Technical Report
RAL-TR-2004-029

éZCCLRC

=

Partial condition numbers for linear least squares
problems

Mario Arioli, Marc Baboulin, and Serge Gratton

November 15, 2004

Council for the Central Laboratory of the Research Councils



(© Council for the Central Laboratory of the Research Councils

Enquires about copyright, reproduction and requests for additional copies of this report should
be addressed to:

Library and Information Services
CCLRC Rutherford Appleton Laboratory
Chilton Didcot

Oxfordshire OX11 0QX

UK

Tel: +44 (0)1235 445384

Fax: +44(0)1235 446403

Email: library@rl.ac.uk

CCLRC reports are available online at:
http://www.clrc.ac.uk/Activity/ACTIVITY=Publications;SECTION=225;

ISSN 1358-6254

Neither the Council nor the Laboratory accept any responsibility for loss or damage arising from
the use of information contained in any of their reports or in any communication about their
tests or investigations.



RAL-TR-2004-029
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ABSTRACT

We consider here the linear least squares problem minyern || Ay —b||2 where b € R™ and A € R™*"
is a matrix of full column rank n and we denote z its solution. We assume that both A and b can
be perturbed and that these perturbations are measured using Frobenius norms. In this paper,
we are concerned with the condition number of a linear function of x (LTx where L € R"**) for
which we provide an exact formula. This quantity requires the computation of the singular values
and the right singular vectors of the matrix A, which can be very expensive in practice. This is
why we also propose a statistical method that estimates this condition number by using the exact
condition numbers in random orthogonal directions. Provided the triangular R factor of A from
AT A = RT R is available, this statistical approach enables the computation of a condition estimate
in O(n?). We also address the question of the numerical reliability of this statistical estimate. In
the case where the perturbation of A is measured using the spectral norm, although we do not
have a close formula for the condition number, we provide sharp estimates.
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1 Introduction

Perturbation theory has been applied to many fundamental problems of linear algebra such as linear sys-
tems, linear least squares, or eigenvalue problems (Bjorck 1996, Eldén 1980, Higham 2002, Stewart and
Sun 1991). In this paper we consider the problem of calculating the quantity L7z, where  is the solution
of the linear least squares problem (LLSP) mingcgn || Az — b||2 where b € R™ and A € R™*" is a matrix of
full column rank n. This estimation is a fundamental problem of parameter estimation in the framework
of the Gauss-Markov Model (Rao and Mitra 1971, p. 137). More precisely, we focus here on the evalua-
tion of the sensitivity of L7z to small perturbations of the matrix A and/or the right-hand side b, where
L € R™™* and z is the solution of the LLSP.

The interest for this question stems for instance from parameter estimation where the parameters of the
model can often be divided into 2 parts : the variables of physical significance and a set of ancillary vari-
ables involved in the models. For example, this situation occurs in the determination of positions using
the GPS system, where the 3-D coordinates are the quantities of interest but the statistical model involves
other parameters such as clock drift and GPS ambiguities (Kaplan 1996) that are generally estimated
during the solution process. It is then crucial to ensure that the solution components of interest can be
computed with satisfactory accuracy. The main goal of this paper is to formalize this problem in terms
of a condition number and to describe practical methods to compute or estimate this quantity. Note that
as far as the sensitivity of a subset of the solution components is concerned, the matrix L is a projection
whose columns consist of vectors of the canonical basis of R™.

The condition number of a map g : R™ — R™ at xy measures the sensitivity of g(z¢) to perturbations
of zg. More precisely, suppose that the data space R™ and the solution space R™ are equipped respectively
with the norms ||.||p and ||.||s, the condition number K (z) is defined by

0=00<|zo—z|p<s  [Zo —z[D

whereas the relative condition number is defined by K Y (xz0) = K (x0)||zol/p/|lg(x0)||s. This definition
shows that K (z¢) measures an asymptotic sensitivity and that this quantity depends on the chosen norms
for the data and solution spaces. If g is a Fréchet-differentiable (F-differentiable) function at xg, then
K(zp) is the norm of the F-derivative |||¢g'(z0)]||) (see (Geurts 1982)), where |||.||| is the operator norm
induced by the choice of the norms on the data and solution spaces.

For the full rank LLSP, we have g(4,b) = (AT A)~1 ATb. If we consider the product norm ||(A,b)|r =

/Il AJ|2 + [|b]|3 for the data space and ||z, for the solution space, then Gratton (1996) gives an explicit
formula for the relative condition number K (") (A, b):

2 (A D) g
]l

where AT denotes the pseudo inverse of A, r = b—Ax is the residual vector and ||.||r and ||.||, are respectively
the Frobenius and Euclidean norms. But does the value of K ("¢ (A, b) give us useful information about
the sensitivity of LTz ? Can it in some cases overestimate the error in components or on the contrary be
too optimistic ?

Let us consider the following example.

KD, = Al (AT 113 + 3+ 1)

1 1 € 3e
2 € 2
e 0 € e“+e
A= , T = € and b = ,
0 e ¢ L e +e
e € 2 ‘ 263 + 2

x is here the exact solution of the LLSP min,cps ||[Az — b|j2. If we take ¢ = 1078 then we have x =
(1078,1078,10%)T and the solution computed in Matlab using a machine precision 2.22 - 10716 is 7 =



(1.5-107%,1.5-1078,10%)7. The LLSP condition number is K("°)(A,b) = 2.4-10% and the relative errors
on the components of x are

|v1 — &1 |z — Tof |z3 — 23]

= = 0.5 and =0.
|71 |2 |3]
1 0
Then,if L= | 0 1 |, we expect a large value for the condition number of LTz because there is a 50%
0 0

relative error on 1 and 2. If now L = (0,0, 1)7, then we expect that the condition number of L”z would
be close to 1 because 3 = 3. For these two values of L, the LLSP condition number is far from giving a
good idea of the sensitivity of LT z. Note in this case that the perturbations are due to roundoff errors.
Let us now consider a simple example in the framework of parameter estimation where in addition to
roundoff errors, random errors are involved. Let b = {b;};=1.... 10 be a series of observed values depending
on data s = {s;} where s;, = 10+4,i = 1,--- ,10. We determine a 3-degree polynomial that approximates
b in the least squares sense, and we suppose that the following relationship holds

1 1 1
b:x1+x2—+x3—2+x4—3 with x1 = 29 =23 = x4 = 1.
s s s

This corresponds to the LLSP min,cgs || Az — b||2 where A is the Vandermonde matrix defined by A;; =
é]%l We assume that the perturbation on each b; is 10~8 multiplied by a normally distributed random

number. Let # and y be the computed solutions corresponding to two perturbed right-hand sides. Then
we obtain the following relative errors on each component:

7 T2 =G|

wzg.lo— =22 —6.1079,

- 4 | T4 — 9
|Z1]

~ : ) ~

=10"%
|Z4]

|Z2]

We have K (Tel)(A, b) = 3.1-10°. Regarding the disparity between the sensitivity of each component, we
need a quantity that evaluates more precisely the sensitivity of each solution component of the LLSP.
The idea of analyzing the accuracy of some solution components in linear algebra is by no means new.
For linear systems Az = b, A € R™ and for LLSP, Chandrasekaran and Ipsen (1995) define so called
componentwise condition numbers that correspond to amplification factors of the relative errors in solution
components due to perturbations of data A or b and explains how to estimate them. In our formalism,
these quantities are upper bounds of the condition number of L7z where L is a column of the identity
matrix. We also emphasise that the term ”componentwise” refers here to the solution components and
must be distinguished from the metric used for matrices and for which Wei, Xu, Qiao and Diao (2003)
provide a condition number for generalized inversion and linear least squares.

For LLSP, Kenney, Laub and Reese (1998) provide a statistical estimate for componentwise condition
numbers due to either relative or structured perturbations. In the case of linear systems, Cao and Petzold
(2003) propose a statistical approach, based on the work of Kenney and Laub (1994), that enables to
compute the condition number of LTz in O(n?).

Our approach differs from the previous studies in the following aspects:

1. we are interested in the condition of L™ where L is a general matrix and not only a canonical vector
of R™,

2. we are looking for a condition number based on the Fréchet-derivative, and not only for an upper
bound of this quantity.

We present in this paper three ways to obtain information on the condition of LTz. The first one uses
an explicit formula based on the singular value decomposition of A. The second is at the same time an
upper bound of this condition number and a sharp estimate of it. The third method supplies a statistical
estimate. The choice between these three methods will depend on the size of the problem (computational
cost) and on the accuracy desired for this quantity.

This paper is organized as follows. In Section 2, we define the notion of a partial condition number
and provide a closed formula for it in the general case where L € R™** and in the particular case when



L € R™. Then in Section 3 we establish bounds of the partial condition number in Frobenius as well as
in spectral norm, and these bounds can be considered as sharp estimates of it. In Section 4 we describe a
statistical method that estimates the partial condition number. In Section 5 we present numerical results
in order to compare the statistical estimate and the exact condition number on sample matrices A and p.
In Section 6 we give a summary comparing the three ways to compute the condition of L7z as well as a
numerical illustration. Finally some concluding remarks are given in Section 7.

Throughout this paper we will use the following notations. We use the Frobenius norm ||.||» and the
spectral norm ||.||, on matrices and the usual Euclidean ||.||, on vectors. I is the identity matrix and e; is
the i-th canonical vector. We also denote by Im(A) the space spanned by the columuns of A and by Ker(A)
the null space of A.

2 The partial condition number of an LLSP

Let L be a n x k matrix, with £ < n. We consider the function

g : R™"xR™ —s R*

(2)
Ab —  g(A,b) = LTz(A,b) = LT (AT A)=1 ATb.

Since A has full rank n, g is continuously F-differentiable in a neighborhood of (4,b) and we denote by
g’ its F-derivative. Let o and 8 be two positive real numbers. In the present paper we will consider the
euclidean norm for the solution space R*. For the data space R™*™ x R™, we will use the product norm
defined by

2
1(A; D)l or 2 = \/Oé2||A||% or 2 + B2 [0ll3, @, 5> 0.

This norm is very flexible since it allows to monitor the perturbations on A and b. For instance, large
values of « (resp. () enable to obtain condition number problems where mainly b (resp. A) are perturbed.
A more general weighted Frobenius norm ||(AT, 5b)||r, where T is a positive diagonal matrix is sometimes
chosen. This is for instance the case where Wei, Diao and Qiao (2004) give an explicit expression for the
condition number of rank deficient linear least squares using this norm.

According to Geurts (1982), the absolute condition number of g at the point (A, b) is given by:

'(A,b).(AA, Ab)
or A b — ! A b _ ||g ( Y bl 2
H.‘LF 2( ? ) ||g ( ’ )” (An;iz,ii(b) ||(AA, Ab)”p or 2 ’

and then the relative condition number of g at (A,b) is expressed by

Fig.F or 2(4,0) [[(A,0)]lF or 2
19(A,b)ll,

Since L € R"** k < n, we call the condition number related to LTz(A,b) a partial condition number of
the LLSP with respect to the linear operator L. The partial condition number is given by the following
theorem.

rel
Hé,F )or 2(4,b) =

Theorem 1. Let A = UXV7T be the thin singular value decomposition of A (Golub and van Loan 1996)
with ¥ = diag(o;) and 01 > 09+ > 0, > 0. The absolute condition number of g(A,b) = LTx(A,b) is
given by

kg, r(A,b) = [|SVTL,

ai 2||rll5+]

where S € R" ™ s the diagonal matriz with diagonal elements S;; = ofl\/ - i + %
Proof. Let AA € R™*™ and Ab € R™. Using the chain rules of composition of derivatives, we get
g (A, b).(AA, Ab) = LT(ATA)_IAAT(b — A(ATA)_lATb) — LT(ATA)_lATAA(ATA)_lATb + LTATAb

i.e

g'(A,0).(AA, Ab) = LT(ATA)'AATr — LTATA Az + LT ATAb. (3)



We write AA = AA; + AAy by defining AA; = AATAA (projection of AA on Im(A)) and AAdy =
(I — AAT)AA (projection of AA on Tm(A)*). Since r € Im(A)* and ATAA, = 0, we obtain

g (A,0).(AA, Ab) = LT (AT A)'AATr — LTATAA 2 + LT ATAD. (4)

We now prove that kg r(A,b) < ||SVTLHQ. Let u; and v; be the i-th column of respectively U and V.
From AT = VE~1UT, we get AAT = UUT = Y0 u;ul and since Y., v;v] = I, we have A4; =
S uwiul AA and AAy = (I — AAT)AAST  vivl. Moreover, still using the thin SVD of A and AT, it
follows that

(AT Ay, = % and ATu; = vX te,. (5)
Thus (4) becomes
/ _ S T, 1, TA AT n " T z 7 Ab
g(A0).(AAAb) = > LTv[o] AAT(I — AAT) = — u] AA= +uf —]
i—1 i 7 7

n
= LT Zviyiv
=1

where we set y; = o] AAT(I — AAT) 5 —ul AAL + ul 2% e R.

Thus if Y = (y1,¥2, -+ ,yn)’, we get ]|g’(A,b).(AA, Ab)||; = HLTVYH2 and then
lg'(A,b).(AA, Ab)||, = [|[LTVSSTIY ||, < ||SVTL||, [|S~Y],-

TAAT(7_ AAt T T )
v AA T-AA)r  w Az u &b yho i th component of S~'Y. Then we have

We denote by w; =

Siio? Sii04 Siioi
T A|
lwi| < O‘Hvz ( ) H2 aS;i0? ta Huz H2 aS;i0 + 13S0
HTHE Hz||§ 1 1, 9 2 210, T 2 2\ T 2,1
< 2 I — AAT)AAv, 'AA " Ab|?)z
S

= 2?1 = AADAAv, |, + o [|u] AA|; + B2l AbP)?.

(3

Hence

S a? (1 - AA)Av [} + o [ul AA|; + 52 jul Abf?
=1

= @ |[(I — AADAAV][} + o? |[UT A + 5 U7 Ao
= @[T~ AADAA|; +a? [UT DAl + 57 [|U7 b

— 2
(Eg

IN

Since [|UTAA||,. = [[UUTAA| ,, = ||AATAA|, and |UTAb||, = |[UUTAb||, < [|Ab],, we get
ISTYl, < o [AALT +a® [ Ada| + 5 [ Ab]3.
From [|AA|% = [AA[% + [ AAs||%, we get [[ST1Y[[2 < [I(AA, Ab)|% and thus
g (A, 0)-(AA, Ab)[ly < [|SVTL[, [I(AA, Ab)| -

So we have shown that HSVTLH2 is an upper bound for kg4 p(A,b).

"(A,b).(AA,AD
We now prove that this upper bound can be reached, that is, that |SVTL||, = s (H(A)A(Ab)l\ !, holds
’ F

for some (AA, Ab) € R™*™ x R™.
Let (AA, Ab) be expressed as

n n

a; T Bi 2T & i
(AA, Ab) = (AAz + AA, AD) = (3 LD T o )
2 =1

— v
i=1 « HT“Q i=1




Then it follows from (4) and (5) that

ABD).(AAAD) = LT(ATA 1S — LT At ; LTAT Yo
§/(4,0).(AA4, A) (ATA) 3 % o Z sl + L

=1 =1

Bi
= LTZ UzIITIIQ—LTZ i [l

T Bi B
ZL aoz Irlle = -l +

).

Thus by denoting & = [LTv; l(‘M”Z — [Ty, lzlle LT LVl e RS and T = [&,...,&,] € R and X =

laa”ﬁa

(alaﬁla'Yla U aanaﬁna')/n) € R?mxl we get
J(A,b).(AA, Ab) = TX. (6)

Since u;Tr = 0, we have trace(AATAAy) = 0, and |AA||% = [|[AAL||% + ||[AAz]|%. Then, using the fact

that N N .
AAAD)[F=> ol +> B+ > % =IXl,
i=1 i=1 i=1

Equation (6) yields
lg'(4,0)-(A4, Ab)|l, _ [TX ],
[(@AA, BAD)| X1l

ITX |,
11,

is reached for some X = (a1, 81,71, »Qn, Bn,¥n)’ . Then for the

(AA, Ab) corresponding to this X, we have ls (Iﬁzz(ﬁg’lﬁb)"? =T,

We know that ||T'||, = maxx

Since in addition I' = [LTv; [” H;, %, ﬁ], e ,LT’Un[%, —%, &%H’ we get
2 2 2 2
v _ o1, e =l L 7 . rlly D=l 1 7
=1 vl(oﬂa‘f * 0202 + 3252 pJui Lt + L v”(oﬂa% * a?02 620721)%1;
= LTy S3lL+-- + LTvnSfm v, L
(LTVS)(SVTL).
Hence
ITlly = /LT[, = [|SVT LY,
g/ (A.b).(AA,AD)
and a1, 81,71, Qn, Bn, Yn are such that I II(OcAA,BAb)|\FH2 = ||,S’VTL||2.
Thus [|SVTL||, < ky rp(A,b), which concludes the proof. O
2 g, 9 9’ p

Let I; be the j-th column of L, j =1,--- ,k. From

T

T T
S1iv1 Snvitlh - Suvit

SVTL: (llv"'vlk): )

T T T
Snnvn Snnvn ll T Snnvn lk

it follows that ||SVTLH2 is large when there exists at least one large S;; and a [; such that v;7l; # 0.
In particular, the condition number of LTx(A,b) is large when A has small singular values and L has
components in the corresponding right singular vectors or when ||7||, is large.

Let us study the particular case where L is a vector i.e when g is a scalar derived function.



Corollary 1. In the particular case when L is a vector (L € R™), the absolute condition number of
g(A,b) = LT2(A,b) is given by

2
2\ 42 32
Proof. By replacing (AT A)™! = VX2V T and AT = VE~!UT in the expression of K = (HLT(ATA)_le ||7“||;+
LT AT[S (ll])5 +1))% we get

e (a,t) = (|27 (ar a2 Ly g2 N

2 _ T a1 2 T ||2 T 177T ||$||2 =
K* = |L"vs=2vT] " + | Ve UL — +52)
_ ||LTVE 2H2 [ ||2 +||LTVE 1H ‘IHE i)
5 o2 32
_ 2 2VTL 2 H ||2 2 lvTL ||2 i
=l I, 2= + 1l 13! 2 )
By writing (21, ,2,)7 the vector V'L € R™ we have
D22 rE & 22 1
. Zg”a!”Z;('a!”@)
i=1 " i=1
o2 ol el 1
- LanTE )
- Yo
i=1
= |lsv7Lfl;.
and Theorem 1 gives the result. |

Remark 1. In the general case where L is an n x k matrix, the computation of k4 (A, b) via the exact
formula given in Theorem 1 requires the computation of the singular values and the right singular vectors
of A, which might be expensive in practice since its involves 2mn? operations if we use a R-SVD algorithm
and if m > n (see Golub and van Loan, 1996, p. 254). If the LLSP is solved using a direct method, the
R factor of the QR decomposition of A (or equivalently in exact arithmetic, the Cholesky factor of AT A)
might be available. Since the right singular vectors of A are also those of R, the condition number can be
computed in about 12n? flops using the Golub-Reinsch SVDmethod (Golub and van Loan, 1996, p. 254).
Using R is even more interesting when L € R", since from

27 A%, = BT L, ana 27T, = R R TD), g

it follows that the computation of k4 r(A,b) can be done by solving two successive n-by-n triangular
systems which involves about 2n? flops.

3 Sharp estimate of the partial condition number in Frobenius
and spectral norms

In many cases, obtaining a lower and/or an upper bound of k4 (A, b) is satisfactory when these bounds are
tight enough and significantly cheaper to compute than the exact formula. Moreover, many applications
use conditions numbers expressed in spectral norm. We give in the following Theorem sharp bounds for
the partial condition numbers in the Frobenius and spectral norms.



Theorem 2. The absolute condition numbers of g(A,b) = LTx(A,b) in the Frobenius and spectral norms
can be respectively bounded as follows

f(A,b)
V3
f(A,b)
V3

< kg, r(A D) < f(A,b)

S "ﬁg,Q(Aa b) S \/if(Aa b)
where

62

Proof. Let v, and w, be the right singular vectors corresponding to the largest singular values of respec-
tively LT (AT A)~1 and LT AT. Let (A A, Ab) be expressed as

1
f(Ab) = (HLT(ATA)1H2 Iz +||LT AT (W + L)> 2
’ 2 2 2% 2 ’

T
(AAAb) = (alLv,{ + agwmx—,a3wm).
(L 1PY llzll

By replacing this value of (AA, Ab) in (3) we get
9 (Ab).(AAA) = ay [[LT(ATA) Y|, lirlly — a2 [LTAT, ]l

+ agLT(ATA)71 z wz;lr —a LT Af
(E41P 71l

r

vz + ag HLTATHQ.

Since r € Im(A)+ we have ATr = 0. Moreover we have w,, € Ker(LTA")+ and thus w,, € Im(A*TL)
and can be written w,, = ATTLS. Then wlr = §TLT Atr = 0. It follows that

g'(A,b).(AA, Ab) = ay ||[LT(ATA) M, lIrlly — a2 ||[LTAT|], [lz]l, + as ||[LT AT,

and
JLTAT A el 7T, Nl Tt ] ]
- r T
||g/(A5b)(AA7Ab)I|2 = l o : 2’_ a2 2’ ﬂ 2 aaz
Bas

2

On the other hand, we have |[(AA, Ab)||F or 2 = \/a2||AA||% or o+ 62 |Ab||5. From the well-known in-

equality V(c,d) € RZ, C\J/%d < Ve +d? < c+d and since ||AA|F or 2 < |a1] + |az|, we get

||(AAa Ab)”F or 2 S a”AAHF or 2 + ﬁ ||Ab||2
< alai] + alaz| + Blas]
< \/g\/oﬁa% + a?a3 + (%43
Then
aay
{IILT(ATAVIIZIIH2 |27 At Il ||LTAT||2:|
@ s T Y ) ] aag
lg'(A,0).(AA, AD) |, 1 Bas |||,
”(AAa Ab)”F or 2 o \/g \/QQG% + a2a§ + ﬁ2a§

Let us denote by R(a1,as,as) the right-hand side of the above inequality. We know that there exists
(a1, az,as) that maximizes R(aq, aq,as) and this maximum is equal to

|

IZ7CATA T Uirlly  [[E7 AT, el [IZ7AT],

« « ’ 1)




i.e f(A,b). Thus kg or 2(A4,0) > \%f(A,b) .

Let us now establish the upper bound for kg r(A,b). From (4) we get

g’ (A,0).(AA, Ab)[l, < [[LT(ATA) |, 1A As]ly I7lly + | LT AT|, 1A AL, 2], + | L7 AT, [|Ab]|,
= YX,
where
y = (HLT(ATAVHQIT’IB [T AT, [l ||LTAT||2>
« ’ « ’ I6]
and

X = (| Ay, al| Al B Abll,)T
Thus [lg'(A,0).(AA, Ab) [y < [[Y[l; | X[l;, with
1X115 = o® [AAl; + o® [AAz |l + B |Abll, < o [|AA: |7 + ® [ AAz|7 + 5% | Ab]l,

Then, since |AA|% = [AA; % + |AAs|%, we have || X, < [[(AA, Ab)|| and it implies that ry (A, b)
1Y ||, i.e g (A, b) < f(A,D).
For the upper bound for x4 2(A,b), we get from (3) that

IN

l9'(A,b).(AA, Ab)l

IN

(LT AT A7 lIrlly + ([ ETAT||, i) |AAll, + |27 AT, [|Ab],
Y'X',

S N M U P
)
B

[e3%

where V' = < > and X’ = (a||AA|,,B]|Ab||,)T. Since || X'||, =

[(AA, Ab)||2 we have k, p(A,b) < ||V, and from |[Y’|, < v/2|Y], and obtain x,2(A,b) < v2f(A,b)
which concludes the proof. [l

Theorem 2 shows that f(A,b) can be considered as a very sharp estimate of the partial condition
number expressed either in Frobenius or spectral norm. Indeed, it lies within a factor v/3 of kg, r(A,b) or
Kg,2(A,b). Moreover (7) shows that if the R factor of A is available, f(A,b) can be computed by solving
two n-by-n triangular systems with k right-hand sides and thus the computational cost is 2kn2.

Remark 2. We can check on the following example that x4 # (4, b) is not equal to f(A, b). Let us consider

2 0 2//2
30
A= 0 1|, L= and b= | 1/v2
0 0 1

We have
z=(1/v2,1/v2)" and ||z]|, = |Irll, = 1,

and we get

kg, r(A,b) = @ < f(A)b) = @

Remark 3. Using the definition of the condition number and of the product norms |[(A,b)||F or 2 =

\/ ?||AllE o+ 52 [b]12, tight estimates for the partial condition number for perturbations of A only
(resp. b only) can be obtained by taking o > 0 and 8 = 400 (resp. 8 > 0 and @ = +00) in Theorem 2.



4 Statistical estimation of the partial condition number

Let 21,29, -+, 24 be ¢ orthonormal vectors uniformly and randomly selected in the unit sphere S;_; in k
dimensions (¢ < k) and let us denote g;(A,b) = (Lz;)T2(A,b). Since Lz; € R, the absolute condition
number of g; can be computed via the exact formula given in Corollary 1 i.e

1
Sz Izl 2 (=l , 1\)"
g (A,b) = (H<Lzz->T<ATA> I gz + =) AT, | 552+ g ) ) (8)
We define the random variable ¢(q) by
ko .
Plq) = (E > kg r(A,0))2.
i=1

Let the operator F(.) denote the expected value. The following proposition shows that the root mean
squared of ¢(q), defined by R(¢(q)) = +/E(¢(q)?) can be considered as an estimate for the condition
number of g(A,b) = LTz (A,b).

Proposition 1. The absolute condition number can be bounded as follows:

R(#(q))
Vk

Proof. Let vec be the operator that stacks the column of a matrix into a long vector and M be the

< kg, r(A,0) < R(é(q)). (9)

vec(aAA)
k-by-m(n + 1) matrix such that vec(g’(4,0).(AA, Ab)) = M . Then we have:
vec(BAD)
/ !/
Hg,F(A,b) max ”g (Avb)(AAa Ab)”Q = max H’U@C(g (Avb)(AAa Ab))“2
(AA,AD) I(AA, Ab)| - (AA,AD) vee(aAA)
vec(BAD) )
M z
_ max H ||2 _ ||]\4||2 _ HMTH2

sernnt 0 2]l

Gudmundsson, Kenney and Laub (1995) prove that % HM Tz Hi as an estimator of the Frobenius norm
of the m(n + 1)-by-k matrix M7 where Z = [21, 22, -+ , 24| is a k-by-¢ random matrix with orthonormal
columns and show that E(% ||MTZH§) = HMTHi? From

|7 z) = |27 Ml
2
leM
quM »
we get, since zZT M is a vector,
T 7|2 - Tarll?
[RIEE1 PR R
i=1

q
= > lgian)l®.
i=1
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Eventually we obtain

bl
1M = E(E > kg p(A,0)?) = E(6(9)?).
i=1
Moreover MT € R™("+1)xk and Equation 9 follows from the well-known inequality
|7
7 S I <

1Al e
1273,

Then we will consider ¢(q) as an estimator of ng?) (A,0).

O

The root mean squared of ¢(g) is an upper bound of k4(A,b), and estimates k4 (A, b) within a factor

Vk. Proposition 1 leads to computing the condition number of each g;(A,b),i = 1,--- ,q. From Remark 1,
it follows that the computational cost of each kg, r(A,b) is 2n? (if the R factor of the QR decompsition of
A is available). Hence, for a given sample of vectors z;, i = 1,...,q, computing ¢(q) requires about 2qn?
flops.
However, Proposition 1 is mostly of theoretical interest, since it relies on the computation of the root mean
squared of a random variable, without providing a practical method to obtain it. The next proposition, by
the use of the small sample estimate theory developed by Gudmundsson et al. (1995) answers this question
by showing that the evaluation of ¢(g) using only one sample of ¢ vectors z1, z2, - - - , Z4 in the unit sphere
may provide an acceptable estimate.

Proposition 2. Using the conjecture by Gudmundsson et al. (1995, p. 781), we have the following result:
if a > 10, then

Pr( 29 <y r(a) < a0(0)) 2 1-a70

This probability approaches 1 very fast as q increases For « = 11 and ¢ = 3 the probability for ¢(q) to
estimate kg p(A,b) within a factor 11k is 99.9%.

Proof. We define as in the proof of Proposition 1 the matrix M as the matrix related to the vec operation
representing the linear operator g(A,b). From (Gudmundsson et al. 1995, p. 781 and 783) we get

[ M] —m
pr(Be < o) <alprt) 21— a7 (10)
then the result follows from inequality ]l < ||MTY|, < ||MT| O
= 2 = P

We see from this proposition that it may not be necessary to estimate the root mean squared of ¢(q)
using sophisticated algorithms. Indeed only one sample of ¢(gq) obtained for ¢ = 3 provides an estimate of
kg7 (A, b) within a factor av/k.

Remark 4. If k£ =1 then Z =1 and the problem is reduced to computing x4, (4, b) In this case, ¢(1) is
exactly the partial condition number of LTz (A, b).

Remark 5. Concerning the computation of the statistical estimate in the presence of roundoff-errors, the
numerical reliability of the statistical estimate relies on an accurate computation of the x4, 7(A4,d) for a
given z;. Let A be a 17-by-13 Vandermonde matrix, b a random vector and L € R"™ the right singular
vector v,

Using the Mathematica software performing computations in exact arithmetic, we obtained fig’:;l) (A, b) ~
5-108. If the triangular factor R form AT A = RT R is obtained by the QR decomposition of A, we get
H;T?)(A, b) =~ 5-10%. If R is computed via a classical Cholesky factorization, we get 4 r(A,b)(") =~ 1010,
Corollary 1 and Remark 1 show that the computation of k4 r(A4, b)(rel) involves linear systems of the kind
AT Az = d, which differs from the usual normal equation in their right-hand side. Our observation that
for this kind of ill-conditioned systems, a QR factorization is more accurate than a Cholesky factorization
is in agreement with the results of Frayssé, Gratton and Toumazou (2000).
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5 Numerical experiments

All experiments were performed in Matlab 6.5 using a machine precision 2.22 - 10716,

5.1 Examples

For the examples of Section 1, we compute the partial condition number using the formula given in
Theorem 1.
In the first example we have

1 1 €

e 0 €2
A=

0 € €2

)

10
and we assume that only A is perturbed. If we consider the values for L that are 0 1 and L =

0 0

(0,0,1)7 then we obtain partial condition numbers Iig?) (A) that are respectively 10?4 and 1.22, as expected

since there is 50% relative error on z; and z9 and there is no error on x3.
In the second example where A is the 10 — by — 4 Vandermonde matrix defined by A;; = W and

only b is perturbed, the partial condition numbers ns(;;l)(b) with respect to each component x1,xs, x3, 24

are respectively 4.5-102,2-10%, 3-10%, 1.4-10° which is consistent with the error variation given in Section 1
for each component.

5.2 Average behaviour of the statistical estimate

We compare here the statistical estimate described in the previous section to the partial condition number
obtained via the exact formula given in Theorem 1. We suppose that only A is perturbed and then
the partial condition number can be expressed as ng?)(A). We use the method described by Paige and
Saunders (1982) in order to construct test problems [A, z,r,b] = P(m,n,n,,l) with

D
A=Y ZT eRm Y =T —2yy?, Z =1 — 2227,

0
where y € R™ and z € R” are random unit vectors and D = n~!'diag(n, (n — 1),--- | 1).
r=(1,22--- ,n?)T is givenand r = Y € R™ is computed with ¢ € R™~" random vector of norm
c
. . . DZ‘T . .. .
n,. The right-hand side is b =Y . By construction, the condition number of A and D is n'.

c

In our experiments, we consider the matrices

Ay FE 1
A= and L = ,
E A, 0

where A; € R™>X™M Ay ¢ R™2X"2 [, € R™™ my; +mg = m, n1 +ng = n, and E and E’ contain the
same element e, which defines the coupling between A; and As.

Ay and A, are randomly generated using respectively P(mq,n1,ny,01) and P(ma, na, Ny, l2).

For each sample matrix, we compute in Matlab:
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1. the partial condition number /-;s;l) (A) using the exact formula given in Theorem 1 and based on the

singular value decomposition of A,
2. the statistical estimate ¢(3) using three random orthogonal vectors and computing each x4, 7(A,b),
i =1,2,3 with the R factor of the QR decomposition of A.

These data are then compared by computing the ratio v = %.

F
Table 1 contains the mean 7 and the standard deviation s ng, 7 obtained on 1000 random matrices with
my = 12,n; = 10,my = 17,no = 13 by varying the condition numbers n;!* and ns'? of respectively A;
and Ay and the coupling coefficient e,. The residual norms are set to n,, = n,, = 1. In all cases, 7 is
close to 1 and s is about 0.3. The statistical estimate ¢(3) lies within a factor 1.22 of fig;l)(A) which is
very accurate in condition number estimation. We notice that in two cases, ¢(3) is lower than 1. This

is possible because Proposition 1 shows that F(¢(3)?) is an upper bound of k, r(A)? but not necessarily

¢(3).

condition e, =107° ep=1 ep = 10°
1 lo 5y s o1 s y s
1 1 1.22 2.28-107! | 1.15 | 2.99-10~! | 1.07 | 3.60-10"*
1 8 1.02 3.19-1071 | 122 | 3.05-1071 | 1.21 | 3.35-107!

8 1 9.1071! 3.1071 1.13 | 3-107! 1.06 | 3.45-1071
8 8 9.23-1071 | 2.89-1071 [ 1.22 | 2.95-1071 | 1.18 | 3.33-107?

Table 1: Ratio between statistical and exact condition number of LT x.

6 Estimates vs exact formula

We assume that the R factor of the QR decomposition of A is known. We gather in Table 2 the results
obtained in this paper in terms of accuracy and flops counts for the estimation of the partial condition
number for the LLSP. Table 3 shows the actual estimates and flops counts in the particular situation where

Kg,r(A,b) flops accuracy
exact formula 12n3 exact
n<m
sharp estimate f(4,b) | 2kn? | L82 < k) p(A,b) < f(A,b)
k<n
stat. estimate ¢(q) 2qn> j(—\% < kg r(A,b) < ag(q)
q <Lk Pr>1—a 9 for a> 10

Table 2: Comparison between exact formula and estimates for kg r(A,b)

m = 1500, n = 1000, k = 50,

A1: ;le )
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Al 0 Ll 0
1
A= 0 I, | andb=—72(2,1,---, )T

V2
0 0 0 0

We see here that the statistical estimates may provide information on the condition number using a very
small amount of floating point operations compared to the two other methods.

re A7 Av

ILTz], L],
2.09 - 102 2.18-102 11.44 - 102
12 Gflops 100 Mflops 6 Mflops

Table 3: Flops and accuracy : exact formula vs estimates

7 Conclusion

We have shown the relevance of the partial condition number shown for test cases from parameter estima-
tion. This partial condition number evaluates the sensitivity of LTz where z is the solution of a (LLSP)
when A and/or b are perturbed. It can be computed via a close formula, a sharp estimate or a statistical
estimate. The quantity to compute depends on the size of the LLSP (computational cost) and on the
needed accuracy.
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