,n3,n4)
eperm(a,b,c,d)

The expression £(A\g; Ai; Aj; Ai; B) is positive for all Ay > X\ > A\; > )\, and § > —=.

(S]]

Proof.

Let
Sabe) = Y APARARS,

(n1,n2,n3)
eperm(a,b,c)

Differentiating £(Ag; Ai; Aj; Ai; §) with respect to A\ we obtain

ED N M Az A B) = (104509440 + 43545603 4 653184008 + 1916006403) 7
+(4093286403 + 1741824003 + 365783040 + 261273603%)A,$(0,0, 1)
+(391910408° + 19595520052 — 104509440 + 2003097603)5(0, 1, 1)
+(13063680° + 2046643200 + 870912003 + 182891520)5(0, 0, 2),

ED N\ A A i ) = (209018880 + 87091203% 4 1306368003% 4 3832012803) Ay,
+(4093286403 + 1741824005? + 365783040 + 2612736043%)5(0,0, 1)
0 for all B > —0.7085.

v
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Define

So( A A5 A B8) = & A A\ B),
SN B) = €D A AN ).

We will prove that the above equations are non-negative for all Ay > A} > A\; > A\, >0
and 5 > —% and, hence, deduce that £(Ag; A\i; Aj; i3 B) is positive for all A\, > A\ >
)\jz)\l>0andﬁ2—§

Differentiating &,(\;; Aj; Ai; §) with respect to \; we obtain

oA\ i B) = (2177280008% + 53706240073 + 290304003 + 435456000) A}
+(653184003% + 6096384003 + 37013760032 + 261273600)(\; + \;) A7
+(4093286403 + 1741824006% + 365783040 + 261273605°) (A7 + A7)\,
+2(391910408° + 1959552003 — 104509440 + 2003097603) \i\; A\,
+(217728003% + 638668800 + 14515203 + 34836480)\
+(130636803% + 20466432003 + 870912005% 4 182891520)A;\?
+(2177280057 + 638668803 + 14515203% + 34836480)\?
+(130636805° + 2046643203 + 870912003% + 182891520) A\,

WAz A B) = (65318400087 + 16111872008 + 870912003° 4 1306368000) A7
+(1306368005° + 12192768003 + 74027520032 + 522547200)(\; + AN
+(783820803% + 3919104003% — 209018880 + 4006195205) \;\;
+(4093286403 + 1741824006% + 365783040 + 261273605°) (A + A7),

DA Az B) = (130636800052 + 32223744003 + 17418240053° + 2612736000)\,
+(1306368003* + 12192768003 + 7402752003 + 522547200)(\; + A;)

v

2
0 for all g > -3

Define &1 (Aj; \i; B) = f(()l)(/\j; Aj; Ais B). We wish to show that £y is non-negative for
all A; > \; > 0. Differentiating &y with respect to \; gives

So1(Aj; \is B) = (15676416006” + 323979264003 + 2438553604° + 2194698240) A3
+(2090188803% + 16198963203 + 11321856003* + 313528320)\;\;
+(40932864073 + 1741824003* + 365783040 + 261273603°) A7,

DA B) = (3135283200832 + 647958528073 + 4877107208% + 4389396480)\,;

+(2090188803% + 161989632073 + 11321856003% + 313528320))\;,

31352832005% + 64795852803 + 4877107203° + 4389396480

0 for all g > —3.

2 (i A 8)

v
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Now

Co1(N\i; Ais B) = 479001600A7 (3 + 3)(B+2)(B+ 1) > 0 for all § > —1,

N A B) = 87091200X;(85 + 9)(5 + 3)(8 +2) > 0 for all § > —%

Hence, 53” is non-negative for all A; > \; > 0 and § > —2.

Define &yo(Aj; Ai; B) = &o(Aj; Aj; Ais 5). We wish to show that &y is non-negative for all
Aj > A; > 0. Differentiating £y with respect to \; gives

Coo(Nji Ais B) = (78382080087 + 161989632003 + 1219276803 + 1097349120) A\
+(1567641603% + 8491392005° 4 235146240 4 12149222408) X, A3
+(61399296003 4 26127360052 + 548674560 + 3919104057 X2\,
+(217728003% + 638668803 + 14515203 + 34836480) A,

0N\ ) = (235146240057 + 48596889608 + 3657830403° 4 3292047360)\2
+(3135283203° + 169827840052 + 470292480 + 24298444805)\; \;
+(61399296073 4 2612736003 + 548674560 4 391910405°)\2,

@A B) = (470292480052 + 97193779203 + 7315660803 + 6584094720) ),
+(3135283205° + 16982784003% + 470292480 + 24298444805) \;,

BN A 8) = 104509440(8 4 3)(762 + 248 4 21) > 0 for all § > —3.

Now
Coo(Ai; Ai; B) = 319334400733 (3 + 3)(B+2)(B+ 1) > 0 for all > —1,
&5 (A A B) = T1850240002(6 + 3)(6 4+ 2)(B + 1) > 0 for all § > —1,
@i A B) = 130636800:(88 + 9)(8 4 3)(B+2) > 0 for all 3 > —%.

Hence, & is positive for all A\; > \; > 0 and § > —%. This implies that £(Ai; Ai; Aj; Ais B)
is positive for all Ay > A; > A\; > 0 and 8 > —%.

Differentiating & (A;; Aj; Ai; ) with respect to A; we obtain

SN A:B) = (435456005° + 80559360005 + 3265920008 + 653184000) A7
+((653184003° + 609638400 + 37013760052 + 261273600)\;
+(653184005° + 6096384008 + 37013760082 + 261273600) ;)\,
+(130636805° + 2046643200 + 870912005 + 182891520)\2
+(130636803% + 2046643203 + 8709120057 + 182891520)\
(391910403 4 1959552003% — 104509440 + 2003097608) A\,
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DA A B) = (870912008° + 161118720083 + 6531840008 + 1306368000)\,
+(653184005° + 6096384000 + 3701376003 + 261273600)\,

+(653184004° + 6096384003 + 3701376005 + 261273600)\;

0 for all g > —g.

v

Define &10(Aj; Ai; B) = &1(A\j; Aj; Ai; 5). We wish to show that &9 is non-negative for all
Aj > A; > 0. Differentiating &9 with respect to \; gives

Go(Aj; Ais B) = (1219276804° + 161989632073 + 78382080037 + 1097349120) A3
+(1045094403% + 8099481603 + 5660928003* + 156764160)\;\;
+(130636803° + 2046643203 + 870912003 + 182891520) )7,

DA B) = (2438553600° + 32397926400 + 15676416003 4 2194698240) A,
1(1045094403% + 809948160 + 566092800 4 156764160)\;,

@A) = 34836480(3 + 3)(74% + 243 +21) > 0 for all § > —3.

Now

E10(Ai; Ai; B) = 23950080077 (3 + 3)(8+2)(B+ 1) > 0 forall B > —1,
0O A B) = 435456000 (88 4+ 9)(8 4 3)(B+2) > 0 for all 3 > —g.
Hence, & is positive for all A\; > A\; > 0 and 8 > —%. This implies that £(Ai; Ai; Aj; Ai; B)
is positive for all Ay > A; > A\; > 0 and 3 > —%.
O

Lemma B.21 Let

ks A A3 A 8) = (653184000 + 32659200082 + 435456008 + 8055936003)t(0, 0,0, 2)
+(1306368003% + 121927680073 + 522547200 + 7402752003)¢(0,0, 1, 1),

where
tla,be,d) = > NTARAENM

(n1,m2,n3,n4)
eperm(a,b,c,d)

The expression &(Ag; Ai; Aj; Ai; B) is positive for all Ay > N > A; > \; > 0, and § > —%.

Proof.
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Now

653184000 + 326592000537 + 435456003° + 8055936003 > 0 for all 3 > —2,

2
1306368004 4 12192768003 + 522547200 + 7402752003* > 0 for all 3 > —3

Hence, £(Ag; Ai; Aj; Ais ) is positive for all Ay > N > A; > A, and § > —%.
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