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Abstract

We consider the global and local convergence properties of a class of Lagrangian
barrier methods for solving nonlinear programming problems. In such methods, sim-
ple bound constraints may be treated separately from more general constraints. The
objective and general constraint functions are combined in a Lagrangian barrier func-
tion. A sequence of Lagrangian barrier functions are approximately minimized within
the domain defined by the simple bounds. Global convergence of the sequence of gen-
erated iterates to a first-order stationary point for the original problem is established.
Furthermore, possible numerical difficulties associated with barrier function methods
are avoided as it is shown that a potentially troublesome penalty parameter is bounded
away from zero. This paper is a companion to our previous work (see, Conn et al.,
1991) on augmented Lagrangian methods.

1 Introduction

In this paper, we consider the problem of finding a local minimizer of the function

f(z) (1.1)
where z is required to satisfy the general inequality constraints
¢(z)>0, 1<i<m (1.2)
and specific simple bounds
[<z<u. (1.3)

Here f and ¢; map R™ into R and the inequalities (1.3) are considered component-wise.
We shall assume that the region B = {2 |l < z < u} is non-empty and may be infinite.
We do not rule out the possibility that further simple bounds on the variables are included
amongst the general constraints (1.2) if that is deemed appropriate. We further assume
that

AS1: the functions f(z) and ¢;(z) are twice continuously differentiable for all z € B.

We shall attempt to solve our problem by means of a sequential minimization of the
Lagrangian barrier function

U(z,A,s) = f(z) — i_”: Aisilog(ci(z) + si), (1.4)



where the components A; of the vector A are positive and known as Lagrange multiplier
estimates and where the elements s; of the vector s are positive and known as shifts.
Notice that we do not include the simple bounds (1.3) in the Lagrangian barrier function.
The intention is that the sequential minimization will automatically ensure that the simple
bound constraints are always satisfied.

1.1 Motivation

The logarithmic-barrier function method for finding a local minimizer of (1.1) subject to a
set of inequality constraints (1.2) was first introduced by Frisch (1955). The method was
put in a sound theoretical framework by Fiacco and McCormick (1968), who also provide
an interesting history of such techniques up until then. The basic idea is quite simple.

A composite function, the barrier function, is constructed by combining the objective
and constraint functions in such a way as to introduce a “barrier” — an infinite singular-
ity — along the constraint boundary. A typical barrier function is the logarithmic barrier
function

Fla) - uilogm(x)), (15)

where y is a positive penalty parameter. Fiacco and McCormick (1968) show that, under
extremely modest conditions, the sequence of minimizers of (1.5) converge to the solution
of the original problem whenever the sequence of penalty parameters converge to zero.
In particular, under a strict complementary slackness assumption, the error in solving
(1.5), that is, the difference between the minimizer of (1.5) and the solution to the original
problem, is of order p as p tends to zero. (Mifflin, 1975, shows an order u% error in the
absence of the complementary slackness assumption and a weakening of the assumption
that (1.5) be solved exactly.) For further discussion, see the recent survey by Wright
(1992).

It was originally envisaged that each of the sequence of barrier function be mini-
mized using standard methods for unconstrained minimization. However Lootsma (1969)
and Murray (1971) painted a less optimistic picture by showing that, under most cir-
cumstances, the spectral condition number of the Hessian matrix of the barrier function
increases without bound as p shrinks. This has important repercussions as it indicates
that a simple-minded sequential minimization is likely to encounter numerical difficul-
ties. Consequently, the initial enthusiasm for barrier function methods declined. Methods
which alleviate these difficulties have been proposed (see, e.g., Wright, 1976, Murray and
Wright, 1978, Gould, 1986, and McCormick, 1991) but it is not immediately clear how
such techniques may be applied to general, large-scale, nonlinear problems.

Interest in the use of barrier functions was rekindled by the seminal paper of Karmarkar
(1984) on polynomial-time interior point algorithms for linear programming and by the
intimate connection between these methods and barrier function methods observed by
Gill et al. (1986). The ill-conditioning problems described above do not usually occur
for (non-degenerate) linear programs as the solutions to such problems normally occur
at vertices of the constraint boundary. Furthermore, even in the presence of degeneracy,
stable numerical methods may be used to solve the problems (Murray, 1992). Moreover,
and most significantly, these methods have turned out to be most effective in practice (see
the excellent bibliography of Kranich, 1991).

However, it is quite surprising how the lessons of the early 1970s seem to have been
forgotten in the rush to extend interior point methods for solving general constrained
optimization problems. The most significant advance seems to us to be the observation
that, although the ill-conditioning difficulties are present in most nonlinear programs, the



effects may be benign provided sufficient care is taken. In particular Ponceleén (1990)
has shown that if the only constraints that are handled by logarithmic terms are simple
bounds, the ill-conditioning manifests itself solely on the diagonal of the Hessian matrix
of the barrier function. She then shows by a sensitivity analysis that such terms are
ultimately irrelevant in assessing the sensitivity of the Newton equations for the problem
to numerical perturbations in the data. Methods of this sort have been successfully applied
to the minimization of nonlinear functions subject merely to simple bounds (1.3) on the
variables (see, for instance, Nash and Sofer, 1991).

It is interesting to recall the parallel development of a second class of methods for
constrained minimization, the simple penalty function methods. These methods were
designed for the case where one wishes to minimize (1.1) subject to a set of equality
constraints

ci(z)=0, 1<i<m. (1.6)
Again, a composite function, the penalty function, is constructed by a suitable combination
of the objective and constraint functions. A typical example is the quadratic penalty

function
m

F@)+ 5 e, (L7)
Hiza
where as before p is a positive penalty parameter. One then minimizes a sequence of
penalty functions for a given set of penalty parameter values. Fiacco and McCormick
(1968) again showed that, under extremely modest conditions, the sequence of minimizers
of (1.7) converge to the solution of the original problem whenever the sequence of penalty
parameters converge to zero. However, the analysis of Lootsma (1969) and Murray (1971)
again had serious ramifications for a simple-minded sequential minimization of (1.7). This
time, though, there was almost immediately a way around the ill-conditioning difficulty,
the development of augmented Lagrangian methods.

These methods were introduced by Arrow and Solow (1958), Hestenes (1969), Powell
(1969) and Rockafellar (1976). The augmented Lagrangian function (corresponding to the
quadratic penalty function (1.7)) for the above problem is

1 m
f@) + 5= > (ei(2) + 50)*, (1.8)
L
where the shifts s; = pA; and the A; are known as Lagrange multiplier estimates. As
before, one could fix A and solve the required problem by a sequential minimization of
(1.8) as p converges to zero. However, by adjusting A so that the Lagrange multiplier
estimates converge to the Lagrange multipliers at the solution, it is possible to avoid the
need for i to tend to zero and thus circumvent the conditioning problems inherent in the
simple penalty function approach. See Bertsekas (1982) and Conn et al. (1991) for further
details.

It seems rather strange that such devices were not immediately applied to circumvent
the conditioning difficulties associated with traditional barrier function methods, but this
appears to be the case. To our knowledge, the first move in this direction was the work by
Jittorntrum and Osborne (1980) in which the authors consider a sequential minimization
of the modified barrier function

flz) - ,ui/\,- log(ei(z)) (1.9)

for appropriate Lagrange multiplier estimates A;. They show that it is possible to get better
than linear error estimates of the solution as p converges to zero merely by choosing the
Lagrange multiplier estimates carefully.



The methods which are closest in spirit to the algorithm considered in this paper are
the shifted-barrier method analysed for linear programs by Gill et al. (1988) and the class
of modified barrier methods proposed by Polyak (1982) and analysed in Polyak (1992).
Gill et al. consider the shifted barrier function

flz) - in:wl log(ci(z) + si), (1.10)

where the w; are termed weights and the s; called shifts. A sequence of shifted barrier
functions are minimized subject to the restrict that the ratios w;/s; converge to the La-
grange multipliers associated with the solution of the original problem. The authors prove
convergence of such a scheme under mild conditions for linear programming problems.
Polyak (1982) considers the modified barrier function

F@) - w3 Ailog(1 + ei()/ ). (1.11)

=1
He motivates such a function by noting the equivalence of the constraints (1.2) and
plog(l + ¢i(z)/pn) >0 for i=1,---,m. (1.12)

The function (1.11) is then merely the classical Lagrangian function for the problem of
minimizing (1.1) subject to the constraints (1.12). It is shown in Polyak (1992) that,
provided p is sufficiently small and other reasonable assumptions are satisfied, a sequential
minimization of (1.11) in which pu remains fized but the Lagrange multipliers adjusted will
converge to a solution of the original problem. This has the desirable effect of limiting the
size of the condition number of the Hessian matrix of (1.11).

Our current interest is in solving large-scale problems. We have recently developed
an algorithm for large-scale nonlinear programming based on a sequential minimization
of the augmented Lagrangian function (1.8) within a region defined by the simple bounds
(1.3) (see Conn et al., 1992). The main disadvantage to such an approach when inequality
constraints of the form (1.2) are present is the need to introduce slack variables (see, e.g.,
Fletcher, 1987, page 146) to convert the inequalities to the form (1.6). Although any slack
variables might be treated specially, there is still likely to be an overhead incurred from
the increase in the number of unknowns. It would be preferable to avoid slack variables if
at all possible. Barrier function methods have this potential.

We consider the Lagrangian barrier function (1.4). This function is of the form (1.10)
when the weights satisfy w; = A\;s;. As above, we can motivate the function by observing
that the constraints (1.2) are equivalent to

silog(l+¢i(z)/s;) >0 for i=1,---,m (1.13)

provided that s; > 0. The classical Lagrangian function for the problem of minimizing
(1.1) subject to (1.13) is then

m
flz)— Z)\isilog(1+ci(a@)/si), (1.14)
=1
which differs from (1.4) by the constant Y ;v, A;s;log(s;). Notice, also, the similarity
between (1.4) and (1.8), particularly the shifting of the constraint values.! We aim to show
that using (1.4) is an appropriate analogue of (1.8) for inequality constrained optimization
by obtaining complementary results to those contained in our previous paper on augmented
Lagrangian function methods (see, Conn et al., 1991).

't is also rather amusing to note the strong similarity between (1.8) and the first two terms of a Taylor’s
expansion of (1.14) for small ¢;(z)/s; although it is not clear that this is of any use - -



1.2 Outline

Our exposition will be considerably simplified if we consider the special case where [; = 0

and u; = oo for a subset of A/ def {1,2,....,n} in (1.3) and where the remaining variables
are either not subjected to simple bounds or their simple bounds are treated as gen-
eral constraints. Indeed, it might sometimes pay to handle all simple bounds as general
constraints. Although straightforward, the modification required to handle more general
bound constraints will be indicated at the end of the paper. Thus we consider the problem:

minimize f(x) (1.15)
zeR™
subject to the constraints
¢i(z)>0, 1<i<m, (1.16)
and the non-negativity restrictions
zreB={zeR"|z; >0 forall iecN}, (1.17)

where A C A is the index set of bounded variables.

The paper is organised as follows. In Section 2 we introduce concepts and defini-
tions and then state a generic algorithm for solving (1.15)-(1.17) in Section 3. Global
convergence is established in Section 4, while issues of asymptotic convergence follow in
Section 5. We consider the implications of our assumptions in Section 6, while in Section 7
the consequences of satisfying second order conditions are given. The calculation of good
starting points for the inner iteration is considered in Section 8. We conclude in Section 9
by indicating how this theory applies to the original problem (1.1)-(1.3).

2 Notation
In this section we introduce the notation that will be used throughout the paper.

2.1 Derivatives

Let g(z) denote the gradient, V, f(z), of f(z) and let H(z) denote its Hessian matrix,
Vi f(z). Let A(z) denote the m by n Jacobian of ¢(z), where

e(@)T ¥ (c1(2), ..., (), (2.1)

and let H;(z) denote the Hessian matrix, V ,¢i(z), of ¢;(z). Finally, let ge(z,A) and
H(z,\) denote the gradient and Hessian matrix (taken with respect to its first argument)
of the Lagrangian function

oz, 0) % f(z) - i_n: Aici(). (2.2)

We note that {(z,\) is the Lagrangian function with respect to the general inequality
constraints only.



2.2 Lagrange multiplier estimates

If we define first-order Lagrange multiplier estimates A(x, ), s) for which

< def  AiS;

Ai(z, A, 8) = @)+ (2.3)

we shall make much use of the identities

Vel(a X 8) = Vaf(e) = Sy ot Vaei(a)
= Vef(z)— A(z)TA(z, ), 5) (2:4)
= g,g(x,;\(ac,/\,s))

and B

N X = ci(z)A; _ ci(z)A; '

5; ci(z)+s;

(2.5)

2.3 Shorthand

Now suppose that {z*) € B} {A®) > 0} and {s*) > 0} are infinite sequences of n-vectors,
m-vectors and m-vectors respectively. For any function F, we shall use the notation that
F(*) denotes F evaluated with arguments z®) A®) or s(¥) a5 appropriate. So, for instance,
using the identity (2.4), we have

Vo0 = v, 0 (z®) A®) sE)y = g,(z®) AE)) (2.6)
where we have written
AE) — ,’\(x(k)’ ,\(k’)78(k))_ (2.7)

Similarly, if z* is a limit point of {x(k) € B}, we shall write F* as a shorthand for the
quantity F evaluated with argument z*.

2.4 Norms

If r is any m-vector whose i-th component is r;, we use the shorthand r = [r;|™,. Further-
more, if 7 is as above and J is a subset of {1,2,---,m}, [r;]ics is just the vector whose
components are the r;, ¢ € J. We denote any vector norm (or its subordinate matrix
norm) by ||.||. Consequently, ||[r:]|7,]| = |||

2.5 A projection operator

We will use the projection operator, defined component-wise by

2.8
z; otherwise. (2:8)

def | 0 ifz; <0 and i€N

(Pla]); X { = "

This operator projects the point  onto the region B. Furthermore, we will make use of
the ‘projection’

P(z,v) % 2 — P[z — ). (2.9)



2.6 Dominated and floating variables

For any z(*) € B, there are two possibilities for each component xgk), namely

(i) i€N, and 0< 2P <(V,00), or (2.10)
(i) i€N; or (V,¥W) <2® '

where N} 4" A\ is the index set of free variables. In case (i) we then have

(P(z®), v, uk))); = 2 (2.11)

whereas in case (ii) we have

(P(z®, v, 2®))), = (v, 1k, (2.12)
gk) which satisfies (i) as a dominated variable; a variable which
satisfies (ii) is known as a floating variable. The algorithm which we are about to develop
constructs iterates which force P(z*), V,¥(*)) to zero as k increases. The dominated

variables are thus pushed to zero, while the floating variables are allowed to find their own
levels.

We shall refer to an z

If, in addition, there is a convergent subsequence {x(k)}, k € IC, with limit point z*, we
shall partition the set A/ into the following four subsets, relating to the two possibilities
(i) and (ii) above and to the corresponding z*:

D, def {i e MVp| 2®) is dominated for all k € K sufficiently large},

F {i e Ny 2% is floating for all k € K sufficiently large and z} > 0} U5,

2
F, {1 € Np| xl(»k) is floating for all k£ € K sufficiently large but 2 = 0} and
7 Y N\DUAUF.
(2.13)

From time to time we will slightly abuse notation by saying that a variable z; belongs to
(for instance) Fi, when strictly we should say that the index of the variable belongs to
Fi. We will also mention the components of a (given) vector in the set F; when strictly
we mean the components of the vector whose indices lie in Fj.

If the iterates are chosen so that P(:c(k),Vz\Il(k)) approaches zero as k increases, we
have the following analog of Conn et al. (1991, Lemma 2.1 ).

Lemma 2.1 Suppose that {:c(k)},k € IC, is a convergent subsequence with limit point z*,
that %) s®) D, F\, F, and F3 are as above and that P(x(k),VI\I/(k)) approaches zero
as k € IC increases. Then

(i) the variables in the sets Dy, F, and Fs all converge to their bounds;
(i) the components of (V,¥¥)); in the sets F, and Fy converge to zero; and

(1) if a component of (Vx\I!(k))i in the set F3 converges to a finite limit, the limit is
zero.

Proof. (i) The result is true for variables in D from (2.11) for those in F, by definition
and for those in F3 as, again from (2.11), there must be a subsequence of the k € I for
(k)

which z;"’ converges to zero.
(ii) The result follows for ¢ in F; and F;. from (2.12).



(iii) This is true for ¢ in F3 as there must be a subsequence of the k£ € K for which, from
(2.12), (V,¥®)); converges to zero. ]
It will sometimes be convenient to group the variables in sets F and F3 together and

call the resulting set
def

Fi = FlJFs. (2.14)

As we see from Lemma 2.1, Fy gives variables which lie on their bounds at the solution

and which may correspond to zero components of the gradient of the Lagrangian barrier

function. These variables are potentially (dual) degenerate at the solution of the nonlinear
programming problem.

2.7 Inactive and active constraints

As well as being concerned with which variables are fixed to, and which free from, their
bounds at a limit point of a generated sequence {:C(k)}, we are also interested in knowing
which of the nonlinear constraints (1.16) are inactive (strictly satisfied), and which are
active (violated or just satisfied), at such a point. We define

I(z) = {
Alz) €4

We intend to develop our algorithm so that the set A* = A(2*) at any limit point of our
generated sequence is precisely the set of constraints for which ¢;(z*) = 0.

(2.15)

2.8 Submatrices

We will use the notation that if 7; and J» are any subsets of A" and H is an n by n
matrix, Hz, 7,] is the matrix formed by taking the rows and columns of H indexed by J;
and J; respectively. Likewise, if A is an m by n matrix, A[z; is the matrix formed by
taking the rows of A indexed by J;.

2.9 Kuhn-Tucker points

A point z* is said to be a Kuhn- Tucker (first-order stationary) point for the problem (1.1)-
(1.3) if there are an associated vector of Lagrange multipliers A* for which the Kuhn- Tucker
conditions,

:CE(NI:] >0, (gf(x*v A)k))[./\fb] >0, C(iﬂ*) >0, A"2>0, (2 16)
(ge(a™, )\*))Wf] =0, ge(z*, )\*)Tx* = 0 and c(w*)T)\* =0, )
hold. Under a suitable constraint qualification, these conditions are necessary if z* is to
solve (1.1)-(1.3) (see, for example, Fletcher, 1987, Theorem 9.1.1).

At any point z and for any scalar w, we define the set

* def
L(z,w;a™, F) = {/\[A*]| /\[A*] >0 and ||(g(z)— (A(x)[A*])T/\[A*])[]:]H <w} (2.17)

relative to the point z* and set F C A/, Our intention is to construct a sequence {z®)} so
that for a specific F (the index set for floating variables z;), £(z®,o®*)) is non-empty for
some @®) converging to zero. Under a suitable boundedness assumption, this will then
ensure that the Kuhn-Tucker conditions are satisfied at all limit points of {z(*)}.

We are now in a position to describe the algorithm we propose to use in more detail.



3 The algorithm

3.1 Statement of the algorithm

In order to solve problem (1.15)-(1.17), we consider the following algorithmic framework.
Algorithm 3.1 [Outer Iteration Algorithm]
step O : [Initialization] The strictly positive constants

M0, Wo, Qw, Buy Oy By, ax <1, 7<1, p<l, m<lw.Klandn <1 (3.1)

for which

an + >1 (3.2)

1+ a)
are specified. A positive forcing parameter, i(?, is given. Set
,u(o) = min(lj(o)’fyl), w(o) = wO(,u(O) )O‘w and 77(0) = 770(;[‘(0))0477. (33)

An initial estimate of the solution, 2t c B , and vector of positive Lagrange multi-
plier estimates, A°), for which c,-(xeSt) + u(o)()\go))o‘A > 0 are specified. Set k = 0.

step 1 : [Inner iteration] Compute shifts

sgk) = u(k)ﬂl(k), where Fl(k) = (/\Ek))a*, (3.4)
fori=1,...,m. Find 2® € B such that
1P, 7,90 < w® (3.5)

and
ci(2®) + sgk) >0, for 1=1,..,m. (3.6)

step 2 : [Test for convergence] If

1P®, V00| < w. and [[e(@®) Xz, A0, O | <, @)
stop. If
(2NN (2 ®) AE) g(BY]™
lc,(x )’\l('fk) AW s )] < n(k)’ (3.8)
()\l )OéA =1
ececute step 3. Otherwise, execute step 4.
step 3 : [Update Lagrange multiplier estimates] Set
ARFD) = N(z(®) AF) | 5(K)))
pk+1) = k)
uEH) = i (4D, ), (3.9)
wkt) = (k) (fy(k+1))Be
n(k-l'l) n(k)(ﬂ(k-l'l))ﬁ'ﬂ

Increase k by one and go to step 1.
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step 4 : [Reduce the forcing parameter| Set

AR A6
Ak ),

W04 = i (4 ) (3.10)
wlk+1) :wo(’u(lﬂ'l))o‘w7

(k+1)  — 170(#(]‘:4'1))0‘77_

3

Increase k by one and go to step 1.

end of Algorithm 3.1

The scalar ;%) is known as the penalty parameter. It is easy to see that the forcing
and penalty parameters coincide whenever the former is smaller than ;. Indeed, it will
often be the case that the two parameters are the same for all iterations because of the
choice of the value of the initial forcing parameter.

Although it might appear quite complicated, the idea behind Algorithm 3.1 is quite
simple. We wish the algorithm to converge to a point for which the Kuhn-Tucker conditions
(2.16) are satisfied. The whole algorithm is driven by the value of the penalty parameter.
The inner-iteration convergence test (3.5) is intended to ensure that these conditions hold
at any limit point. The algorithm is designed to be locally convergent if the penalty
parameter is fixed at a sufficiently small value and the Lagrange multipliers estimates are
updated using the first-order formula (2.3). As a last resort, we can guarantee that the
penalty parameter is sufficiently small by driving it to zero while at the same time ensuring
that the Lagrange multiplier estimates are well behaved. The test (3.8) is merely to detect
when the penalty parameter is small enough for us to move from a globally convergent to
a locally convergent regime. The remaining details of the algorithm are concerned with
picking two sequences of tolerances, {w(k)} to limit the accuracy required of the inner-
iteration algorithm and {n(k)} to measure whether we have entered the asymptotic phase
of the calculation. The exact relationships between the two sequences is designed to allow
a complete analysis of the algorithm.

3.2 Starting points

Before we analyse Algorithm 3.1, we need to comment on the crucial Step 1 in the al-
gorithm. Omne might reasonably expect to try to satisfy the convergence test (3.5) by
(approximately) minimizing (1.4) within (1.17). However, this relies on ensuring that
e(z) + s%*) > 0 for all iterates generated during the inner iteration. In particular, it is
important from a practical point of view that this condition is satisfied at the starting
point for the inner iteration. In one important case, this is trivially so. For we have,

Lemma 3.1 The iterates generated by Algorithm 3.1 satisfy the condition

k+1)

ci(z™)) + 55 >0, fori=1,....,m (3.11)

for k = —1 and all iterations k > 0 for which (3.8) is satisfied.

Proof. The result is true for K = —1 by choice of the initial Lagrange multiplier estimates
and shifts in Steps 0 and 1 of the algorithm.

The k-th inner iteration (Step 1) of the algorithm ensures that (3.6) is satisfied. If
(3.8) is satisfied, the updates (3.4) and (3.9) apply. For each constraint, there are two
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possibilities. If ¢;(z(¥)) > 0, (3.11) follows immediately, as the algorithm ensures that the
shifts are always positive. If, on the other hand, c,-(ac(k)) <0,
(k)

% > 1. (3.12)

ci(z(®)) + sl(-k) B
In this case, the definition (2.3) of the multiplier update ensures that

AR = X (@@ A®) 5k > AB) (3.13)

k3 k3
Hence sl(»kH) > sgk) follows from (3.4) and (3.9), and thus (3.6) gives (3.11). ]
Thus, so long as we are able to update the multiplier estimates rather than reducing
the penalty parameter, the terminating iterate from one inner iteration gives a suitable
starting point for the next. We shall consider what to do in other cases in due course.

3.3 The inner iteration

In order to satisfy the inner-iteration termination test (3.5), one may in theory apply any
algorithm for solving the simple-bound constrained minimization problems — problems in
which the minimizer an objective function within a region defined by simple bounds on
the variables is sought — to the problem of minimizing (1.4) within (1.17). Indeed, as the
condition

P(z,V,¥(z, A®) sK)) =9 (3.14)

is required at optimality for such a problem, (3.5) can be viewed as an inexact stopping rule
for iterative algorithms for solving it. We merely mention here that the projected gradient
methods of Calamai and Moré (1987), Burke and Moré (1988), Conn et al. (1988a), Conn
et al. (1988b) and Burke et al. (1990) and the interior point method of Nash and Sofer
(1991) are all appropriate, but that methods which take special account of the nature of
(1.4) may yet be prefered.

3.4 Further discussion

We should also comment on the rather peculiar test (3.8) in Algorithm 3.1. In our previous
work on solving problems with general equality constraints ¢;(z) = 0, ¢ = 1,....,m (see,
Conn et al., 1991), we measure the success or failure of an outer iterate z®) by the size of
the norm of the constraint violation

e = 7 o9

Specifically, we ask whether
[e(a®)]| < n®, (3.16)

for some convergence tolerance 7(*) (see Conn et al., 1991, Test (3.6)). In the current
algorithm, we employ a similar test. As one would not in general expect all of the general
inequality constraint functions to converge to zero for the problem under consideration in
this paper, the test (3.16) is inappropriate. However, one would expect the complementary
slacknesses c¢j(z)\;, ¢ = 1,....,m, to converge to zero for suitable Lagrange multiplier
estimates \;. The test (3.8) is designed with this in mind.

In fact, there is a stronger similarity between Conn et al. (1991, Test (3.6)) and (3.8)
than is directly apparent. For the former test may be rewritten as

H;(k) _ A(mH < ) /) (3.17)
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using the first-order multiplier update proposed in Conn et al., 1991. The test (3.8) may
likewise be written as

H;\(k) _ ,\(k)H < p® k) (3.18)

because of the definition of the multiplier estimates (2.3) and shifts (3.4). Whenever (%)
is smaller than vy, (3.17) and (3.18) coincide.
Our primary aim is now to analyse the convergence behaviour of Algorithm 3.1.

4 Global convergence analysis

In this section, we shall consider the convergence of Algorithm 3.1 from arbitrary starting
points. We aim to show that all finite limit points of the iterates generated by the algorithm
are Kuhn-Tucker points. We shall analyse the convergence of Algorithm 3.1 in the case
where the convergence tolerances w, and 7, are both zero.

We shall make use of the the following assumption.

AS2: The set L£(z*,0;2%, F1) = {Apas)| Apar) > 0 and (g(z*) — (A(z")pa) Apar)) 7 = 0}
is bounded for any limit point z* of the sequence {z(¥)} and set F, defined by (2.13).

Note that AS2 excludes the possibility that F; is empty unless there are no general con-
straints active at z*. In view of Lemma 2.1, this seems reasonable as otherwise we are
allowing the possibility that there are more than n active constraints at z*.

As a consequence of AS2 we have:

Lemma 4.1 Suppose that AS2 holds. Then L(z,w;z*,F;) is bounded for all (z,w) suffi-
ciently close to (z*,0).

Proof. The result follows directly from the analysis given by Fiacco (1983, Theorem
2.2.9). n

We require the following lemma in the proof of global convergence of our algorithm.
The lemma is the analog of Conn et al. (1991, Lemma 4.1 ). In essence, the result shows
that the Lagrange multiplier estimates generated by the algorithm cannot behave too

badly.

Lemma 4.2 Suppose that n¥) converges to zero as k increases when Algorithm 1 is eze-
cuted. Then the product ,u("”)(/\yc))1"'0‘A converges to zero for each 1 <1 < m.

Proof. If u® converges to zero, Step 4 of the algorithm must be executed infinitely
often. Let K = {ko, k1,k2,....} be the set of the indices of the iterations in which Step 4
of the algorithm is executed and for which

A% < min((3)%7, 7). (4.1)

and thus in particular p®*) = p*).
We consider how the i-th Lagrange multiplier estimate changes between two successive
(kp+1) _ /\Ek”). At iteration k, + j, for

7

iterations indexed in the set K. Firstly note that A
kp+1<kp+j<kpt1, we have

/\(kp+j) _ /\(kp+j—1) C,‘(x(kp+j—1)))\£kp+j) 1 '
i o B ()\(kp+j_1))ax plkpti=1)’ (4.2)

£3
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from (2.5), (3.4) and (3.9) and

ko) = (k) — (Rt l) — (k) (4.3)

Hence summing (4.2) and using the fact that /\Ek"ﬂ) = /\(-kp),

k3

NETENS J—1 cix (p+l))>\£kp+l+1) 1 "

k3

where the summation in (4.4) is null if 7 = 1.

Now suppose that j > 1. Then for the set of iterations k, + 1,1 < I < j, Step 2 of
the algorithm must have been executed and hence, from (3.6), (4.3) and the recursive
definition of n®), we must also have

[Ci(x(kp+1))>\(kp+l+1) ] m
=1

kp an+By(l—
Oy < o (plket 1)yt =) (4.5)

Combining equations (4.1) to (4.5), we obtain the bound

‘ . (ko tD) A(kp+l+1) m
A | SHMWH+2L3[C”(kJ” e
< [A]| 4 (palbort D) yan—1 531 (b D) na-) (4.6)

< IAER]| + o karl))a”_l/(l — (pulkr+1))Bn)
< [[AER) || 200 (et ) yen =1,

Thus, multiplying (4.6) by (u*»+9))8% where ) = 1/(1 4 ay), and using (4.3), we obtain
that

(et )8 \Eotd) || < 75 (1 (Re) yBag A Bo) || 4 2qgromtPr=1((kn) yantBr—1 (4.7)
Equation (4.7) is also satisfied when j = 1 as equations (3.9) and (4.3) give
(bt )5 b | = 7580 49 (45)
Hence from (4.7),
(M(kp+1))ﬁx||,\(kp+1)|| < 7B (N(kp))BAH,\(kp)H + 27707—0‘77+5A—1(M(kp))an+ﬂk—1‘ (4.9)

We now show that (4.9) implies that (;(¥))2x ||\(*2)|| converges to zero as k increases. For,
if we define

def def o —
ap = (pE) | AE| and B, = 20 (k) ntAat, (4.10)
equations (4.3), (4.9) and (4.10) give that

apy1 < Tﬁkap + T“""’ﬂ*_lﬁp and fp41 = TO‘""'ﬁ*_lﬁp (4.11)
and hence that )
p—

0 < ap < (7P)Pag + (rerta=1yp N " (plmen)ig, (4.12)
=0

Recall that the requirement (3.2) ensures that o, + fy —1 > 0. If a,, < 1, the sum in
(4.12) can be bounded to give

0 < a, < (TP )Pag + (rotPA=1yP 30 /(1 — 717om), (4.13)
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whereas if o, > 1, we obtain the alternative
0 < a, < (TPP(ag + 7277130 /(1 — 7077 1Y), (4.14)

and if ay =1,
0 < a, < (TP Pag + p(r%4)P 5. (4.15)

But, both ag and 3y are finite. Thus, as p increases, a, converges to zero; the second
part of equation (4.11) implies that 3, converges to zero. Therefore, as the right-hand
side of (4.7) converges to zero, so does (u*))?x||\*#)|| for all k. The truth of the lemma is
finally established by raising (u(k))B*H)\l(»k)H to the power 1/5y = 1+ a,. ]

We note that Lemma 4.2 may be proved under much weaker conditions on the sequence
{n(k)} than those imposed in Algorithm 3.1. All that is needed is that, in the proof just
given,

5 [Ci(w(’“P*’))AEkp+l+l)r
=1 (’\Ekﬁl))o‘A i=1

in (4.6) should be bounded by some multiple of a positive power of plkpe1)
We now give our most general global convergence result, in the spirit of Conn et al.
(1991, Theorem 4.4).

Theorem 4.3 Suppose that AS1 holds. Let {x(k)} € B,k € IC, be any sequence generated
by Algorithm 1 which converges to the point x* for which AS2 holds. Then

(i) «* is a Kuhn-Tucker (first-order stationary) point for the problem (1.15)-(1.17).

(i) The sequence A(z® A®) s*N} remains bounded for k € K and any limit point of
this sequence is a set of Lagrange multipliers \* corresponding to the Kuhn-Tucker
point at x*.

(iii) the gradients V,¥®) converge to gi(z*, \*) for k € K.
Proof. We consider each constraint in turn and distinguish two cases:
1. constraints for which ¢;(2*) # 0; and
2. constraints for which ¢;(z*) = 0.
For the first of these cases, we need to consider the possibility that
a. the penalty parameter p(¥) is bounded away from zero; and

b. the penalty parameter 1(¥) converges to zero.

Case la. As p® is bounded away from zero, test (3.8) must be satisfied for all k&
sufficiently large and hence |c£k);\l(»k)/(/\(k))°‘*| converges to zero. Thus as {cl(»k)}

converges to ¢;(z*) # 0, for k € K, ;\Elk”)/()\(k))o‘A converges to zero. Hence, using
(2.3) and (3.4),

A _ ALY _(® Ay
(Agk))oo\ cz('k) + M(/\Ek))oq C(k) + ’u()\l(_k))ou

— 0. (4.16)

We aim to show that ;\l(»k) converges to zero and that ¢;(z*) > 0.
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Suppose first that /\Ek) does not converge to zero. It follows directly from (2.5) and
(3.4) that

(AP I =y WP - AW, (4.17)
Then, as the left-hand side of (4.17) converges to zero and p*¥) and /\l(»k) are bounded
away from zero, we deduce that

®) = AB)(q 4 By, (4.18)

pdl

for some {el(»k)}, k € IC, converging to zero. But then, by definition (2.3),

pO
A+ e

=1+€0, (4.19)

k3

(%)

However, as A;"’ is bounded away from zero and ay < 1, (4.19) contradicts (4.16).

Thus /\Ek) converges to zero, for k € K.
(k)
from (3.6) that Cl(»k) + u(":)(/\gk))CYA > 0. As p® is bounded and /\Ek) converges to
zero, we have that ¢;(z*) > 0. But as ¢;(2*) # 0, we conclude that ¢;(2*) > 0, ;\Ek)
converges to A¥ =0, for k € KC, and ¢;(z*)A\f = 0.

It now follows that, as A"’ /(AF))2r converges to zero, so does ;\Ek). It also follows

Case 1b. As p®) converges to zero, Lemma 4.2 shows that u("”)()\gk”))l"'cYA and hence
u(k)Al(»k) and u(k)(/\gk))o‘A converges to zero. It follows immediately that the nu-
merator of (2.3) converges to zero while the denominator converges to ¢;(2*) and
hence that ;\Ek) converges to zero for k € K. Furthermore, it follows from (3.6) that
cgk) + ;A(k)()\gk))“A > 0: as u(k)(/\l(»k))CYA converges to zero, we have that ¢;(2*) > 0.
But as ¢;(2*) is, by assumption, nonzero, ¢;(z*) > 0. Hence we may conclude that
that ¢;(z*) > 0, ;\l(-k) converges to A\Y = 0, for k € K, and ¢;(z*)AF = 0.

We note from (2.15) and (2.16) that the set Z* = Z(2™) is precisely the set of constraints
covered in Case 1. Having thus identified the constraints in A* = A(z2*) as those in Case
2 above, we consider Case 2 in detail.

Case 2. By construction, at every iteration of the algorithm, A*) > 0. Moreover, from
(3.5) and Case 1 above,

(g(2®) = (A= ®) )AL g
< (A Dzl + 1P®), 7, w®) e (4.20)
< Dzl 4w < wo®

for some (%)

converging to zero. Thus using AS2 and Lemma 4.1, the Lagrange
multiplier estimates ;\EZ),] are bounded and, as E(x(k),w(k);x*,fl) is non-empty,
these multipliers have at least one limit point. If A4 is such a limit, AS1, (4.20)
and the identity c(z) 4+ 0 ensure that (g(z*) — (A(z*)pa) Aas)m) = 0,

c(x*)[TA*]A[A*] =0 and A4+ > 0.

Thus, from AS2, there is a subsequence X' C X for which {:C(k)} converges to z* and
{A®)Y converges to A* as k € K’ tends to infinity and hence, from (2.4), V, ¥*) converges
to ge(2*, \*). We also have that

c(z) A =0 (4.21)
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with both ¢;(z*) and Af (i = 1,...,m) non-negative and at least one of the pair equal to
zero. We may now invoke Lemma 2.1 and the convergence of Vv, T %) to ge(z™, \*) to see
that

(9e(z*, X)) 71 =0 and  ge(a™,A") 2" = 0. (4.22)

The variables in the set F; N A} are, by definition, positive at z*. The components of
ge(z*,\*) indexed by D; are non-negative from (2.10) as their corresponding variables are
dominated. This then gives the conditions

¥ >0 and (ge(z*, \*)); for i € Fi NN,

)i =0
(g€($*7A*))l :0 fOI' /Lefl me, (4 23)
zf =0 and (ge(z*,A*)); >0 for i€ D; and ’
¢f =0 and (ge(z*,A\*));i =0 for i€ Fyu.

Thus we have shown that z* is a Kuhn-Tucker point and hence we have established
results (i), (ii) and (iii). ]

Note that Theorem 4.3 would remain true regardless of the actual choice of {w(*)}
provided the sequence converges to zero.

Now suppose we replace AS2 by the following stronger assumption:

AS3: The matrix A(2")[4+ 7] is of full rank at any limit point z* of the sequence {z®)}
and set F; defined by (2.13).

Furthermore, we define the least-squares Lagrange multiplier estimates (corresponding

to the sets F; and A*)

M@y = —(A@) e £ ) 02 (4.24)

at all points where the right generalized inverse

def -
Al 7y T A@) e 1) (A@) e g A@) ae 1) 7 (4.25)

of A(z) 4+ 5,1 is well defined. We note that these estimates are differentiable functions of
z whenever A(z)4+ 5] is of full rank (see, for example, Conn et al., 1991, Lemma 2.2).

Then we obtain the following improvement on Theorem 4.3 which has the same flavour
as Conn et al. (1991, Lemma 4.3).

Theorem 4.4 Suppose that the assumptions of Theorem 4.3 hold excepting that AS2 is
replaced by AS3. Then the conclusions of Theorem 4.3 remain true and, in addition, we
have that

w) the vector of Lagrange multipliers \* corresponding to the Kuhn- Tucker point at x*
g P D g p
are unique,

(v) the Lagrange multiplier estimates ;\(x(k),/\(k),s(k))i satisfy
(4.26)

(k)

where o;”’ converges to zero for alli € I* as k € K tends to infinity, and

(vi) there are positive constants ay, az, az and an integer ko such that

IOE,AE, 50y — X)) < arw® + agl|lz® — 27 + ase®IAZLIL, (427
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I(A@E®) = A)pae| < azfle® — o), (4.28)
e A mP] 7 [ < 1 are® + aglje® — 271+ (4.29)
(14 0@ (1 + az)) A L+ 1D = X))
and
(%) (%) (k) /3 () (%) (k) _ p*
le@®yqll < u® |[FOAP] [ fare el ey w30
aso ML+ 1® = A7)l
for allk > ko, (k € K), and any subset A C A* and where
o®) < max O'l(k) (4.31)

€T
converges to zero as k € K tends to infinity.

Proof. Assumption AS3 implies that there is at most one point in £(z*,0;z*,F;) and
thus AS2 holds. The conclusions of Theorem 4.3 then follow. The conclusion (iv) of the
current theorem is a direct consequence of AS3.

We have already identified the set of constraints for which ¢;(z*) = 0 with A*. Let

(4.32)

Then (2.3) shows that ;\Ek) = Ul(k)/\gk). We now prove that O'Z(-k) converges to zero for all
1 € Z* as k € K tends to infinity.

If £®) is bounded away from zero, we have established in Case la of the proof of
Theorem 4.3 that /\l(»k) converges to zero. Hence, as u(*) is finite, sl(»k) also converges to
zero. On the other hand, if p(¥) converges to zero, we have established in Case 1b of the
proof of Theorem 4.3 that ;L(k)(/\gk))o‘A and hence, once again, sgk) converge to zero. But
ast € 1%, c,-(ac(k)) is bounded away from zero for all k € C sufficiently large, and therefore
(k)

a-

./ converges to zero for all < € Z* which establishes (v).

To prove (vi), we let 2 be any closed, bounded set containing the iterates ™) keK.
We note that, as a consequence of AS1 and AS3, for k € K sufficiently large, A(m(k))FjA* £l

exists, is bounded and converges to A(:C*)[tt, A Thus we may write

||(A( )[A* Tl])TH <ay (4.33)

for some constant a; > 0. As the variables in the set F; are floating, equations (2.6),
(2.7), (2.12) and the inner iteration termination criterion (3.5) give that

g™z + A8 Al + A A < 0. (4.34)

By assumption, A(z) 4+ is bounded for all z in a neighbourhood of z*. Thus we may
deduce from (4.24), (4.33) and (4.34) that

[A®) = Aa®))aql =

e

(z(%) )A*Tl )T g(z®)g + ’\A* |

2® ),u A ™)) + A(x e mxt’:lpn
)|
1 |

(4.35)
7)) (w® +||A( N 7 ||||f\[p])||
|

A* 1]

alw(k) a3||/\ ,

)

ﬂ@
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def .
where a3 = aj max,.g ||A(z ) 71ll- Moreover, from the integral mean-value theorem

and the (local) dlﬁerentlablhty of the least-squares Lagrange multiplier estimates (see, for
example, Conn et al., 1991, Lemma 2.2) we have that

(A(z®)) — Mz™))pav = </01 Vx/\(:n(t))[A*]dt> (aF) — 2%, (4.36)

where V, A(7);4 is given by Conn et al. (1991), equation (2.17), and where z(t) =
2®) £ t(z* —2*)). Now the terms within the integral sign are bounded for all z sufficiently
close to z* and hence (4.36) gives

IOAG®) = A)as ]l < azfle® — a7 (4.37)

for all k& € KC sufficiently large, for some constant ay > 0, which is just the inequality
(4.28). We then have that )\(ac(k))[Ax] converges to Af .. Combining (4.26), (4.35) and
(4.37), we obtain

IA® = Al < NAE = A@E)) gl + [[(AB) = M) 0]
< mM“+aﬁw“—wH+aﬂM (k) A <Ld>gﬂ| (4.38)
< a1+ agllz® — 2*|| + ago® ngn

the required inequality (4.27). It remains to establish (4.29) and (4.30).
The relationships (2.5) and (3.4) imply that

ci(e®) = p® (AP - A, (4.39)

and

ei(e™NE /20 = B P - 30 (4.40)

for 1 < ¢ < m. Bounding (4.39) and using the triangle inequality and the inclusion
A C A*, we obtain

le(@®pgll < u® || [x/20] IS = 204
< @7 AO] L HIO® = 3l + 1AS =Xl (441)
< @ B A0 ]IS = Al + IS = A )qll]

But then, combining (4.38) and (4.41), we see that (4.30) holds for all k£ € K sufficiently
large. Furthermore, the triangle inequality, the relationships (4.26), (4.27) and

Aoy =0 (4.42)
yield the bound

IA®) = AR < [A® — A= 4 [[A®) — x|

3\ * * y(k
I = X+ IOE = X sl + IAZL] + 11X
arw® 4 a2||x(k) — ™|+

(1+ (1 + ag)a AL+ (AE = A 0]

(k) |
[7%]

(4.43)

IA A

Hence taking norms of (4.40) and using (4.43), we see that (4.29) holds for all £ € K
sufficiently large. |
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5 Asymptotic convergence analysis

We now give our first rate-of-convergence result. It is inconvenient that the estimates
(4.27)-(4.29) depend upon ||z(¥) — 2*|| as this term, unlike the other terms in the estimates,
depends on a posteriori information. The next lemma removes this dependence and gives
a result similar to the previous theory in which the errors in z are bounded by the errors
in the multiplier estimates |[(A*) — A)ax || and ||)\Eft),]|| (see Polyak, 1992, Theorem 1).
However, as an inexact minimization of the Lagrangian barrier function is made, a term
reflecting this is also present in the bound. Once again, the result allows for our handling
of simple bound constraints. Before giving our result, which is in the spirit of Conn et al.
(1991, Lemma 5.1), we need to make two additional assumptions.

AS4: The second derivatives of the functions f(z) and the ¢;(z) are Lipschitz continuous
at all points within an open set containing B.

AS5: Suppose that (z*,\*) is a Kuhn-Tucker point for problem (1.15)-(1.17) and that

A Y {ijei(2*) =0 and Ar >0}

5.1
Ay Y {ilei(z*) =0 and Ar =0} A

and

B € {i € Nil(ge(a™, X)) =0 and 27 > 0} UG
Ts def{@e-/\fnge( ,A))i =0 and zF =0}.

Then we assume that the matrix

( Hi(a* )70 (A )’ ) (5.3)

(5.2)

A(z™)a,7) 0

is non-singular for all sets A and J, where A is any set made up from the union of
A} and any subset of A} and J is any set made up from the union of 7; and any
subset of 7.

We note that assumption AS5 implies AS3.

Lemma 5.1 Suppose that AS1 holds. Let {x(k)} € B,k € K, be any sequence generated
by Algorithm 1 which converges to the point z* for which AS5 holds. Let \* be the cor-
responding vector of Lagrange multipliers. Furthermore, suppose that AS4 holds and that

the condition
(k) (k)
[ﬂ'i / /\i ]ieA;

is satisfied for some strictly positive constants ay and ¢ and all k € K. Let x be any
constant satisfying

ag () (5.4)

0<x <. (5.5)
Then there are positive constants pmax, @5, ,013, and an integer value ko so that, if
1150) < fimax
= )
[2® — 2| < asw® + ag(p®XA® = A*)p e[+

|
oo [[00], . \* as |

EXNA® = A [+
[(/\Sk))oq] ||t a120(’“)||f\$1]||

(5.6)

[(A@®),A®) sy — XY 4] € agw®) + ago(p

an(ﬂ( ))
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and
H [Ci(x(k));\gk)/wz(k)]j;l“ < u® [a9w(k) + ‘113||(/\(k) - /\*)[A~]||-|-

an ()| ] ||+ (1 (1 @)D
(5.8)
for all k > ko, (k € K) and where the scalar c®), as defined by (4.31), converges to zero
as k € IC tends to infinity.

Proof. We first need to make some observations concerning the status of the variables
as the limit point is approached. We pick k sufficiently large that the sets F; and Dy,
defined in (2.13), have been determined. Then, for £ € K, the remaining variables either
float (variables in F3) or oscillate between floating and being dominated (variables in F3).
Now recall the definition (2.14) of F,4 and pick an infinite subsequence, K, of K such that:
(1) f4 = f5 UD2 with f5 ﬂDg = @,
(i) variables in F5 are floating for all k € K; and
(i) variables in Dy are dominated for all k € K.
Notice that the set F; of (2.13) is contained within F5. Note, also, that there are only
a finite number (< 2|f4|) of such subsequences K and that for % sufficiently large, each
k € K is in one such subsequence. It is thus sufficient to prove the lemma for k € K.
Now, for k € K, define

FYFUF and DY D, UD,. (5.9)

So, the variables in F are floating while those in D are dominated.
We also need to consider the status of the constraints in A%. We choose a x satisfying
(5.5) and pick an infinite subsequence, IC, of K such that
(a) A5 = A; U Af with A7 N Af = 0 where A} and Aj are defined below;
(b) the Lagrange multiplier estimates satisfy
A < () () (5.10)

for all constraints 7 € A and all k € K; and
(c) the Lagrange multiplier estimates satisfy

P A B PV (5.11)

for all constraints ¢ € A7 and all k € K.
We note that there are only a finite number (< 2:1) of such subsequences K and that for
k sufficiently large, each k£ € K is in one such subsequence. It is thus sufficient to prove
the lemma for k € K.
We define
A=A UA; (5.12)

and note that this set is consistent with the set Adescribed by AS5. It then follows from
(5.1) and (5.12) that
A= AU A, with An A = 0. (5.13)

We note that, if 7 € Aj, (5.11) gives

WZ(_k)/;\(_k) _ (AE’“))“*/XE'“) < (ptkhyx=1 (5.14)
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for all k € K. Moreover, inequalities (5.4) and (5.5) imply

TN | < )t < agupet, (5.15)
It then follows directly from (5.14) and (5.15) that
k) ;v (k —
OB ‘ < ang (! (5.16)

for some positive constants x, satisfying (5.5), and @14 and for all £ € K. Furthermore
/\[A*] =0, (5.17)
as A% C Aj5. Finally, the same inclusion and (5.10) imply that

Il < G ] ] < ) (5.18)

[(’\Ek) )ak] i€A;

for all k € K.
We may now invoke Theorem 4.4, part (vi), the bound (5.16) and inclusion A C A*.

to obtain the inequalities

3\ * * k
IS, A0,s8) = Ngl € awl® +aalle® — 7 + a0 (5.19)
and
le(a®)qll < ara(p® ) [arw® + a2 ® - 2|+
k *
aso® |G |+ 1AW = 3|

for all sufficiently large k¥ € K. Moreover, A(K) converges to A* and hence (2.4) implies
that V,¥®) converges to g;- Therefore, from Lemma 2.1,

(5.20)

27 =0 forall i€D and (g7)i=0 forall i€ F. (5.21)
Using Taylor’s theorem and the identities (4.42), (5.13) and (5.17), we have
Vv, 0k = gk) 4 4(k) T\(*)

= o)+ HE) (Y —an) 4 ATTAO

S A H (2 (x"’ ) + ri(2z®), 27, A0) (5.22)
= g+ H;-(o® =2+ 47T (W — g+ AT+

AFEAE), 4 () 2, ) £ 1ot 2,10,

where
1
rq (2, 2%, AR)) = /0 (Hy(2® 4+ t(a* — 2®), AXB)) — Hy(2*, AXE))(2®) — 2*)dt  (5.23)

and
m

ra(2®, 2% A ) = ST AW _ A (a7) (2 ®) - o). (5.24)
7=1
The boundedness and Lipschitz continuity of the Hessian matrices of f and the ¢; in a
neighbourhood of 2* along with the convergence of A¥) to X\* for which the relationships
(4.31) and (4.42) hold then give that

[r1(a®), 2 AR < aqs)la®) — 2%
and
Ira(a®, 0%, A6 A < anlla® — a[[JA®) - x|
< agglla® — 2| ([[A® — A)pgeq]| + o®) ||>\ L,
(5 25)
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for some positive constants a5 and a16, using (4.26). In addition, again using Taylor’s
theorem and that c¢(z”);4 = 0,

e(a® g = ALy (@0 = 2%) + (@), 2714, (5.26)

where

(ra(z® & ,_/ t2/ )~ 2T Hi(a" + trta(2® — 27))(@® — 2%)dtrdt,  (5.27)

for i € A (see Gruver and Sachs, 1980, p.11)). The boundedness of the Hessian matrices
of the ¢; in a neighbourhood of z* then gives that

Irs(2®),2) 4] < arr|lz®) — 2*||? (5.28)
for some constant aq7 > 0. Combining (5.22) and (5.26), we obtain
( Hy  (Apg)" ) ( ) )
ATq 0 (A®) — x*) 4

:<Vz\11(k)_ng—(AE‘*) AP (A**)T/\E)])_(Tl_l_rz) (5.29)
c(w(k))[A] (T3)[A] )

where we have suppressed the arguments of 1, r9 and r3 for brevity. We may then use
(5.21) to rewrite (5.29) as

Hz[}_’}_] Hz[}',D] AE:%;H (x(k) —kx*)[}']
Hipr Hippy Aiap B x[D)]
Aur Aapm O (A®) = Mg
(Vo ¥ ®)m — AT o AB 4= A0 (r1+72) (530
Z [F] [A* }~] [A l( ) [T* ]T[ *L(k) A T2 (7]
C(:c(k))[ A] (ra)pq

Then, rearranging (5.30) and removing the middle horizontal block we obtain

( f[}'f] A*AT)((xk 33*[ ):
A*Af (/\k_’\*[

* * y (K
V:L,\II( ))[f] H; (FD)? [ ] A[fz: ?}E;;{* AI{HA(I*] 3 ( (71 ‘|‘7'2)[}‘] ) '
(2@ — Ay py2(p) (rs)ia

~—

5.31
Roughly, the rest of the proof proceeds by showing that the right-hand side of (5.(31) ig
O(w®))+ O(O'(k)H)\(;Z]H)—I— O(u®||(AR) — A*)paxll)- This will then ensure that the vector
on the left-hand side is of the same size, which is the result we require. Firstly observe
that
lz{p)ll < w®), (5.32)

from (2.11) and (3.5) and
(72| < ), (5.33)

from (2.12). Consequently, using (5.21) and (5.32),

12® — 2| < |2 — )|l + . (5.34)
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Let Az(®) = ||(z®) — 2*);7]||- Combining (4.31), (4.42), (5.19) and (5.34), we obtain
IS = Mgl < a1s0® + 0820 + azo® AL, (5.35)

where ais % a; + a;. Furthermore, from (5.25), (5.28), (5.34) and (5.35),

H ( T+ 7“2 ) " aro Aac —|- azoAx( Jw®) 4 az (w (k))2-|- (5.36)

azo0® AL [[(® 4 A2l)

def
where a9 def a15t a7+ aieas, azo = 2((115 +a17) + ar6(a1s +az), ax = a5+ a7+ ajeass
and az, & a16(1 + a3). Moreover, from (5.18), (5.20), (5.32), (5.33) and (5.34),

* k k * ~(k
(Vw‘I’(k))[f] - Hy [}',D]QJED)] - T (BA)* AII:,T]AEIZ] <
c(x(k))[A] A[*A D]:EE D] N (5.37)
azs0® + aza0® AL + azs (u®)x | [(A 5’“>>M]M + '
ara(1n®)X [ars0® + apAc® + aso® AL+ 1O = X )paqll]
where
def ([F.D] def def
ass = 1+ , Aoy = A and a9 = A 5.38
23 "( A )” 21 = A gl 25 = || A4 - (5.38)

By assumption AS5, the coefficient matrix on the left-hand side of (5.31) is non-
singular. Let its inverse have norm M. Multiplying both sides of the equation by this
inverse and taking norms, we obtain

(=3

IN

ﬂz’[[alg(Ax(k))z —I— azoAm(k)w(k) —I— a’21(w(k))2_|_

az0' ||/\[1*]||( )+ Ae®)) + aga® 4+ 024U(k)||AE§1]||+
azs(ﬂ(k))l X [(/\Ek))ak]iem + 014(ﬂ(k))x(018w(k) + azAiv(k)-l-

IO = M)l + aso®AGL )]

= (]\[(ZlgA%( ) + ﬂ[(lzow( ) + 111[(126114( X)
(ﬂ[azpu( ) + ]\[a14a18( ( ))X + ]‘[023)w(k)+
Mara(n®XIA® = X)peqll+
‘ _ k) \q
Mas(n¥))1-x H{(AE )] ]| *
(Magg + Mag(w® + Az®)) + Mazayq(u®))x)ok ||)\ ||

(5 39)

The mechanisms of Algorithm 1 ensures that w(*) converges to zero. Moreover, Theo-
rem 4.3 guarantees that Az*) also converges to zero for k € K. Thus, there is a ko for

which

w®) < min(1,1/(4Mag)) (5.40)

and
Az®) < min(1,1/(4Mays)) (5.41)

for all k > ko (k € K). Furthermore, let

[tmax = min(1,1/(4Magai4)"/%). (5.42)
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Then, if u®) < jiax, (5.39), (5.40), (5.42) and (5.41) give

Az < 2 Az®) 4 M(ag; + arqa1s + ags)w®+
Mayg(p®X||(A*®) — A )pas |l + Mags(u®))1=x

()]

+  (5.43)
M(az4 + 2a22 + 613“14)0(k)||’\$z]”'

Cancelling the Az®) terms in (5.43), multipling the resulting inequality by four and sub-
stituting into (5.34), we obtain the desired inequality (5.6), where aj g 4M(agz +

a1aa18+aszs), as def 4Mayy, ar def 4Mays and ag def 4M (az4+2a33+ asaya). The remaining

inequalities (5.7) and (5.8) follow directly by substituting (5.6) into (4.27) and (4.29), the

. . def def def def
required constants being ag = ay + asas, ay9g = asag, a1 = axa7, a3 = as + asag and

def
ajz = 1+ aqdg. ]
In order for Lemma 5.1 to be useful, we need to ensure that (5.4) holds. There is at
least one case where this is automatic. We consider the following additional assumption.

AS6: The iterates {z(¥)} generated by Algorithm 1 have a single limit point z*.
We then have:

Lemma 5.2 Suppose that AS1 holds and that the iterates {x(k)} generated by Algorithm 1
satisfy AS6 and converges to the point x* for which AS3 holds. Let \* be the correspond-
ing vector of Lagrange multipliers. Suppose furthermore that a,, < 1. Then (i) I\

converges to \*, (it)
o®) <, Bgk) (5.44)

where %) converges to zero, as k increases, and (143) inequality (5.4) is satisfied for all k.
Moreover, if AS4 and ASS5 replace AS3, (iv) the conclusions of Lemma 5.1 hold for all k,
and any 0 < y < 1.

Proof. We have, from Theorem 4.4 and AS6, that the complete sequence of Lagrange
multiplier estimates {A\(¥)} generated by Algorithm 1 converges to A*. We now consider
the sequence {A(*)},

There are three possibilities. Firstly, x(*) may be bounded away from zero. In this
case, Step 3 of the Algorithm 1 must be executed for all k£ sufficiently large which ensures
that {A\*)} and {A*~1} are identical for all large k. As the latter sequence converges to
A*, so does the former.

Secondly, p*) may converge to zero but nonetheless there may be an infinite number
of iterates for which (3.8) is satisfied. In this case, the only time adjacent members of the
sequence {/\(k)} differ, A\*) = A(*=1) and we have already observed that the latter sequence
{A*=1Y converges to A*.

Finally, if the test (3.8) were to fail for all £ > &y, ”/\E?‘]H and ||(A®) — A*)pax|| will
remain fixed for all £ > kq, as Step 4 would then be executed for all subsequent iterations.
But then (4.29) implies that

H {ci(x(k));\gk)/wl(k)]ilH < azep® (5.45)

for some constant aqg for all & > ky > ky. As ,u(k) converges to zero as k increases and
a, < 1,
a26lu(k) S Tlo(ﬂ(k))aﬁ — n(k) (5.46)
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for all k sufficiently large. But then inequality (3.8) must be satisfied for some k > ky
contradicting the supposition. Hence, this latter possibility proves to be impossible. Thus
{A®)} converges to A*.

Inequality (5.44) then follows immediately by considering the definitions (3.4), (4.31)
and (4.32) for ¢ € 7* and using the convergence of /\gl] to /\E‘I*] = 0; a suitable represen-

tation of 8%) would be

(k) o
ok — max( (A)™ 8 ) . (5.47)
€2 \ ¢;(2®)) _|_M(k)/\£ ))m

Hence ;\Ek) converges to A7 > 0 and is thus bounded away from zero for all £, for each
i € Aj. But this and the convergence of {A*¥)} to A* implies that Wl(k)/;\gk) = (/\gk))a*/ng)
is bounded and hence inequality (5.4), with { = 1, holds for all k. The remaining results
follow directly from Lemma 5.1 on substituting ( = 1 into (5.5). ]

We now show that the penalty parameter will normally be bounded away from zero in
Algorithm 1. Thisis important as many methods for solving the inner iteration subproblem
will encounter difficulties if the parameter converges to zero since this causes the Hessian
of the Lagrangian barrier function to become increasingly ill conditioned. The result is
analogous to Theorem 5.3 of Conn et al. (1991).

We need to consider the following extra assumption.

AST: (Strict complementary slackness condition 1) Suppose that (z*,A*) is a Kuhn-
Tucker point for problem (1.15)—(1.17). Then

A3 = {ile;(z*) =0 and Af =0} = 0. (5.48)

Theorem 5.3 Suppose that the iterates {m(k)} generated by Algorithm 1 of Section 3
satisfy AS6 and that AS1, AS/ and AS5 hold. Furthermore, suppose that either
(i) ax = 1 hold and we define

o min(i, o) and 3 def min(},S,) (5.49)

or

(11) AS7 holds and we define
o min(1l,a,) and f3 def min(1, fu)- (5.50)

Then, whenever ay and 3, satisfy the conditions

a, < min(1,a,) (5.51)
By < B (552)

and
ap+ By < a+1, (5.53)

there is a constant fiymin > 0 such that ,u(k) > fmin for all k.

Proof. Suppose, otherwise, that 1(*¥) tends to zero. Then, Step 4 of the algorithm must
be executed infinitely often. We aim to obtain a contradiction to this statement by showing
that Step 3 is always executed for k sufficiently large. We note that our assumptions are
sufficient for the conclusions of Theorem 4.4 to hold.
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Lemma 5.2, part (i), ensures that {A(¥)} converges to A*. We note that, by definition,
p*) <~y < 1. (5.54)

Consider the convergence tolerance w*) as generated by the algorithm. By construction
and inequality (5.54),
w®) < wo(pk)yee (5.55)

for all k. (This follows by definition if Step 4 of the algorithm occurs and because the
penalty parameter is unchanged while w(¥) is reduced when Step 3 occurs.) As Lemma 5.2,
part (iii), ensures that (5.4) is satisfied for all k, we may apply Lemma 5.1 to the iterates
generated by the algorithm. We identify the set JC with the complete set of integers. As we
are currently assuming that k) converges to zero, we can ensure that 1®) is sufficiently
small so that Lemma 5.1 applies to Algorithm 1 and thus that there is an integer k; and
constants ag, - - -, @13 so that (5.7) and (5.8) hold for all k¥ > kq. In particular, if we choose

_ def ] L if assumptions (i) of the current theorem hold (5.56)
XZX0 =0 1 if assumptions (i) of the current theorem hold, ’
we obtain the bounds
IS, A sE) = 23] < agw® + (aro + arn) (™)X (AW = X*)pae 1+ (5.57)
k .
+ara0 ML
and
e O L < n® faso® 4 o+ | O® =N+

k
(1+ (1 + anz)e®)AFL]

for all k > k1, from (5.54) and the inclusion A3 C A*. Moreover, as Lemma 5.2, part (ii),
ensures that #) converges to zero, there is an integer kg for which

o®) < k) (5.59)

for all k > k3. Thus, combining (5.54), (5.57), (5.58) and (5.59), we have that

A, A®) sy — X | € agw®) + agr (™)Xo (AF) — X)) guq ||+

5.60
‘|‘a12ﬂ(k)||/\$l]|| (5:60)
and ) m
@O < n® fas® + assll VO = A )pas+ (5.61)
A )
azol AT ]
for all k¥ > max(ky,kz), where agr def aio + aii, asg def a11 + a13 and agg def 5 + as.
Now, let k3 be the smallest integer such that
(k)yi=an o 0 5.62
(- < o (5:62)
1
Wy < min (1, ), (5.63)
asi
po < (5.64)

- ZLUO Qg
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and

(k) yo+1—an—Fy < lo 5.65
(k™) ~ 2wo(azg + azsasz) ( )

for all k£ > k3, where asg def ag + agg + ag9 and as; def a9 + a2 + ag7. Furthermore, let ky4
be such that
IO = M)paqll Swo and [AZ)]] < wo (5.66)

for all & > k4.

Finally define k5 = max(ky,kz,ks,k4), let T' be the set {k| Step 4 is executed at
iteration k — 1 and k > ks} and let kg be the smallest element of I'. By assumption, I' has
an infinite number of elements.

For iteration ko, w(o) = wo(,u(ko))“w and %) = ng(pke) )@, Then (5.61) gives

[letatennidm |
< ko) [a9w< + azs (A = X)) + aza A2 ] (5.67)
< wolag + azs + azg)ﬂ(ko) = w0a30,u( o) [from (5 66)]
< mo(plkodyen = ko) [from (5.62)].

Thus, from (5.67), Step 3 of Algorithm 1 will be executed with Akot1) — ;\(:c(ko), /\(ko),s(ko)).
Notice that the definition (5.56) of xo and the definitions (5.49) and (5.50) and restriction
(5.52) imply that

a = min(xg,ay) <1 (5.68)

and
By < = min(xo,f.) < 1. (5.69)
Inequality (5.60), in conjunction with (5.55), (5.66) and (5.68), guarantees that

JOGH A g € o)+ age(u)e (AR — A7) + arapa) AL
agwo (k)Y + agrwo (o) )X0 + aypwop ko)

woa31 (/L(ko))o‘.

ININIA

(5.70)

Furthermore, inequality (4.26), in conjunction with (4.31), (5.59), (5.66) and (5.68) ensures
that

AR < WAL < wral®) < wog(pulio, (5.71)

We shall now suppose that Step 3 is executed for iterations ko + 7, (0 < 7 < j), and
that

JAEHFD — X)) g | < woasy (ko) )2+t (5.72)
and
NG| < wol ko) y+oai, (5.73)

Inequalities (5.70) and (5.71) show that this is true for 7 = 0. We aim to show that the

same is true for ¢ = j + 1. Under our supposition, we have, for iteration ko + 7 + 1, that
,u(k0+=7+1) — M(ko)7 wlkoti+l) — wo(ﬂ(ko))aw+ﬁw(3+1) and n(ko+3+1) — ﬂo(/b(ko))a"+ﬁn(‘7+l)-
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Then (5.61) gives
H[ ci(w(ko+it1)) )| (k0+]+1) k0+]+1 ] H

< plho) [agwo(ﬂ(ko))ﬁ‘”(Hl)Jr“‘” +ags [ (ARHHD = 2|+

az0||A(zs k0+3+1 ||] [from (5.54)]
< plko) [agwo(u(’“))"wt’“)ﬂw + azsazywo(pko) jotBni
a29wo(u(k°))a+ﬁ"j] [from (5.72)-(5.73)] (5:74)
< a9w0(ﬂ(k°))a"+ﬁ"(j+1)+l + (a9 + azsasy )wo(u(ko))a+/8"j+1
[from (5.51)-(5.52)]
— wo(agu(’co) + (ag + a28a31)(M(ko))o‘+1_an_/3n)(M(ko))O‘n+/8n(j+1)
< mo(ptko)yantBali+1) = g(kots+1) [from (5.64)-(5.65)].

Thus, from (5.74), Step 3 of Algorithm 1 will be executed with A(*ko+i+2) = X(z(koti+1)
Alko 1) “g(ko+5+1)) Inequality (5.60) then guarantees that

||(/\(k’0+J+2 ) ||
< gttt | a27(u(’“°+ RO (AEATHED — A g+

alZH(k0+j+1 ||/\ (ko+j+1) ||
< agwo( )Oéw+ﬁw93+1 _|_a27w0(a31(ﬂ(k0))x0 ﬁn)(ﬂ )a+ﬂn(j+1)_|_
a12wo(;t( 0))1-A )(,u( 0)ja+Bn(s+1) [from (5.72)-(5.73)] (5.75)
< GQWO(H )Ozu+/3u J+1) _|_a27w0(,u( ))a+5n(j+1)_|_ )
alzwo(u 0))°‘+ﬁ" i) [from (5.63)]
< agwo(pko) )t Bal+1) 4 gy (ko) )t Ba(+1) 1 gyo00(pko) jatBa(i+1)

[from (5.68)-(5.69)]
— wo(ag +aps + a27)(u(k0))04+ﬁ77(j+1) — w0a31(ﬂ(ko))a+ﬁn(j+1)

which establishes (5.72) for i = j + 1.
Furthermore, inequalities (4.26) and (5.59) ensure that

NI < oot DG < st DAY [from (4.31)]
< wo(ptke) ottt [from (5.73)]  (5.76)
< wo(ptke)yatBn(i+1) [from (5.69)]

which establishes (5.73) for ¢ = j + 1. Hence, Step 3 of the algorithm is executed for all
iterations k > k. But this implies that I' is finite which contradicts the assumption that
Step 4 is executed infinitely often. Hence the theorem is proved. |

It is at present unclear how Algorithm 3.1 behaves when a) < 1, in the absence of
AS7. The inequalities from Lemma 5.1 appear not to be strong enough to guarantee at
least a linear improvement in the error of the Lagrange multiplier estimates A(*) because
of the presence of the term an(p(k))1_X||[(A£k))a*]ie.45 || in the bound (5.7).

We should also point out that it is indeed possible to find values ay, ay, 3, and 3,
which satisfy the requirements (3.2), (5.51), (5.52) and (5.53) for any 0 < a) < 1. For
instance, the values a, = 1, ay; = 0.75, 3, = 1 and 3,, = 0.25 suffice.

We caution the reader that, although the result of Theorem 5.3 is an important ingre-
dient in overcoming the numerical difficulties normally associated with barrier function
methods, ensuring that ;(*) is bounded away from zero is not sufficient. The numerical
difficulties arise because of the singularity of the barrier function when ¢;(z) + sgk) = 0 for

any 1 < ¢ < m. The algorithm is designed so that ¢;(z) + sgk) >0foralll1 <i<m. If,in
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addition, AS7 holds, the Theorem 5.3 ensures that limit

Clim @)+ = (o) + () > 0 (5.77)
for all 1 < i < m, and thus numerical difficulties will not arise as the limit is approached.
In the absence of AS7, ¢;(2*) + fimin(AF)** = 0 for all 7 € A% and thus numerical problems
are possible in a small neighbourhood of the limit.

If we make the following additional assumption, our definition of floating variables has
a further desirable consequence.

AS8: (Strict complementary slackness condition 2) Suppose that (z*,A*) is a Kuhn-
Tucker point for problem (1.15)-(1.17). Then

Ty = {i € Np|(ge(2™, X)) =0 and 2] =0} = 0. (5.78)
We then have the following direct analog of Conn et al. (1991, Theorem 5.4).

Theorem 5.4 Suppose that the iterates %), k € K, converge to the the limit point z*
with corresponding Lagrange multipliers \*, that AS1, AS2 and AS8 hold. Then for k
sufficiently large, the set of floating variables are precisely those which lie away from their
bounds, if present, at z*.

Proof. From Theorem 4.3, V,¥(*) converges to ge(2*, A*) and from Lemma 2.1, the vari-
ables in the set F, then converge to zero and the corresponding components of g(z*, \*)
are zero. Hence, under AS8, F, is null. Therefore, each variable ultimately remains tied
to one of the sets F; or D; for all k sufficiently large; a variable in J; is, by definition,
floating and, whenever the variable is bounded, converges to a value away from its bound.
Conversely, a variable in D, is dominated and converges to its bound. |

We conclude the section by giving a rate-of-convergence result for our algorithm in the
spirit of Conn et al. (1991, Theorem 5.5). For a comprehensive discussion of convergence,
the reader is referred to Ortega and Rheinboldt (1970).

Theorem 5.5 Suppose that the iterates {x(k)} generated by Algorithm 1 of Section 3
satisfy AS6, that AS1 and AS3 hold and that \* are the corresponding vector of Lagrange
multipliers. Then, if (3.8) holds for all k > ko,

(1) the Lagrange multiplier estimates for the inactive constraints, /\gz], generated by Al-
gorithm 1 converge Q-superlinearly to zero;

(i1) the Lagrange multiplier estimates for the active constraints, /\EZ)*], converge at least

R-linearly to \*. The R-factor is at most ,ug]"jn, where [imin 1S the smallest value of

the penalty parameter generated by the algorithm; and

(iii) if AS4 and AS5 replace AS3, ™) converges to =* at least R-linearly, with R-factor

at most uﬁiuﬁmmﬁn) )

Proof. Firstly, as (3.8) holds for all k¥ > kg, the penalty parameter 1) remains fixed at
some value iy, say, the convergence tolerances satisfy

Wkt = ) B ang k1) = (k) P (5.79)

Hinin Hanin

and Ak+1) = X\(%) 311 hold for all k > ko.
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The Q-superlinear convergence of the Lagrange multiplier estimates for inactive con-
straints follows directly from Theorem 4.4, part (v). Lemma 5.2, part (ii), the convergence
of 8%) to zero and the relationships (4.26) and (4.31) then give that

k+1
||>\ ) < Mmm||>\p I (5.80)

and all k sufficiently large.
The identities (2.5), (3.4) and the assumption that (3.8) holds for all k > kg gives

ACFD Z2EY ol = = (| [ (20)AE) 7 8)
I earll = s || [ei A0 e (5.:81)
<t || [es@NAD /2™ < ik n®
for all such k. But then the triangle inequality and (5.81) implies that
IO =X peql] < JOEEHD = N+ D Ay
< IEHD = A )]+ pgiy )

for all ¥ > ko. Thus summing (5.82) from j = 0 t0 jmax — 1 and using the relationship
(5.79) yields

||(,\(k) — ’\*)[A*]H ||(/\(k+jmax) _ ) || _|_an E]max 1 p(k+3)

. 5.83
) Y L — 20— i) O

<
<
Hence, letting jmax tend to infinity and recalling that A*) converges to A*, (5.83) gives

(%)
% I'Lm_[nn
1A = Xl < (5.84)

— Hmin

for all k > ko. As n(*) converges to zero R-linearly, with R-factor ;fnm,
required result ().

The remainder of the proof parallels that of Lemma 5.1. As (3.8) holds for all suffi-
ciently large k, the definition (5.12) of A and the bound (5.16), ensure that

(5.84) gives the

IA

l[e(z®) ]|

5.85
W (5.83)

[ ) A k) k (]
: l zEA i €A
m p—
‘<a14 len n

e

Thus combining (5.32) and (5.33), (5.80) and replacing (5.20) by (5 85) the bound on
the right hand side of (5.37) may be replaced by azw®) + a240(k)|| 7] ||—|— a25(fmin ) X

+ a14(ftmin)X"'7™®) and consequently (5.39) replaced by

Aiﬂ(k) S ﬂ[[alg( (k ) —|— agoAiﬂ ) (k) + agl(w(k))2+
a2 AT (" + 200 + axw® + 200 @I 1+
@25 (fbmin ) X H [(/\Ek))“*]iem‘ + a14(ﬂmin)x_177(k)]
= (MajoAz® + Mayw®)Az®) 4 (Maynw® + Mags)w® +
(Mas + Man(w® + Ac®))oe® A |

Mazs(pmin)' ™ [(Agk))”]iem

(5.86)

+ M aa(fimin)* n®).
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Hence, if k is sufficiently large that
Az®) < 1/(4Mays), w® < min(1,1/(4Mag)) and o) <1, (5.87)
(5.86) and (5.87) can be rearranged to give

Az < 2M[(az + az3)w® + (a4 + 2(122)“A$Z]H+

B B (5.88)
azs(min) | [N, || + @raCmin )10
But then (5.34) and (5.88) give
l2® = 27| < agpw® + assl| A
[Z+]
(5.89)

asa(tmin 7 + s (ptmin ) || [(A)21]

bl

i€A3

where asg d:ef 1 + 2]‘/’[(0,21 + 023), ass d:ef 2111[(0124 + 2@22), aszq d:ef 2111[(114 and ass d:ef 2111[(125.
Each term on the right-hand-side of (5.89) converges at least R-linearly to zero; the R-

factors (in order) being no larger than ,uggn, Jmin uﬁ’l’in and Miﬁfn respectively, following

(5.79), (5.80) and (5.84). Hence (5.89) and the restriction ay < 1shows that 2*) converges

min(1,8u,a18n)

at least R-linearly with R-factor at most p ;.

As an immediate corollary we have

Corollary 5.6 Under the assumptions of Theorem 5.3, the results of Theorem 5.5 follow,

aA/Gn

with the R-factor governing the convergence of {x(k)} being at most ;"

Proof. This follows directly from Theorem 5.3 as this ensures that (3.8) is satisfied
for all k sufficiently large. The bound on the R-factor for the convergence of z(*) is a
consequence of (5.51) and (5.52). ]

6 An example

We are interested in the behaviour of Algorithm 1 in the case when the generated sequence
of iterates has more than one limit point. We know that, under the assumptions of
Theorem 4.3, each limit point will be a Kuhn-Tucker point. We aim to show in this
section that, in the absence of AS6, the conclusion of Theorem 5.3 is false.

We proceed by considering an example which has more than one Kuhn Tucker point
and for which the optimal Lagrange multipliers are distinct. We consider a sequence of
iterates which is converging satisfactorily to a single Kuhn-Tucker point (27, A]) (and thus
the penalty parameter has settled down to a single value). We now introduce an “extra”
iterate z(*) near to a different Kuhn-Tucker point (z3,A3). We make use of the identity

ei(a®® J(AF ) = B = 30, (6-1)

(%)

derived from (2.5) and (3.4), to show that if the Lagrange multiplier estimate A;" calcu-

lated at £®) is a sufficiently “accurate” approximation of A5 (while /\Ek)
representation of A}), the acceptance test (3.8) will fail and the penalty parameter will be
reduced. Moreover, we show that this behaviour can be indefinitely repeated.

To be specific, we consider the following problem:

is an “accurate”

minimize e(z —1)® such that c(z) = 2% -4 >0, (6.2)
zeR
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where € is a (yet to be specified) positive constant. It is straightforward to show that the
problem has two local solutions which occur at the Kuhn-Tucker points

(a3, A) = <—2,%> and (a3, A3) = <2§> (6.3)

and that the constraint is active at both local solutions. Moreover, there are no specific
bounds on the variable in the problem and hence P(z,V,¥(z,\,s)) = V,¥(z, A, s) for all
x.

We intend to construct a cycle of iterates z(¥*9)_ i = 0,..., j, for some integer j, which
are allowed by Algorithm 1. The penalty parameter remains fixed throughout the cycle
until it is reduced at the end of the final iteration. We start with A(®) = ¥, We also let
o = p(© and pick € so that

. 2 Wo 2770
€ < min 376 T oo T i-ay | - (6.4)
(6 + 7570 3ig
We define j to be the smallest integer for which
g P < se o, (6.5)

We let i denote the value of the penalty parameter at the start of the cycle.

i = 0 We have w®) = wy(p)* and 7% = (). We are given A*) = \*. We pick z(*)
near z3 so that A®) = (1 — )A\;. We show that such a choice guarantees that the
convergence and acceptance tests (3.6) and (3.8) are satisfied and thus Step 3 of the
algorithm is executed.

i=1,...,j-2 We have okt = o(p)2etP and nk+d = 5o(p)tP. We have
AR+ — (1 — )\5. We pick 2F+9) near 27 so that A*+9) = (1 — pi+t1)A%. We again
show that such a choice guarantees that the convergence and acceptance tests (3.6)
and (3.8) are satisfied and thus Step 3 of the algorithm is executed.

i=j-1 We have w9 = wo(p)«t¥e and n*k+) = 5g(pu)2ntBr. We have Ak+) =
(1 — p*)A5. We pick z(*+) near 7 so that A*+?) = X\, Once again, we show that
such a choice guarantees that the convergence and acceptance tests (3.6) and (3.8)
are satisfied and thus Step 3 of the algorithm is executed.

i = j We have wk+7) = wo(p )« 7P and plkti) — no(p)*1 9P We have AR+ = X We
pick 2(¥+9) as the local minimizer of the Lagrangian barrier function which is larger
than 23 which trivially ensures that the convergence test (3.6) is satisfied We also
show that the acceptance test (3.8) is violated at this point so that Step 4 of the
algorithm will be executed and the penalty parameter reduced.

It is clear that if an infinite sequence of such cycles occur, the penalty parameter p(*) will
converge to zero. We now show that this is possible.
If @ is a real number, we will make entensive use of the trivial inequalities

1<v14a<1+4a whenever a>0 (6.6)
and
l1-a<V1-a<1—1la whenever 0<a<1. (6.7)

We also remind the reader that
<y <1 (6.8)
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1. Let

2 = —2\/1 + Lus®) /(1= p), (6.9)
where the shift s¥) = j(2¢)**. Then it is easy to verify that A(¥) = (1 — u)A}. Moreover

V(2 AE) sK)) = 2e(x®) — 1) — 3e(1 — p)az®) = —e(2 + (1 — 3u)z®)

= —2 (1 - (1- 3#.)\/1 + ps®) /(4(1 — u))) : (6.10)
Taking norms of (6.10) and using (6.6) yields
6 if <1t
1P(2®), v, 0, A®) 0 < Hwy T (6.11)
2eu | 3+ M otherwise
K 4(1 — p) ’
Now (6.4) implies that s(*) < i < 1 and thus we obtain the overall bound
1P, 7,0, )| < (64 ) 4 (6.12)
-nN
from (6.8) and (6.11). But then (6.12) and (6.4) give
1P(®), 7,0 (2, A6, 5| < o = wb), (6.13)
as @'~ < g™ < wo/(6 4+ 1/(1 — 7))e. Furthermore, from (6.1) and (6.4),
le(2®DAO /A2 = g = NPl = e < ot = (614)

as p?on < u.g_a" < u.(l)_a" < 2n9/3e. Thus z(®) satisfies (3.6) and (3.8) and hence
Step 3 of the algorithm will be executed. Therefore, in particular, w®+1) = gpu@etBe,
n(k+1) = nolua'ﬂ+ﬁ7l and A(k+1) = (1 — M)Aj{

2. Fori=1,---7—2,let

2+ = _20 /1~ (1 — p)sH) /(1 - i), (6.15)

where the shift st = (2(1 — u?)e)**. Note that (6.15) is well defined as the second
term within the square root is less than L in magnitude because (6.4) and (6.8) imply that
s < pand pf(1—p)/(1—pitt) < 1. It is then easy to verify that A*+) = (1 — 1)z,
Moreover,

Vo 0z A+ glkti)y = 9e(g(k+) _ 1) — 3¢(1 — pit1)z(k+)
= —€(24+(1- 3ui+1)x(k+i))

i il_ s(k+i)

Now suppose p‘t! < 1. Then (6.16), (6.7), (6.8) and s*) < y yield

(6.16)

. . . . . i(1— ) s(k+9)
1P(a ), 7, @ (k4 AF+) k4| < 2¢ (1— (1 3pi+1)(1 — LU=
z-I-)

. i(1— 1—3yit! (k+12)
= 2 (3,u’+1) + B ( Ilg(l_ﬂ/il_ s )
. _ _ +1
% MH—I (3 + (-pQ 3-

8(1—p Iii) )))
2601 (3 + gty

AN VAN

(6.17)
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If, on the other hand, y**! > 1, the same relationships give

. . . . (1= 1) s(E+9)
1P (2 ), W, (o), A+, s(t)| < 26 (1 (1 31 )(1 - %h—*‘h))
)

7 41 s(k-{-z)
= 2 (3,u’+1 + £ (- N48 il:+1)) )
S 6e MH_l'
(6.18)
Thus, combining (6.17) and (6.18), we certainly have that
P40, 9, (@40, A4, 009 < ¢ (64 =) i, (6.19)
-n
But then (6.19) and (6.4) give
1P(a04) V(a4 AR+ 00| < pretibe = B4 (g.20)

as plmowtil=f) < yl-cw < pl=ew < 0 /((6 +1/(1—71))€). Furthermore, from (6.1)
and (6.4),

[le(a®HD A+ f(AG+Dyax || = D _ XEFD ) =it — e

= 2

< gptle < noue i = k) (6.21)
as pl=onti=6n) < yl-an < ,u(l)_a" < 2q9/e. Thus z*+9) satisfies (3.6) and (3.8) and
hence Step 3 of the algorithm will be executed. Therefore, in particular, w(*k+itl) =
woua“’+(i+1)ﬁ“’, ,,7(10+i+1) — nouan+(i+1)ﬁn and A(k+i+1) — (1 _ Mi+1)A’1K‘

3. Let

p(k+i=1) _ 2\/1 L=t s(kti=1) (6.22)

where the shift s*+7=1) = 4(2(1 — /=1)e)**. Once again, (6.4) and (6.8) imply that
sk+i=1) < 4 and thus (6.22) is well defined. Furthermore it is easy to verify that
Alk+i=1) = \*. Moreover

V, 0 (pk+i=1) \k+i=1) g(k+i=1)) = 9¢(p(k+i=1) _ 1) _ 3eglk+i=1)
= —€2+= (k+5— 1)) (6.23)
= _92 <1—\/1—§ sk+i- 1)>
But then (6.7), (6.23) and the inequality s*+7=1) <y yield
| P(aF+=1) v, @ (p*Hi—D) \kti=l) gkti=b)y < 1gyi=tgkti=l) < 1eyd, (6.24)

Thus, (6.24) and (6.4) give

| P(@®+1), 7, (24571, AE+1)EH1)| < ot = 47D (6.25)

as pl=oetG-10-5) < jl-aw < ;z.(l)_% < wo/((64+1/(1 —71))e€) < 2wg/e. Furthermore,
from (6.1) and (6.4),

[le(z =D )\ K+i=1) jAi=Dyar || = AT 3D e

770Ha’7+(j_1)/8’7 :l n(k+j—1) (6.26)

IA

as plmant(=001=Bn) < pl-an < 1= < 2p /e Thus 2*+i-1) satisfies (3.6) and (3.8)
and hence Step 3 of the algorithm will be executed. Therefore, in particular, wlk+s) =
wopetiBe pk+i) = poantifn and \k+9) =)A\}
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4. We pick z(¥+7) as the largest root of the nonlinear equation

3z s(k+i)
2 — 4 + g(k+5)

Plz)=2(z—1)— 0, (6.27)
where s(k+7) = p(2e)**, Equation (6.27) defines the stationary points of the Lagrangian
barrier function for the problem (6.3). This choice ensures that (3.6) is trivially satisfied.
As ¢(2) = —4 and ¢(=) increases without bound as = tends to infinity, the largest root of

(6.27) is greater than 2. The function A given by (2.4) is a decreasing function of = as z
grows beyond 2. Now let & = /4 + Ls(k+J), Tt is easy to show that ;\(cﬁ,/\f,s(kﬂ)) = €.

Moreover ¢(%) = 2(& — 1) — 24 = —2. Therefore, 2*+9) > & and thus A*+9) < e, But
then, using (6.1),

le(zE+HMATFD JAEFDr || = (AR — AEXI)) > p2e — €) = fep

> popentibn = pk+i) (6.28)

from (6.5). Thus the test (3.8) is violated and the penalty parameter subsequently reduced.
This ensures that w*+7+1) = o), -+ = po(p)27 and A+ = X,

Hence, a cycle as described at the start of this section is possible and we conclude
that, in the absence of AS6, the penalty parameter generated by Algorithm 1 may indeed
converge to zero.

7 Second-order conditions

It is useful to know how our algorithms behave if we impose further conditions on the
iterates generated by the inner iteration. In particular, suppose that z(¥) satisfies the
following second-order sufficiency condition:

AS9: Suppose that the iterates z(¥) and Lagrange multiplier estimates AE) generated by
Algorithm 1, converge to the Kuhn-Tucker point (2*,\*) for k € K and that J; and

Jo are as defined by (5.2). Then we assume that Vm\I!E?j] is uniformly positive

definite (that is, its smallest eigenvalue is uniformly bounded away from zero) for all
k € IC sufficiently large and all sets J, where J is any set made up from the union
of /1 and any subset of [J5.

With such a condition we have the following result.

Theorem 7.1 Under AS1, AS2, AS7 and AS9, the iterates ), k € K, generated by
Algorithm 1 converge to an isolated local solution of (1.15)-(1.17).

Proof. Let J be any set as described in AS9. Then

(Vart iz = (ka()x(k)’ w@? SO *) ® ) (7.1)
T T :
(A 7)) Dige A g1 T (Aize )" Dize 19 A 5

where D) is a diagonal matrix with entries

p AP A (7.2)
(ci(z®) + 582 ei(a®) 4 s

for 1 <7 < m. Let s 7] be any non-zero vector satisfying

k
Al s =0, (7.3)
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Then for any such vector,

(k)

2,8

for some € > 0, under AS9. We note that the diagonal entries D
zero. Hence, for k sufficiently large

1 € I*, converge to

k k k
ST A ) Dip oA st < s (7.5)
and thus combining (7.1)—(7.5),
sin(H@® AO))7 sy > esgzysia (7.6)

By continuity of H; as ®) and A(¥) approach their limits, this gives that

S%}](H[($*,A*))[j’j]8[j] > 65[1:7]3[7]. (7.7)

for all non-zero sz satisfying
A(")par 71817 = 0, (7.8)
which, given AS7, implies that z* is an isolated local solution to (1.15)-(1.17) (see, for
example, Avriel, 1976, Theorem 3.11). |

We would be able to relax the reliance on AS7 in Theorem 7.1 if it were clear that the
1(7];), t € A}, converged to zero for some subsequence of K. However, it is not
known if such a result holds in general.

The importance of AS9 is that one might tighten the inner iteration termination test
(Step 2 of the algorithm) so that, in addition to (3.5)), Vm\IIE.I;),.T] is required to be
uniformly positive definite, for all floating variables 7 and all k sufficiently large. If the
strict complementary slackness condition AS8 holds at z*, Theorem 5.4 ensures that the
set J3 is empty and [J; identical to the set of floating variables after a finite number of
iterations and thus, under this tighter termination test, AS9 and Theorem 7.1 holds.

There is a weaker version of this result, proved in the same way, that if the assumption
of uniform positive-definiteness in AS9 is replaced by an assumption of positive semi-
definiteness, the limit point then satisfies second-order necessary conditions (Avriel, 1976,
Theorem 3.10) for a minimizer. This weaker version of AS9 is easier to ensure in practice
as certain methods for solving the inner iteration subproblem, for instance that of Conn et
al. (1988a), guarantee that the second derivative matrix at the limit point of a sequence
of generated inner iterates will be positive semi-definite.

elements D

8 Feasible starting points
We now return to the issue raised in Section 3.2, namely, how to find a point for which
e(z)+ %) >0 and zeB (8.1)

from which to start the k+ 1-st inner iteration of Algorithm 1. We saw in Lemma 3.1 that
this is trivial whenever (3.8) holds as the current estimate of the solution z(*) satisfies
(3.11). Furthermore, under the assumptions of Theorem 5.3, we know that (3.8) will hold
for all sufficiently large k. The main difficulty we face is that, when (3.8) fails to hold,
the updates (3.10) do not guarantee that (3.11) holds and thus we may need a different
starting point for the k 4+ 1-st inner iteration.
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There is, of course, one case where satisfying (8.1) is trivial. In certain circumstances,

we may know of a feasible point, that is a point 235 which satisfies (1.16) and (1.17).
This may be because we have a priori knowledge of our problem, or because we encounter

such a point as the algorithm progresses. Any feasible point automatically satisfies (8.1)

as s®*1) > 0. One could start the k& + 1-st inner iteration from Jleas

whenever (3.11) is
violated.

There is, however, a disadvantage to this approach in that a “poor” feasible point
may result in considerable expense when solving the inner-iteration subproblem. Ideally,
one would like a feasible point “close” to z(¥) or z* as there is then some likelihood that
solving the inner-iteration will be inexpensive. It may, of course, be possible to find a
“good” interpolatory point between 2®) and gfeas satisfying (8.1). This would indeed be
possible if the general constraints were linear.

We consider the following alternative. Suppose that the k-th iteration of Algorithm 3.1
involves the execution of Step 4. Let A(*+1) be any diagonal matrix of order m whose

diagonal entries satisfy
(k1) .
WS AT <1 (8.2)

S5

Note that Ak*1) is well defined as (3.1) and (3.10) ensure S£k+1) < s for all i. Consider

i
the auziliary problem

minimize & (8.3)
zER" EER
subject to the constraints
o(z) + EAMVEHD >0 £ >0, 2eB. (8.4)

Then it follows from (8.2) that if we can find suitable values z = & and £ = f < 1 to satisfy
(8.4), the same values z = & satisfy (8.1) and thus give an appropriate starting point for
the k+ 1-st inner iteration. Furthermore, the problem (8.3)-(8.4) has a solution value zero
if and only if the solution is a feasible point for the original constraint set (1.16)-(1.17).
Thus we can guarantee that there are suitable values x = 2 and £ = é whenever the
original problem (1.15)—(1.17) has a solution.

Turning to the auxiliary problem (8.3)-(8.4), we first observe from (3.6), (3.10) and
(8.2) that the values z = z(*) and ¢ = maxlsigm(sl(»k)/sgkﬂ))z = 772 give a feasible point
for the constraint set (8.4). We may then solve (8.3)-(8.4) using a traditional barrier
function or interior point method (see, for instance, Fiacco and McCormick, 1968, or
Wright, 1992) or by a Lagrangian barrier function method such as that proposed in this
paper.

If we attempt to solve (8.3)-(8.4) using a traditional barrier function / interior point
method, we need not be overly concerned with the conditioning dangers often associated
with these methods (see, for instance, Murray, 1971). For we only need an approximation
to the solution for which £ = f < 1. Therefore, we can stop the minimization at the
first point for which £ < 1 and the method need never enter its potentially dangerous
asymptotic phase.

If, on the other hand, we chose to solve the auxiliary problem using the algorithm given
in Section 3, the presence of an initial feasible point for this problem means that we avoid
the need to solve a further auxiliary point problem for this problem. The introduction
of additional shifts means that it is less apparent how early to stop the minimization in
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order to satisfy (8.1) - the requirements (8.1) will have to be carefully monitored - but
nonetheless early termination will still be possible.

The problem (8.3)-(8.4) involves one more variable, £ than the original problem (1.15)-
(1.17). Thus the data structures for solving both problems may be effectively shared
between the problems. There are alternatives to (8.3)—(8.4). For instance, if w is a vector
of strictly positive weights, one might consider the auxiliary problem

minimize wls (8.5)
zER™ sER™
subject to the constraints
c(z)+s>0, s>0, zeB (8.6)

and stop when s < s 1) Again, an initial feasible point is available for this problem
but the problem now involves m additional variables which is likely to add a significant
overhead to the computational burden. Alternatively, if we partition {1,2,---,m} into
disjoint sets Cy and Cy for which

ci(z®)+ 5% <0 ieq (8.7)
and

ci(z®) + 55 S0 e, (8.8)
and let 0 < S’l(»kﬂ) < sgkﬂ) for ¢ € Cy, we might consider the third alternative auxiliary

problem

minimize Zwisi (8.9)
ZER" 5;€R 1€CL

subject to the constraints

ci(z)+s >0, >0, i€Cy, (8.10)
cz)+ 3% >0, iec, (8.11)

and (1.17) and stop when s; < sl(»kﬂ) for all 2 € C;. Once again, an initial feasible point is

available for this problem and this time the problem involves |C;| additional variables. If
|C1] is small, solving (8.9)—(8.11) may be preferable to (8.3)—(8.4).

9 Further comments

9.1 The general problem

We now briefly turn to the more general problem (1.1)-(1.3). As we indicated in our
introduction, the presence of the more general constraints (1.3) do not significantly alter
the conclusions that we have drawn so far. If we define the appropriate generalization of
the projection (2.8) by
I if z; <
(Pla])i & { wi i 2> w (9.1)
z; otherwise

and let B = {z|l < z < u}, we may then use the algorithm of Section 3 without further
significant modification. Our concept of floating and dominated variables stays essentially
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the same; for any iterate z(*¥) in B we have three mutually exclusive possibilities for each
component xl(»k), namely

i) o0<a2® 1 < (v,u),

() (Vor®y <z _y <o (9.2)
(i) 2™ —u < (V,0®); < 2® ;.

k3

In case (i) we then have

(P(x®, v, u®)), = (9.3)
whereas in case (ii) we have
(P(x®, v, u®)); = 2 — v, (9.4)
and in case (iii)
(P(z®), v, 5®)Y), = (v, e®)),, (9.5)

The :cgk) which satisfies (i) or (ii) are now the dominated variables (the ones satisfying
(1) are said to be dominated above and those satisfying (ii) dominated below); those which
satisfy (iii) are the floating variables. As a consequence, the sets corresponding to those
given in (2.13) are straightforward to define. Now F; contains variables which float for
all k € IC sufficiently large and converge to the interior of 5. Furthermore D; is the union
of the two sets — Dj;, made up of variables which are dominated above for all £ € K
sufficiently large, and D1,, made up of variables which are dominated below for all k£ € K
sufficiently large. Likewise 3 is the union of the two sets Fy;, made up of variables which
are floating for all sufficiently large k € K but converge to their lower bounds, and Fa,,
made up of variables which are floating for all sufficiently large k£ € K but converge to
their upper bounds. With such definitions, we may reprove all of the results of sections
3 to 7, assumptions AS5 and AS8 being extended in the obvious way and Theorem 5.4
being strengthened to say that, for all k¥ € IC sufficiently large, F;; and F;, are precisely
the variables which lie at their lower and upper bounds (respectively) at z*.

9.2 Equality constraints
It may happen that we wish to solve a problem in which there are equality constraints
G(z)=0 m+1<i<my (9.6)

in addition to the constraints (1.2) and (1.3). In this case, we may construct a composite
Lagrangian barrier/augmented Lagrangian function

O(z, A, s,1u) = f(z) — Z Aisilog(ei(z) + si) + zt: Aici(z) + —|—2i zt: ci(z)?*  (9.7)
=1 i=m+1 i=m+1

and solve the general problem (1.1)-(1.3) and (9.6) by a sequential minimization of (9.7)
within the region defined by (1.3).

The only change we need to make to the Algorithm 3.1 is to replace the test (3.8) by
the alternative

i@, 20, sy (2B ] <, (08)

¢ =1

[Ci(m(k))] -

i=m+1

| +]
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and to use the definition A\; = A; + ¢;(z)/p for m + 1 < ¢ < my. It is obvious that
replacing (3.8) by (9.8) in Algorithm 3.1 makes no difference if there are no equality con-
straints. Moreover, if, instead, there are no inequality constraints, the above modification
to Algorithm 3.1 gives Algorithm 1 of Conn et al. (1991).

A careful examination of the present paper and that by Conn et al. (1991) reveals that
the exact form of the test (9.8) only plays a role in Lemmas 4.2 and 5.2 and Theorems 5.3
and 5.5 in this paper and Lemmas 4.1 and Theorems 5.3 and 5.5 in its predecessor. We
now briefly consider what can be deduced about the composite algorithm.

In the first relevant lemma in each paper, one merely needs to obtain an upper bound

on [ [esta®)sta®, 29,5/ ] | or [|fetatn]
the Lagrange multipliers are updated. But satisfaction of (9.8) yields both that

my .
as appropriate, when

H [Ci(x(’“))&(x(k), /\(k)78(k))/(A(k))aA]m

¢ =1

Thus the conclussions of both lemmas are true when the composite algorithm is used.
Furthermore, if we replace the set A* in AS3 from this paper by the union of A* and
{m+1,---,my}, it is straightforward to deduce that Theorem 4.4 remains true and the
error estimates provided by the present Theorem 4.4 and Theorem 4.3 of Conn et al.
(1991) are valid.

These estimates are sufficient to ensure that the test (9.8) were to fail for all k > k&,
one would obtain the analogue,

H < k) (9.9)

and
< k), (9.10)

kdwwnrm

i=m+1

I [c,-(x(k))xl(k)/ﬂl(m}:lH N ‘ < agep™ (0.11)

Fdanrm

i=m+1

for some constant ags for all k > kg > ki, of (5.45). This is sufficient to ensure that
Lemma 5.2 remains true for the composite algorithm provided we replace the set A} in
AS5 from this paper by the union of A} and {m + 1,---,m;}. The direct analogue of the
error estimates provided by Lemma 2.1 suffice to enable one to establish Theorems 5.3
and 5.5 for the composite algorithm.

Thus the convergence properties of the composite algorithm are no worse that those
predicted for the specific algorithms analyzed in sections 4 and 5 of Conn et al. (1991)
and the same sections of the present paper.

9.3 Final comments

We note that the results given here are unaltered if the convergence tolerance (3.5) is
replaced by
|D®) P(2®) v, 5k < w*), (9.12)

for any sequence of positive diagonal matrices {D(k)} with uniformly bounded condition
number. This is important as the method of Conn et al. (1988a), which we would consider
using to solve the inner iteration problem, allows for different scalings for the components
of the gradients to cope with variables of differing magnitudes.

Although the rules for how the convergence tolerances 7(¥) and w*) are updated have
been made rather rigid in this paper and although the results contained here may be
proved under more general updating rules, we have refrained from doing so here as the
resulting conditions on the updates seemed rather complicated and are unlikely to provide
more practical updates.
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We have made no attempt in this paper to consider how algorithms for solving the
inner-iteration subproblem (see Section 3.3) mesh with Algorithm 3.1. Nor have we pro-
vided any numerical evidence that the approach taken here is effective. We are currently
considering the first issue and consequently cannot yet report on the second. Both of these
issues will be the subject of future papers.
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