NSDE 1: LECTURE 1

TYRONE REES*

Examples in presentation:

e Moon landing and code

e Finding Dory

e Driverless cars

In the examples we've seen, and most other ‘real world’” systems,
the differential equations cannot be solved analytically, and instead they
must be solved approximately using numerical algorithms.

Questions that this course will answer:

e How do I solve an initial value problem (IVP) for an ordinary
differential equation (ODE), or an IVP for a parabolic partial
differential equation?

e How do I analyse the accuracy of the solution I get?

e How can I know if the algorithm I'm using is stable?

1. Initial value problems for ODEs. Here is the basic form that we
will use throughout the course:
u' = f(t,u), for t € [to, Th]
Ll(t()) = Uy
where u, ug, f(-) € R* for some k.

First we need to know: is this a sensible question to ask?
ExampPLE 1.1.

u' = 3u?/?

u(0) = 0.
What are the solutions to this problem?
A-level maths tells us that

du/dt = 3u*/3

1
/gu_Q/Sdu:/dt

ul/? =t+ K
u=(t+K)>*

and, since u(0) = 0, we have that u = 3.
However, there is another solution —u = 0/
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In fact, it’s worse than that — as

) 0 0<t<c
U =
(t—c)® c<t<oo

s a solution for all ¢ — an infinite number of solutions!.

This spells trouble for an algorithm designed to find an approximation
to the solution — which one would it pick?!

One way to guarantee that we don’t have this problem is to ensure
that the problem is smooth enough. Let us, for simplicity, consider the
1D problem,

u' = f(t,u), u(ty) = uo.

This is what we mean by ‘smooth enough’. Let (¢y,u0) be the point
of the initial data. We need the problem to satisfy two conditions:
e We can draw ’butterfly wings’ from (to,uo) the function f stays
within this region.
e We can draw a box around the solution in some region, and the
solution leaves the box from the edge (not the top).
If these conditions hold, then we can be sure that a solution exists, and
that it is unique.
We state these conditions more rigorously:
THEOREM 1.2. Picard’s theorem
Let R={z € R?: |t —to| < h, |u —up| <k}
e Suppose that f(-,-) is a continuous function in U D R with

M = /
($§§<3|f( ,u)

e Suppose that 3L > 0 s.t. V(t,uy), (t,uz) € R,
|f(t7u1> - f(t,U2)| S L|U1 - U2|

Lipschitz condition
e Suppose that Mh < k
Then there exists a unique continuously differentiable function t — u(t)
satisfying the I'VP:
u' = f(t,u), u(to) = uo

for allt € [ty — h,to + h].
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Recap

u = f(t,u), u(to) = uo.

No guarantee of a unique solution. However, there is one if the con-
ditions for Picard’s theorem are satisfied:
Let R={z € R?: |t —to| < h,|u—uo| <k}
e Suppose that f(-,-) is a continuous function in U O R with

M = t,
[ |f(t, u)l

e Suppose that 3L > 0 s.t. V(t,u1), (t,us) € R,
|f<t7u1) - f(t7u2)| S L|U1 - U2|

Lipschitz condition
e Suppose that Mh < k
Then there exists a unique continuously differentiable function t — u(t)
satisfying the IVP:

u' = f(ta U), u(tO) = Ug

for all ¢t € [to — h,to + h].
ExXAMPLE 0.1.

u' = 3u?3, u(0) =0

We know from last time that there is not a unique solution, so we should
expect that u violates a condition of Picard’s theorem.

Suppose there exist constants h > 0 and k > 0 so that, if [t| < h, |u] <
k, there is a constant L > 0 such that

|f(tun) — f(t u2)| < Lluy — ugl.
Then, if we set uy = u € [0,k], uy = 0, then we have that
1363 = 3|ul*? < Llu| < |u| > (L/3)3

This s clearly a contradiction, as u can be arbitrarily close to zero.
ezplot (’3*x~(3/2)’,[0,2]);
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Before we dive into an example that is unique, we remind ourselves
of a useful result:

THEOREM 0.2. The Mean Value Theorem Suppose that a func-
tion g is defined and continuous on a closed interval [a,b] on the real line,
and that g is differentiable on the open interval (a,b).

Then, for every yi,ys € [a,b], there exists & € (y1,ya) such that

9(y1) — 9(y2) = 9'(E) (Y1 — o).

This is very useful for deriving Lipschitz constants!
ExXAMPLE 0.3.

u = u? u(0) = g
First, let us define the region
R={(t,u) € R*: |t| < h, |u—ug| < k}

for some h > 0 and k > 0.
Note that

|f(t,ur) = f(tug)| = |uf — 3
< 2(ug + k) |uy — ug| (by MVT)

So f(-,+) has a Lipschitz constant of 2(ug + k) in any neighbourhood R,
for any h and k.
Also, max | f(t,u)| = (k+wug)?, so given any k > 0, taking h < k/(k+
ug)? will ensure that the conditions of Picard’s theorem are satisfied.
We must be careful about what Picard’s theorem says, though. The
analytic solution here is

Uog

U= —"77p,
1—U0t

which blows up at time t = 1/uy.
ezplot(’a/(1-a*x)’,x=[0,1/a])

1. Solving ODEs numerically. How do we approximate the solution of
ODEs?
Recall our standard problem:

u' = f(t,u), for t € [to, T, u(to) = ug.

First, we seek approximate the solution at a discrete number of points
in time:
Since we have the inital value, this will be exact, but the other points
only approximate the true solution.
2



Notation
We approximate the solution of the ODE at points that we call

tost, oot
We will often (for simplicity) consider equally spaced points, so that
tay1 =ty + h, where h = (t, — to)/n.
The exact solution at these points would be
u(to), u(ty), ..., u(tm).
We call the approximate solution at these points
Uy, Uy, ..., Up.

How can we approximate the solution?

u' = f(ta u)

g% u(t + hf)L —u(t) -
u(t +h) —u(t) _

h ~ f(tvu)

u(ty +h) = u(ty) + hf(t,, u(t,))

We can turn this approximation into an algorithm:
Euler’s (explicit) method

U() = U(to)
Un+1 = Un + h f(tna Un)
Systems

We developed this for first-order IVPs, but the method works more
generally. For example, consider the system

u' = f(t,u,u)
u(0) = o
u'(0) = ug.
This can be re-written as a system of first order equations:
v v(0) = uyg
[t u,0) u(0) = u(0),

/

u
/

(%



or, in vector form:

where

u= m and f = {f(t,z,v)}

We can then apply Euler’s method, say, in exactly the same way as for
the scalar case:

Un+1 =U,+ h'f(tna Un)

This is just shorthand for writing Euler separately on each of the com-
ponents:

Un+1 = Un + hVn
Vo1 = Vo +h f(tn, Un, Vi)
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Recap

u = f(t,u), u(to) = uo.

Consider a grid of m + 1 equally spaced points, t,,1 = t, + h. Ap-
proximate the solution wu(tg), u(ty),...,u(t,y) by Uy, Uy, ..., Uy, which
are calculated by

U[) = U(to)
Un+1 - Un + hf(tna Un))

We can think of Euler’s method in terms of integrals:

tni1 tni1
/ u'dt:/ f(z,u)dt
tn tn

wlter) — u(ty) = /t ) dt

ltnr) = u(t) + [ " )t

U(tni1) = u(tn) + B f(tn, utn))

However, we can also make a different approximation:

wltss) = u(ty) + /t b w) dt

u(tny1) = ultn) +h f(ta, u(te))

Which leads to the algorithm:
Euler’s implicit method

UO = U(t0>
Un+1 = Un + hf<tn+17 Un—H)

This has an obvious problem: U, appears on the right hand side
of the equation. Sometimes (e.g., on problem sheets) such problems can
be solved straightforwardly, but usually, in practice, we’ll need to use a
nonlinear equation solver (e.g., Newton’s method).
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This is why this method is called implicit.
We could also do a more sensible (from the point of view of approxi-
mating the integral) approximation of

| e dt s G ut)) + Ftner,uttasn)

This motivates what’s known as the Trapezium rule method:
Uo = u(to)

h
Un+1 =U, + §(f(tn7 Un) + f(tn—i—h Un—H))

And these are all specific instances of a #/-method:

U() = U(to)
Un+1 = Un + h ((1 - e)f(tm Un) + ef(tn+l> Un-l—l))

which takes a weighted average of the end points to approximate the
integral.
ExAMPLE 0.1.

y/:x_ZJQ; y<0>:O

Solve using a 0-method for § = 0,1/2, and 1.

Accuracy

How can we know beforehand how accurate the method is going to
be? Before we can answer this, we need a concept of error.

The global error of any method is defined as

en = u(ty) — Up.

We can also define the truncation error. Note that the methods
we’ve looked at so far can be written in the form

Un+1 - Un + hq)(tn7 tn+17 Una Un+1; h)

We can re-write this in a form that explicitly models the derivatives:

UnJrl - Un
h

The trunction error is the difference between the left and right hand sides
if we plug in the exact solution:

u(tni) = u(tn)
h

= (I)(tna tn-l—la Un> Un-i—l; h)

T, =

- (I)(tnv tn+17 u(tn)? U’(tn-i-l); h’)
2



If T,, = O(h?), where p is the largest such integer: the method is said
to be pth order accurate.
EXAMPLE 0.2. Euler’s method: truncation error
tht1) — u(ty
ultnir) — uftn)

= A — ' (tn)

We can expand u(t,y1) via a Taylor series to give

2

u(tn—H) = u<tn + h) - u(tn) + hu/(tn) + %u//<€n)> fn € [tnv tn+1]

Subsituting this in we get

’ RZ . n

Euler’s method is first order accurate.

The truncation error is usually ‘easy’ to calculate, but it tells us little,
by itself, about the quality of the solution. What we really want to know
is the size of the global error. Now,

U(tns1) = ulty) + hf(tn, u(ty)) + T,
Upt1 = Up + hf(tn, Uy)
ent1 = €n + h[f(tn, u(ty)) — f(tn, Un)| + AT,

and, taking absolute values of both sides:
‘en-l-l‘ < ’6n| + hlf(tmu(tn)) - f(tm Un)| + h|Tn|

If f(-,-) satisfies a Lipschitz condition, then |f(t,,u(t,)) — f(tn, Un)| <
Liu(t,) — U,|, and so we have

lent1] < (14 Lh)le,| + h|T,| for all n
Now if we let T' = max |T,,|, we have
lent1] < (1+ Lh)le,| + AT for all n

By induction, we get that
T
len| < (14 Lh)"|e| —l—z[(l—i-Lh)”—l] for all n

We know that eqg = 0, and also that

(1+ Lh)" < [elh]r = elhn = gLlta—to),
3



where we have used the facts that

2 3
e$:1+x+§+§+---21—|—x
and that
t, =to+nh.
Therefore we get
T
len] < - [eL(tn—to) 1}

Finally, note that

forx >0

h 1
T = ma [T, = max 3o/ (&) < Ao

where we have set My = 1 maxiey, 1., |u”(t)|. We therefore have that

2

M.
len] < == (eltn=t) —1)h < Const.h

2L

Hence, if you half the step size, you (at least) half the error.
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Recap

u' = f(t,u), u(ty) = uo.
We defined the global error as
en = u(ty) — Uy

and the truncation error as

tny1 — ulty
T, = w — q)(tn,tn.H, Un, Uns1; h)

For Euler’s method:
h
_ §u//<£n)
We saw last time that
T
" < (tnfto) o 1

eal < 7 [e ]

Finally, note that
h, ., 1
T =max|T,| = max§|u (&) < §hM2

and so

len| < == (eFt=%) — 1)h < Const.h

2L
euler_half_step.m
Hence, if you half the step size, you (at least) half the error.
f-methods
A similar (but more messy) analysis can be done for #—methods.
Here we get that

h 1 1 tn—t
e < = {‘5 - 9‘ M + —hMg} [eLi—eu?) . 1] ,

L 3

where Mz = maXe(,¢,.] |U’”( )|-
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As expected, the error of explicit Euler is recovered if we take 6 = 0.
We also see that the special choice of § = 1/2 — the trapezium rule method
— gives second order accurate method. This explains the behaviour in the
numerical example.

‘ Question: where did Mj3 go for Euler’s method? ‘

Recall that when we derived the truncation error, we cut off the Taylor
series at the u” term. We could equally have written

h -, h?

Tn = 2” (tn) + Eum<én)a é € [tna tn—l—l-

Check that, if we’d included this term, we obtain the bound for the 6-
method.

One-step methods

Euler’s method is an example of what’s known as a one-step method.
The general form of a one-step method is:

Uo = U(to)
Un+1 = Un + hq)(tna U’m h)
Note that all that appears in the right hand side is U,,.

Examples
Euler’s method:

(I)(tna Un; h) = f(tn7 Un)
The trapezium rule is not a one-step method:

1

o = 5 (f(tn, Un) + f(tn+17 Un+1))

We can, however, get what should be a better method, which is
explicit, by replacing U, itself by it’s Euler approximation, U, +
hf(t,,U,). This is called improved Euler’s method.

improved_euler.m

For any one-step method, if ® satisfies a Lipschitz condition:

then the same analysis we did for Euler’s method will go through here
also. We therefore also have the concept of Truncation error here:

u(tn+1) - u(tn>
h

and, as before, if 7" = max, |T,,|, then

T, = — O(t,, u(ty); h),

T
|Un — u(ty)| < (eL(tn_to) - 1)Z

2



In order for the error to vanish with a small enough step size, we
therefore require that 7,, — 0 as h — 0 and n — oo, with nh = t,, — t;.
Consistency: Definition We say that a one-step method is con-
sistent if
lim T,=0

h—0,n—00,nh=t,—tg
Now, since ®(-,-;-) and ¢/(+) are continuous, we know that
}1}2{1} T, = u'(t,) — ®(t,, u(t,);0).
Therefore a one-step method is consistent if and only if

(I)(tn’ u(tn); O)) = f(t> u)

In general, we are not restricted to one extra point in the region
[tn, tn + h]; we can evaluate the function at as many intermediate points
as we like. We're only interested in explicit methods, so we need to also
have a way of approximating the solution at those points (as u(t, + ah)
will not be avaliable). This leads to a general family of methods known
as Runge-Kutta methods.

Runge-Kutta R-stage method

Un+1 = Un + hq)(tna Un; h)

R
O(x,y:h) =Y ok,
r=1

kl :f<tnaUn>
r—1
kT:f<tn+aT’h7Un+thrsks’ T:2,...,R>
s=1
r—1
aT:Zbrs, r=2,...,R
s=1

This is usually written in the form of a Butcher table:

a=B1|B
c
R=1
If R =1, then we get back our old friend Euler’s method.
R=2
For R = 2, we have more choice. Now we want to find a method such
that

Up+1 = Up + h(cik; + coka),
3



where

kl = f(tna Un)
/{2 = f(tn + agh, Un + bglhk‘l)

What values of ¢y, ¢o, as, and by; make sense?
To be consistent, we need that ®(t,,U,; h) = f(t,, Uy,), ie

le(tm Un) + C2f(tna Un) = f(tm Un) = atce=1

So, given ¢y, we can obtain c¢q, but how should we choose ¢, by; and
as. We try to make the order of the method as high as possible.
Recall

7 ulty) —ult,)
h

_ ultnr) — ultn)
h

By expanding u(t,+h) about t,,, and f(t,+azh, u(t,)+bay f(t,, u(t,)h))
about ¢, then u(t,), and noting that

u’(tn) = f(tna u(tn))

— O(tn, u(ty))

- le(tnv u(tn)) - CQf(tn + agh, u(tn) + b?lf(tna u(tn))h)

(1) = St (1)
0 0 d
%ﬂmﬂw>»+aﬁwmwunamm>

0
= g7 (b ultn)) + f(tn, ultn)) = f (b, ultn)),

we can show that
2

2 (1 €2 1,2 0
7, = 1 (" (0= 2 [ 0] 5 )+

0? 02 3
eaba s u(6) + s £ (tnult)| ) + O0)

as long as we choose

1/2 = C2Q9 = Cgbgl.
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Recap

u = f(t,u), u(to) = uo.
Runge-Kutta R-stage method
Upi1 = Up + h®(t,, Un; h)

R
O(t,ush) =Y ek,
r=1

kl = f(tna Un)
r—1

ky = f (tn+arh,Un+thrsks, 7“:2,...,R>
s=1

r—1
arzg brs, 7T=2,...,R
s=1

This is usually written in the form of a Butcher table:

al| B
c

Last time we saw that, for R = 2, we require that the coefficient
satisfy

1/2 = CoQ9 =— 02621,

which tells us we should take by = as, co = 1/2a, and ¢; = 1 — 1/(2as).
We still have a free parameter, as, which can take any value and still
give a second order method. (Note that no choice of parameters will, in
general, give a third order method).

Popular choices are:

a9 = 1/2:
0 1
1/21/2
0 1
This gives:
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Ups1 = U, +hf(t, +1/2h, U, + 1/2hf(t,, Uy))
Which is a method called Modified Euler.

a2:12

This gives:

0] 1
1] 1
172 1/2

Unir = Un + 2 (F (b Un) + F(tn + 1, Un + B f (b, Un)

2

Which is, of course, the method we started with, improved Euler.
R=3 The same trick can be done (with messier algebra) to obtain
three stage Runge-Kutta method. Again, the consistency condition is

that

c1+ co+c3=1.

Now, we can obtain T,, = O(h?®) if we choose the parameters to satisfy

Coba1 + c2(bsy + b32) =

Cgbgl + C3(b31 + b32>2

c3bo1bsy =

AR WI RN~

Including the consistency condtion, we therefore have four equations for
six unknowns, leaving two parameters free.

A few examples are important enough to have a name...

The classical RK method is:

0|1

1/21/2
1 | -1 2

1/6 2/3 1/6
(which is related to Simpson’s rule). The Nystrom scheme is:

0|1

2/312/3

2/31 0 2/3

1/4 3/8 3/8



R=4
A widely used fourth order method has Butcher table:

0]1

1)1

112 1

210 3 7

110 0 1
P
6 3 3 6

which corresponds to the method

1
Un+1 - Un + Eh {]{71 -+ 2]€2 —+ 2]{?3 -+ k4}

k= [f(tn, Un)
1 1

ky = f(t, + 5h, U, + éhkl)
1 1

ky= f(tn, + h,U, + hk3).
compare_methods.m

Adaptive time steps. If the solution changes very slowly, then we
may be able to get a pretty good approximation with a large time step.
However, if the solution changes rapidly, we won’t be able to resolve the
details unles we use a sufficiently small time step.

We can use our knowledge of the error to inform us of where we should
next approxmimate the solution. Since the step size will change, we’ll
use the notation ¢, = t,, + At,. If the error is too large, we can reduce
it by taking a smaller step.

We'll see this by way of an example. For a fourth order Runge-Kutta
method, our approxiation satisfies

U(tn1) = ULy + Ki(AL,) ul (t,) + O(AtS)

for some constant K.

As well as a step size of At,, we could also have taken two steps of
size At,/2 to give us a different approximation at the same point. The
error here will satisfy:

U(tnsr) = UL,y + 2K, (A, /2)°u® (t,) + O(AtS)

n

(convince yourself this is true — i.e., that the constants are the same in
both cases).



Subtracting these gives

15
Uy — US| = 1_6K1

Now, suppose we wanted this difference to take some value, e. How
would we pick a time step At,, to ensure this?
Suppose that

€ = K (At,)u (t,),

and so we can remove the unknowns by dividing these two expressions,

giving:
<Atn)5 B ¢
Aty |U£+1 - Uﬁ+1|

Rearranging, we get that we should take

B . 1/5
At, = —0———— At,.
fn <|U£+1 - Ur(zl+1|) fn
This gives us a method for adapting the step length.
o if At, < At,, (ie. |Ub,, —UZ,| > €) repeat the step from ¢,
with the reduced step length
o if At, > At,, (le. |UL, —Us,| <e), take Uy = UL, and set
Atn+1 - Atn
This gives a method of adapting the step length depending on the
properties of the equation being solved. However, it is more expensive —
at each step we do an extra application of RK4.



NSDE 1: LECTURE 6

TYRONE REES*

u = f(t,u), u(ty) = uo.

Last time we looked at ways of controlling the step size using adaptive
algorithms. This is useful for when we want the error to remain within
some tolerance.

Another strategy is to use Runge-Kutta methods of different orders
on top of each other. Because of the flexibility allowed in RK methods,
it is possible to find sets of two families that evaluate the function at the
same points, yet have different orders. For example, consider the method
with Butcher table:

0] 1
1/2] 1/2
3/4| 0 3/4

1| 2/9 3/9 4/9 ’
2/9  3/9 4/9
11/72 30/72 40/72 —9/72

which is short-hand for the two methods
At,,
Us+1 = Un + T(?kl —|— 3]{72 —|— 4]{33)

(a second order method), and

At,
UL42U5+7?QM4+$%ywm%—QM)
(a third order method).
Here we can say that u(t,11) = U2, | + Ka(At,)? + O(At,,)?, and also

that u(t,11) = UL, +O(At,)?. Since, for small At,, we can assume that
the O(At,)? term is negligible, we have that

’UZH - Ufiﬂ! ~ KZ(Atn)2-

We can then follow the same procedure as before. This scheme (developed
by Dogacki and Shampine in 1989) is the basis of the ode23 solver in
Matlab.

The first such method to be found was an order five-six pair, discoverd
by Fehlberg (working for NASA) in the late sixties. A similar method,
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based on fourth and fifth order methods, was developed by Dormand and
Price (1980), and this is the basis for the ode45 solver in matlab. It’s
Butcher table is:

0 1
1/5 1/5
3/10 3/40 9/40
4/5 44/45 —56/15 32/9
8/9 19372/6561 —25360/2187 64448/6561 —212/729
1 9017/3168 —355/33  46732/5247  49/176 —5103,/18656
1 35/384 0 500/1113  125/192 —2187/6784 11/84
cr 35/384 0 500/1113  125/192 —2187/6784 11/84 0
dy 5179/57600 0 7571/16695  393/640  —92097/339200 187/2100 1/40

Symplectic methods

Sometimes, however, it’s not (only) the error that we’re interested in.

A very important field of study is dynamical systems, in particular
Hamiltonian systems. A Hamiltonian system consists of [ = 2m differen-
tial equations:

o 0H
o _8H
for i = 1,...,1. The scalar function H(x,u) is called the Hamiltonian.

(see B7.1). A typical example is a system of particles; in this case x(t)
are the positions of particles at time ¢, and u(t) are their velocities. In
this case H is the total energy.

Example

Consider a simple harmonic oscillator. Let = be the postition at time
t, and u be it’s velocity. The (scaled) system can be written as

' =—x=2 =u u=—x

This can be set in Hamiltonian framework by writing the Hamiltonian

H=21@2+w)
2

Note that the Hamiltonian corresponds to the total energy in the system,
and so conservation of energy tells us that solution of the dynamical sys-
tem correspond to the Hamiltonian being constant — in this case, circles
in the (x,u) plane.

Let the solution be given by u = (z, ). Then the Hamiltonian can be
written as H = %uTu. A reasonable question to ask is how this evolves
using the numerical scheme.



Explicit Euler for this system looks like
Xop| _ [Xa] L[ Un ] Z (1 n] U]
Un+1 B Un _Xn N __h 1 Xn_

and so

Yoo U] [ =0 3 [y [0 ][] - v

UnJrl
and so
Hy = (1+h*H,.

So the Hamiltonian (and hence the energy) grows in time for all time
steps.
Now, consider the hybrid Euler scheme

Un+1 Un _Xn
= h
|:Xn+1:| |:Xn:| * |:Un+1:|
or, in matrix terms:

1 —=h| | Xpsa| |1 O |X,
0 1 U1 |—h 1| |U,
This also doesn’t leave the Hamiltonian H unaltered, but it does
preserve a modified Hamiltonian:

A

1 1 1
H(z,u) = §(x2 + u?) — Ehxu = H(z,u) — ihxu.

This is called a symplectic scheme; while the original Hamiltonian is
not preserved, it is recovered in the limit as h — 0.

A common symplectic scheme is the Stomer-Verlet scheme. If the
system to be solved is

¥ =u
u/

I
~

(z),
then the Stomer-Verlet scheme takes the form:
1
Un+1/2 = Un + Ehf<Xn)
Xny1 = Xn+hUpy1y2

1
Uni1 = Upy12 + §hf(Xn+1),

3

X
Un

|



which, if we eliminate the intermediate value, gives the scheme

1
X1 = X, + WU, + 5h2 f(X,)

Unin = U 5 17(X0) + F(Xoi)]

Consider an area in the (z,u) plane, corresponding to a set of initial
conditions. Another property of Hamiltonian mechanics is that, as the
state of the system progresses, the area remains constant.

Recall that the area of a parallelogram with corners (x1, 1), (2, y2), (23, y3)
is given by

1 oy 1
A=l yp 1
x3 y3 1

Consider again the dynamical system
' =u u = —uw.

Now, suppose again that we had three initial conditions (X, U}), (X2, UZ), (X3, U3),
and evolve these using Euler’s method

X! = X! +hU., Ul=U!—hX!,

with area
X! U1
A, =| X2 U? 1
X3 U3 1

To make the algebra easier, let’s choose initial (X, Yy), (Xo + A4, Yp)
and (Xo, Yy + B).
Then after one step of Euler these move to

(Xo + hlUy,Uy — hXp),
(X() + A + hUo,UO - h(XO + A)) and
(Xo + h(Up + B),Uy + B — hXy)
The area is therefore given by
XO + hUO U() - hXO 1
A=| Xo+A+hUy Uy—h(Xo+A) 1
Xo+h(Ug+B) Uy+B—-hX, 1
Xo+hUy Uy—hXy 1
= A —hA 0
hB B 0
= (1+h*)AB.




Therefore the area increases exponentially as Euler progresses. Symplec-
tic methods preserve the area (see problem sheet 2).
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u' = f(t,u), u(ty) = uo.

For the last two weeks we’ve been looking at one-step methods. These
use information (¢,,U,) that is the most recent step to update the ap-
proximate solution U,y at t,.; = t, + h. To do this, we (in the case of
Runge-Kutta methods) evaluate the function multiple times at points in
between t,, and ¢, to obtain a more accurate solution.

This can improve the accuracy, may not be the most efficient method,
especially in the case where the function is expensive to evaluate.

Recall that the inpiration for one-step methods was re-writing the
ODE over a time step as

w(tnsr) — ulty) = /t byt = /t U u())dt.

Runge-Kutta methods evaluated the function at points in between ¢,, and
t,11 in order to better approximate the integral on the right hand side.

Instead, we could integrate over more than one time step, and get
a more accurate numerical method by re-using function evaluations we
already have. For example,

/tt+ o ()t = /f F(tu(t))dt

Using, for example, Simpson’s rule, we get

2k

utnsz) = ultn) & = [f(tnsz, ultnre)) +4F (tnsr, ultnin)) + f(tn, ulta))]

which suggests the numerical method
h
Uniz =Un+t 5 [f(tnr2, Unsa) + 4f (tnr1, Unsa) + [ (0, Un)],

We're given Uy, we can use a one-step method to find Uy, and then we
can use this numerical scheme to approximate the solution at the other
time steps.

General form The general form of a linear multistep method is

k k
> Ui =0 Bif (bt Unsj)
=0 =0
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As before, if 5, = 0 then the method is explicit, and if By # 0 then the
method is implicit. (So Simpson’s rule is an implicit 2-step method).
As before, we define:
The truncation error:

S olagultog,) — hBju (tny;)]
h Z?:o ﬁj

T, =

consistency:

lim T,=0

h—0,n—o00,nh=t, —tg

And a method is pth order accurate if:

IT,| < KhP.
Note that
U(tnsi) = u(tn) + (Gh)u'(t,) + (jQ—h')zu”(tn) +...
and also
U (tpsj) = (t,) + (JR)U" (t,) + Uéi')gu”’(tn) + .

Subsituting this into T;, we get

1
n — —[Cou(tn) + C’lhu'(tn) —+ 02h2u”(tn) + - ]
hZle ﬁj
where
k
C() = ZO&j,
=0
k k
C, = Zjaj - Zﬁ]
j=1 =0
k . k .
e je!
Cu= Z_!aj - Z TR
7j=1 7j=1

The method is consistent if lim T,, = 0, which is equivalent to requir-
ing that Cy = 0 and C; = 0.
Furthermore, the method is pth order accurate if and only if

C’ozClz'--:Cp:OandC’pH#O

2



and, in this case,

Cota
515
Cpy1 is called the error constant.

Adams methods

A particular class of methods, known as Adams methods, have the
form

T, = hPu p+1< )—i—O(hp)

Un+k Un+k ! + h Z ﬁj n+]a n+])

7=0

ie,ap =101 =—-1,05=0,7 <k—1

If we require an explicit method (3, = 0), then we can pick the re-
maining k coefficients to eliminate as many terms as possible in the Taylor
expansion. These methods are called Adams-Bashforth methods:

Upi1 = U, + hf(t,, U,) 1st order

h
Un+2 = Un+1 + 5(—f(tn, Un) + ?)f(tn_H, Un+1)) 2nd order
h
Un_|_3 = Un+2 + <5f(tn, U ) ].6f( n+1» n+1) + 23f( n+2, n+2)) 3rd order

h
Unt+a = Upys + 3( 9f(tn, Un) + 37f(tns1, Uns1) — 59f (tns2, Unta) + 55f (tn3, Upnys) 4th order

2

If we allow (3 # 0, then we have one more free parameter, and so can
get a method of one order higher than the equivalent Adams-Bashforth
method. These methods are called Adams-Moulton methods:

h
Un+1 = Un + —(f(tn, Un) + f(tn+1, Un+1)) 2nd order

2
h
Un+2 = Un+1 + 12( f(tn; Un) + 8f(tn+17 Un+1) + 5f<tn+37 Un+3>>
h
Unts = Upqa + 24<f(tn7 Un) = 5f(tns1, Uns1) + 19f (tnsa, Unt2) + 9f (tngs, Unss))

Zero-stability
Suppose we have a general k—step method

Za] n+j_h2/6j n+j7 n+j)

Uy is given, Uy,...,U,_1; have to be computed. Question: how do the
errors in Uy, ..., U,_ affect the later values?
3



Definintion A linear k—step method for
u' = f(t,u), u(te) =ug, t € [to, T
is said to be zero-stable if there exists a constant K such that, for any
two sequences Uy, Uy, ..., Ux_1, and Uy, Uy, ..., Up_1,
Uy — Ul < K max{|Uy — U, |Us — Uil |Uk-1 — Upa|}
for ¢t,, < Ty and as h — 0.
This isn’t actually useful for checking zero stability — in practice we

reformulate in terms of polynomials:
The first characteristic polynomial is given by

k
p(z) =) a7
=0

The second characteristic polynomial is given by

k
o(z) =) B2’
=0

Theorem (Root condition)
A linear multistep method is zero stable for any ODE

u = f(t,u)

where f obeys a Lipschitz condition if and only if all zeros of its first
characteristic polynomial lie inside the closed unit disk, with any that lie
on the unit circle being simple.

Example

Simpson rule method:

h
Un+2 - Un == g(fn+2 + 4fn+1 + fn)

plz) =2" -1
z ==l

(where f,, = f(tn, Uy)).
Simple roots on the unit circle, so the method is zero-stable.
Example
Adams-Bashforth method

h
Unya — Upyz = ﬂ(—9fn + 37 fat1 — 59 fnq2 + 55 fr43)



plz) =2 -2 =2z 1)

nn=29=23=0,24=1
Example A 3-step 6-th order accurate method:
11U, 3 + 27U, 10 — 27U,y — 11U, = 3h(fni3 + 9 fnio + 9fnit + fn)

p(z) = 112° +272% — 272 — 11

21 =1, 20~ —0.3189, 23 ~ —3.1356

since |z3| > 1, the method is not zero stable.
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u = f(t,u), u(to) = uo.

The general form of a linear multistep method is

k k
> Unij =hY Bif(tnrs Unyy)
§=0 j=0
A method is zero-stable if there exists a constant K such that, for
any two sequences Uy, Uy, ..., Uir_1, and Uy, Uy, ..., Ug_1,
U, — U,| < Kmax{|Uy — Up|, |Uy — U1, ..., |Up-1 — Up_1|}

for t,, < Ty and as h — 0.
The first characteristic polynomial is given by

k
p(z) = Z ;2
=0

The second characteristic polynomial is given by

k
o(z) =) B
=0

Theorem (Root condition)
A linear multistep method is zero stable for any ODE

u' = f(t,u)

where f obeys a Lipschitz condition if and only if all zeros of its first
characteristic polynomial lie inside the closed unit disk, with any that lie
on the unit circle being simple.

Lemma

Consider the kth order homogeneous linear recurrence relation

Oékyn+k+"'+alyn+1+040yn:Oa n2071727"'

with a # 0, ag # 0, a; € R, j = 1,...,k, and the corresponding
characteristic polynomial:

p(z) = apz + -+ a2 + .
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Let 2., 1 <r <, | <k, be distinct roots of the polynomial p, and let
m,. > 1 denote the multiplicity of z,., with m; +---+m; = k.

If a sequence (y,) of complex numbers statisfies the recurrence rela-
tion above, then

l
Un =Y _pe(n)z  Vn >0,
r=1

where p,.(-) is a polynomial in n of degree m,—1, 1 < r < [. In particular,
if all roots are simple, (i.e. m, = 1,1 <r < k), then the p, are constants.
(See, e.g, Suli and Mayers (Lemma 12.1) for a sketch of the proof)
Proof of Root condition (necessity)
We want to prove that zero-stability implies the root condition. Sup-
pose that

k k
Z CYjUn+j = hz ﬁjf(tn+j7 Un+j)
j=0 Jj=0

is zero stable. Then applying the method to the ODE v = 0,u(0) = 0
gives

o Uy + o 1Upypo1 + - + oqUp1 + U, =0

This is a difference equation, and from the lemma, it’s general solution
is of the form

U, =3 pan)2l,

where z, is a zero of

k
p(z) =) a2
=0

of multiplicity mgs > 1 and p; is a polynomial of degree my — 1.

If |z5] > 1 for some s then there are starting values such that the
solution grows like |z,|".

If |zs] = 1 and z, has multiplicity ms > 1, then there are starting
values such that the solution grows like n™~!. In either case, there are
solutions which grow unbounded as n — oo, h — 0, nh fixed.

Consider starting data Uy, Uy, . .., Ux_1 that gives such an unbounded
solution, and the starting data

A~

Up, Uy = -+ = Up1 = 0,
2



which gives U, =0 for all n > 0.
Therefore, if a method violates the root condition, it cannot be zero
stable.

The proof of the converse is technical, and outside the scope of this
course.

Example

Simpson rule method:

h
Upny2 — U, = g(fn+2 +4fni1 + fn)

plz) =2" -1
z==1
(where f, = f(tn, Un)).
Simple roots on the unit circle, so the method is zero-stable.

Example
Adams-Bashforth method

h
Unya —Upyz = ﬂ(_gfn + 37 fot1 — 59 fns2 + 55 fnys3)

p(z) =2 =22 =22~ 1)

2’1:2,’2:2,’3:0724:1
Example A 3-step 6-th order accurate method:
11Upy3 + 27U, 40 — 27U, 11 — 11U, = 3h(fnss + 9fnio + fns1 + fr)

p(z) = 112° +272* — 272 — 11

21 = 1,20 &= —0.3189, 23 ~ —3.1356

since |z3| > 1, the method is not zero stable.
Convergence
The linear multistep method is said to be convergent if, for all initial
value problems v’ = f(t,u), u(tg) = uo (which satisfies the assumptions
of Picard’s theorem),
lim U, =u(t)
h—0, nh=t—tg
3



for all t € [ty, Ths] and for all solutions {U, }_, with consistent starting
condition, i.e., with starting values

Us = ns(h)

for which limy_,ons(h) = Uy, s =0,1,...,k — 1.

Convergence is a vital property of a numerical method. It tells us
that, if we take smaller and smaller time steps, we will get better and
better approximations to the true solution.
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u = f(t,u), u(to) = up-

The general form of a linear multistep method is

k k
Z ajUn+j =h Z 5jf(tn+j7 Un+j)
§=0 J=0

The linear multistep method is said to be convergent if, for all initial
value problems v’ = f(t,u), u(tg) = uo (which satisfies the assumptions
of Picard’s theorem),

lim U, =u(t)
h—0, nh=t—tg

for all t € [tg, Ths] and for all solutions {U,, }_, with consistent starting
condition, i.e., with starting values

Us = ns(h)

for which lim,_ons(h) = Uy, s =0,1,...,k — 1.

Convergence is a vital property of a numerical method. It tells us
that, if we take smaller and smaller time steps, we will get better and
better approximations to the true solution.

Theorem Zero stability is a necessary condition for convergence.

Proof Since the scheme converges for all f, choose f = 0. In partic-

ular, let «(0) = 0 with solution u = 0.
Then

k
ZosznH =0 (01)
j=0

As the method is convergent, U,, — 0 as h — 0, nh — t for consistent
starting values Uy, ..., Ux_1.

Now, let 2z = re? be a root of p(z) = 0.

Choose the starting data U,,, = hr™cos(m#), which is consistent with
the initial condition. Note that U, satisfies (0.1), since by writing

Uy = Re(hr™e™?) = hRe(2™),
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then
k k
Y Ui =hY Re(z"*) = Re(z"p(z)) =0,
§=0 j=0 3=0

since z was a root of p(z) = 0.
Therefore, the values U, = hr™ cos(nf) are solutions of the discrete
method starting from a consistent set of initial values.
e Suppose 0 # 0, 7. then

U? = Ups1Up—1 = B*r*" [cos*(nf) — cos((n + 1)6) cos((n — 1)8)]
S0

Uz —Upi1 U,y = h2r*sin® 0

The LHS tends to zero as n — oo, nh — t, as all values converge
to zero. The right hand side must therefore also tend to zero.
However, this is only possibly if » < 1.

e if # =0 or m, then since

U, =hr" (0 =0)
or
U, = hr"(=1)" 0 =m)

we again have that since U,, — 0, r < 1.

Now, if z is a double root of p(z), U, = hnr™cos(nf) also satisfies
(0.1), and so r < 1. Therefore all roots on the unit circle must be simple.

Hence, if the scheme is convergent, the roots of the first characteristic
polynomial satisfy root condition, and hence the scheme is zero-stable.

Theorem

Consistency is a necessary condition for convergence.

Proof

Recall that a linear multistep method is consistent if and only if

k k k
Zaj = O,andeaj = Zﬁj.
=0 =0

7=0
Assume that a linear multi-step method is convergent for all functions
e Consider the function f = 0 with initial value u(0) = 1, so the

solution is u = 1. Now Uy = Uy = ---Uj_; is a consistent set of
2



initial data, and convergence gives U, — 1 as nh — t, h — 0.
The method is

k
}E:ljﬁ+j:: O,
j=0

and since, in the limit, U, — 1 for s = 1,... k, we have Z?:o ay =
0, as required.

e Next consider f = 1 with initial value u(0) = 0, so that v’ = 1.
Here the solution is u(t) = ¢, and so U,, — t as nh —t, h — 0.
The method is

k k
jg:(lj0%+j::]lzi:ﬁ%.
=0 J=0

Convergence tells us that U, = (n+ r)h, so

k

aj(n+j)h="hY B

J=0

.
Il >
[en)

Le.
k k k
EE:CQ7L+’§£:jCQ‘::}L§£:¢%
§=0 j=1 §=0

since the first term is zero by part (i), we must have

k k
EE:jC%'::}lEE:ﬁ%
j=1 j=0

Putting these two results together, convergence implies the scheme will
be consistent.

Dahlquist Theorem

For a linear multi-step method that is consistent with the ODE ' =
f(t,u), where f obeys a Lipschitz condition, and starting with consistent
initial data, zero-stability is necessary and sufficient for convergence.

Dahlquist’s theorem tells us that if a linear multistep method is not
zero-stable, then it’s global error cannot be made arbirarily small by
taking h sufficiently small. In fact, if the root condition is violated, then
no matter how good the initial data is, there exists a solution that will
grow by an arbitrarily large number.

3
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Absolute stability

Zero-stability tells us that a method will converge if we take h small
enough, but tells us nothing about what the solution will look like for a
fixed h.

To motivate us, consider the model problem

u = \u,
which has exact solution u = e*. If Re()\) < 0, then the solutions decay
as t increases.
euler_stability(0.01), euler_stability(0.05), euler_stability(0.1),
euler_stability(0.11), euler_stability(0.15)
Suppose we apply Euler’s method:

Upir = Uy + hAU, = (1 + hA)U,.

if |1 + hA| > 1, the solution will grow at each time step. Note that only
the combination i — h matters. The method is stable when |1+h| < 1.
In the complex plane this is equivalent to the unit circle, centered on —1.

To make this more general, consider again the model problem above.
Then a linear multistep method for this problem looks like:

)\hﬁj nt+j — =0.

Mw

J:0

The difference equation

has general solution

Un = Zps(n)zgv

s

where z, is a zero of the stability polynomial

(2, B) = p(h) — = Z hﬁ]

j=0
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Since lim;_ o u(t) = 0, we want lim;_,., U, = 0, and so we need |z < 1
forall s=1,2,...,k.

A linear multistep method is called absolutely stable in an open set R 4
of the complex plane if, for all h € Ry, all roots z, = z,(h),s = 1,...k
of (z, h) satisfy |z,| < h.

The set R 4 is called the region of absolute stability.

Example: implicit Euler

Un+1 - Un = hf(tn-l—lu Un+1

AT ICh

|z| < 1 when |1 — h| > 1. Therefore Ry = {h € C : |l —h| > 1}
This is the outside of the unit circle, centered at 1, in the complex plane.
Note that since this contains the whole of the left half plane, the method
is stable for all A where Re(\) < 0.

Definition A linear multistep method is said to be A-stable it its
region of absolute stability, R 4, contains the whole of the open left-hand
complex half plane, Re(h) < 0.

The implicit Euler method is A-stable.

Dahlquist Barrier Theorem

e No explicit linear multistep method is A-stable

e The order of an A-stable implicit linear multistep method is < 2.

e The second-order A-stable linear multistep method with the small-
est error constant is the trapezium rule method.

Stiffness

When deal with systems of differential equations, it is common that
the methods we have studied may not work well with some systems where
different parts of the solution evolve on different time scales.

Consider

W'+ (1+a)u'+au=0

which we can write as
u =
v'=—(1+a)v—au

2



or, in matrix form

which has solutions © = cie™! + coe .

If @ > 1, then u and v will have different scales, O(1) and O(a™!).
Note that the eigenpairs of A such that Av; = \;v; are given by

No=—1v = {_11//\%}) and Ay = —a, vy = [_11/\/%2

Therefore, letting V' = [vy,vs] and A = diag(Ai, \2), we can write A =
VAV

u = Au
=u =VAV lu
=V =AV"1u

Making the change of variables

vk

therefore gives the decoupled system of equations

dp _
a P
da _
a7

Treating these separately would lead to very different requirements for
stability: the equation for p could take much shorter time steps and still
be stable. However, when we solve the systems together, for stability we
need to take the time step required for stability of the bottom equation.

Such a system is called Stiff.

Another example of a stiff system is Van-der-pol’s oscillator:

u” + p(u® — D)u' +u=0

vdp_stiff(0.16), vdp_stiff(0.165), vdp_stiff(0.17)
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The numerical solution of parabolic problems

For the rest of the course we're going to look at problems of the form
ou 0 ou
= t)— t
= o (a5 + s,

with u(z,0) = up(z) and appropriate boundary condititions.

In practice, we're going to concentrate on the model problem:

ou _ o
ot o2’

transform:

Before we look at how to solve this numerically, let’s explore what the
analytic solution looks like. To do this, we're going to use the Fourier

ile) = Flue) = | " u(e)e s

o0

Applying this to the PDE, we get:

o0 au ) [o's] aQu )
—1z§ — —1xg
/_oo T (x,t)e " dx /_OO 5 (x,t)e” " dx
0 iat P 0o
g7 _Oou(az,t)e dx = (i) /

J/

J —00
a(ét)

where we've integrated by parts twice on the RHS and ignored boundary
terms at +00. So

This has solutions

(€, t) = A(€)e " = (€, 0)e ¢
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Now we just need to apply the inverse Fourier transform:
u(z,t) = F~* (e’52t150>

1 OO ~ - €x
~on /_oo fig(€)e < e dg

= ... messy calculation ...

1o
- = / o=/ )y

AnalyticSolution.m
This behaviour can be explained by Parseval’s identity:

L.
||u||%2(—oo,oo) = %Hu”%z(—oo,oo)’

0 1/2
fillscer = ([ ) )

If we apply this to our function:

where

[ ey = 5 N Do
= e (e
< o max e~ |
< ool
= |Juol|3 [by Parseval’s identity]

This is an important property of the solution, that we must make
sure is satisfied by any numerical approximation.

Proof of Parseval’s identity

Let v(x) and w(x) be two functions.

/_Zw(a:)v(x)dx = /_Z /_Zw(ff)e_igxdfv(x)dx

_ /_ () /_ () dadg
- [ wieitene

o0

2



Now, if we let w(§) = 0(€), then

w(€) = /00 O(x)e ® dr = /_OO 0(x)erdr = 2o

o0

Where we've used the fact that v = 5= [ 0e**dx (by definition of the
inverse Fourier transform). Therefore

o /OO (x)v(x)de = /oo o(€)0(€)ds

o0 —00

L.
= [lolls = 1913

Discretization Suppose z € [0, X] and ¢t € [0,7], where "> 0 is a
given final time, and 0, X are the left and right boundaries.
Construct a finite-difference grid:

AT = Tepq/N in the z-direction
At = T/M in the t-direction

so that
xj; = jAz, and t,, = mAt.
Since
ou u(my, by + AL) = u(xg, L)
ar (o te) = dim, At
and
0*u (x4 Az, ty) — 2u(xg, ty) + u(z; — Az, ty,)
w(lﬂj’tm) N Alglnglo (Ax)?

We can approximate u(z;,t,,) ~ UJ", so that

m+1 m
@(mt ):Uj+ _Uj
ot At
and
O ) = 200 T O
ox? (Az)?

This scheme can be illustrated by the stencil:



Putting it together, suppose we want to approximate the PDE
ou  0*u

ot ox?
for x € [0, X] and ¢ € [0,T], where u(x,0) = ug(x), and u(0,t) = u,(t),
u(X,t) = up(t). Then we get that

U} = ug(x;), §=0,%1,42, -

and then we can update U at the next time step by
U6n+1 = Uq(tmt1), Uﬁi_ll = up(tm+1)
ot Uy Uy - 2U + U
At (At)?

The final relation can also be written as
m—+1 m m m m

where p = 5.
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Recap To solve
ou  u
ot Ox2
for x € [0, X] and ¢ € [0,T], where u(z,0) = ug(z), and u(0,t) = u,(t),
u(X,t) = up(t), set up a grid
xj; = jAz, and t,, = mAt
where
Az = X/N in the z-direction
=T/M in the t-direction.

We approximate the derivatives by u(z;,t.,) ~ U 7, so that the deriva-
tives are approximately

ymntt _pgm
au (l'],t ) ~ -J 7
ot At

and
@(m tm) ~ Uity — 207" + Uft
Ox2 7™ (Ax)?
This gives
Um+1 a(tm—i-l) Um—iJ-rll - ub(tm+1)
Urtt = U 4+ w(U — 20" + Uy
where p = 2.
Stability

If U is a function defined on the infinite grid x; = jAz, j = 0,+1,£2,...
the semidiscrete Fourier transform of U is defined as

= Az Z Uje i, k€ |—n/Az,m/Ax]

j=—o0

Now, since U (k) is a continuous function, we can take the regular inverse
Fourier transform to obtain

1 w/Ax . o

i = o U(k) e™57 dk.

27 —7/Ax
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It can be shown that there’s an associated Parseval’s Identity:

1 -
U1, = 5101,

w/Ax 1/2
10]lz, = ( / |U<k>|2dk=)
—7/Ax

. 1/2
1UTle, = (Am > IUj|2>

j=—00

where

and

[see problem sheet]
Definition: We say that a finite difference scheme for the unsteady
heat equation is (practically) stable in the ¢, norm if

U™ e, < 10 eay m=1,... M,

where U™ = {Uj"}.
Now, recall the Euler scheme:

U™t = U + w(U;2, = 20" + Ufty)

and inserting the inverse Fourier transform we get

1 w/Ax 1 7w/ Az

i eiijxUerl(k)dk, = elk]Axﬁm(k)dk+
27 —n/Az 27 —7/Ax
1 /ﬂ'/ACE eikjfle[}'m(k)dk
//(/ —
27 —r/Az
1 w/Az . .
+2— eFIAT™ (1) dk
2m —7/Ax
1 W/A.T o .
+o= ML (k) dk
2m —7/Azx

Rearranging, we get
1 [m/Az . . 4 4 .
= ezk]Aw (Uerl(k) . Um(k> — (ezkAz —24 6fzkAz) Um(k?>> dk = 07
2m —7/Ax
which, in turn means that
Uerl(k) _ Um(/{}> + ’u<€ikA:v —24 ezkAm)Um(k>
2



for all wave numbers k € [—7/Ax, 7/Ax]. Therefore
U™ (k) = A(k)U™(k)

where A(k) = 1 + p(e*2e — 2 4 ¢RA2)Tm(k) Now,

1 N
U™, = EHU’”“HLQ Parseval
1 rm
:EH)\U 2,
1 “rm
<~ max AR 0"
= ml?x\)\(k)\HUmHgQ Parseval

Since we want that
U™ e, < NU™ ey, m=0,1,2,...,M —1
we need that
max IA(k)| <1
mkax\l 4 (AT _ 9 4 oikATY <
Now, since e*4% = cos kAz+isin kAz, and e 2% = cos kAxz—isin kAxz,

we can write this as

max |14 2u(coskAz —1)| <1

kA
mgx\l — 4y15in? <Tx) | <1

Now, the condition that
kA
—1 <1 — 4psin? (Tx) <1 Vk € [-n/Ax,m/Ax]
holds if and only if

At
"= Ay

<

DN | —

We’ve proved the following theorem:
Theorem Suppose that U™ is the solution of
m—+1 m m m m
At (Ax)? ’
3

i=1,2...



where U} = ug(x;) and p = (AA;)Q < 1. Then
10" ey < NU° ez m=1,2,.. M.

We say that the explicit Euler scheme is conditionally stable.
The implicit Euler scheme Consider instead the scheme

m+1 m m+1 m+1 m+1
Urtt U Umt Ut Uy

At B (Ax)

L i=1,2,...

where U = ug(x;)
J-1,n+1 J,n+1 Jj+1,n+1
@ @

j.n
Now we have that

U]m+1 (U”:ﬁl 2Um+1 T Um+1) Um7

J J

U = ug(x;), where again p = At/(Ax)?).
Using an identical argument to that used for Explicit Euler, we find

the amplification factor is here

A(k) = !

1 + 4/ sin? (kAx) '

In contrast to earlier, this satisfies |A\(k)| <1 for all values of p.
Theorem Suppose that U" is the solution of
m+1 m m+1 m+1 m~+1

j+1

At B (Ax)2 ’

i=1,2...

Then

where U} = ug(x;) and = (AI) < 3.

”UmHZz < ”U(]”@za m = 1:2a--~M-

We say that the explicit Euler scheme is unconditionally stable.
Fourier modes The same results can be reached using a simplier
argument, by inserting the Fourier mode into the scheme, i.e. setting
4



U™ = [A(k)]™e*27 For example, substituting this into the explicit Euler

scheme:
m+1 m m m m
Ut = U+ p (Ufyy — 207" + U
gives
)\(kf) =14 ,u<eikAx 24 G_ikAx),

and hence the result follows as before.
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Recap To solve

ou  du
ot x>
for x € (—o0,00) and t € [0,7], where u(z,0) = up(z), and v — 0 as
— +o0 Set up a grid:
xj; = jAz, and t,, = mALt.

We’ve considered two schemes: Explicit Euler in time with central
differences in space:

Urtt = U + p(Ur, — 207" 4+ UTL))
and Implicit Euler in time with central differences in space:

Uittt — (U =20t 1 Ut = U

where p = At/(Az)?.

We analyzed stability using the semidiscrete Fourier transform:

Uk) = Az Z U; e *ei ke |—n/Ax,m/Ax],

j=—o0

with inverse:

1 T/Az o
Uj = — Ul(k) e*ia® df,
27 —7/Ax
aliasing.m
Fourier modes The same stability results can be reached using a
simplier argument, by inserting the Fourier mode into the scheme, i.e.
setting U™ = [A(k)]™e*727 . You should be able to do either method.

Consider another scheme: the 8—scheme:
m—+1 m m m m m+1 m+1 m+1
At (Ax)? (Ax)?

where 0 € [0, 1] is a parameter:
e 0 = 0: Explicit Euler scheme
e 0 = 1: Implicit Euler scheme
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e ) = 1/2: Crank-Nicolson scheme
To analyse stability, note

U}”H ~U" = (1-0)u(U", —2U" +UL,) —|—u9(Uj’T{1 — 2U}“Jrl U;T{l)
inserting the Fourier mode:
AR AR RS = (1= B)u((AK)]" RIS — gA(R]"HIBT 4 [A(R] eI D)
+ (1= ) (k)™ e TDA2 — oA (k)] ™ HeMIAT 4 [A(k)] MU TDAT)
Dividing through by [A(k)]™e®i gives:
Ak) =1 = (1= O)u(e™™5 = 24 7) 4+ GuA (k) (e — 2+ M4),
Therefore, by the same arguments as last time:

kAx

A(k) =1 = —4(1 — 0)psin” (T) — 40p\(k) sin (me)

and so
1—4(1 — )psin® (£52)

Alk) = 1+ 40 sin ("”Am)

For practical stability, we require that

-7 T
< -
IAk)| <1 VEke {Am’Am}
1.e.

< 1—4(1—-0)up <
1+ 46up

Y

where we’ve written p = sin? (’“%—‘”), which takes values between 0 and 1.
We can write this as

4
<1 PP
1+ 460up
This is clearly less than one, and monotonic decreasing, so we just have

to check what happens at p = 1. We get that the inequality is always
satisfied of # < 1/2; and otherwise is satisfied if

1
<
H=51 20
Therefore:

e For 6 € [1/2,1]: unconditionally stable
2



e For 6 € [0,1/2[: stable if u < m
Boundary conditions
In practice, we’ll be solving on a bounded domain, and so we’ll need
boundary conditions: As well as an initial condition u(z,0) = ug(z), we
need, e.g.,
e Dirichlet boundary conditions: u(zg,t) = u.(t), uw(zny1,t) = up(t)
e Neumann boundary conditions: %(xo,t) = ugy(t), %(xNH,t) =
ub(t)
e Mixed boundary conditions: %%(zg,t) = uq(t), w(zni1,t) = up(t)
How do we solve the system?
We can write the #-scheme as

U™ = 0u(U =207 + U = U+ (1= O) (U — 207" + UT)

for j =1,... N. In the Dirichlet case, we know U = ug(x;) for all j, and
also Uj" = uq(tm), UN,1 = up(tm), so we can simply plug these in where
needed. This can be be written in matrix form:

-2 1 0 --- 0
1 -2 1 0 0
Um-i—l_g,u 0 1 _— 1 Um+1 — Umy
0o 1 =2
-2 1 0 --- 0 Uq () Ua(tmt1)
1 -2 1 0 0 0 0
(1-6p|0 1 =2 1 U+ (1-0)u + 0
0 1 —2 ub(tm) ub(tm-i-l)
or, if we write
-2 1 0 --- 0 (1 = 0)pug(tm) + Opug(tmir)
1 -2 1 0 0 0
K=10 1 -2 1 7 f = :
0

o
|
[\

(1 = 0)pup(tm) + Oprvip (tmsr)
then
(I —0uK)U™ = (I + (1 —0)uK)U™ +f

At each step, a tridiagonal matrix must be solved (by, e.g., the Thomas
algorithm — see problem sheet 5).
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Recap
ou  du
ot 0a?
for x € [0,X] and t € [0,7] where u(z,0) = wuo(z), and with mixed
boundary conditions %(O,t) = uy(t), u(X,t) = up(t) Set up a grid:

zj=jAz,7=0,...,N+1landt,=mAt,m=1,..., M.

Jj+1

forj=1,...N.

Neumann boundary conditions Suppose that we have a Neumann

boundary condition at xg, so 9%(zg,t) = u,(t), with a Dirichlet b.c. at

zn+1. Now Uj" is also unknown, so what do we do?

The solution is to introduce a ficticious point, U™, and set

ur-umy

2Ax

(We must use central differences, otherwise the order of accuracy of the
boundary condition would be less than that of the PDE). Then U™ =
U —2Azu,(t,,). We can therefore substitute this into our scheme, giving

(I — OuEKMYU™ ™ = (I + (1 —0)uKMY\U™ + £V

U™ = 0p(UT =207+ U = U+ (1= 0) (U}, — 207" + U

= Uqa(tm)

where
-2 2 0 - 0 —2(1 — O)puAzuy(ty,) — 20uAzug(ty1)
1 -2 1 0 0 0
KN_ o 1 —2 1 L f= :
0 1 =2 (1 — 0)pup(ty,) + Opup(tmar)

Truncation error
Suppose we solve the heat equation with Dirichlet boundary condi-
tions:

ou O%u
E:w’ G[a,b], tG[OaT]

u(z,0) = up(x)
u(a,t) = ug(t),u(b, t) = up(t)
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using Explicit Euler in time and central differences in space

m+1 m m m m
At Ax?

UQ:UO(Ij),j:]_,...,N

J

U6n+]. = ua(tm+1), Ugflill = Ub(tm+1), m = 1, ey M

We define the truncation error of the scheme as

umtl —m

Y ' uity = 2u +ulty
J At Ax?
where u}* = u(z;, tm).
Then, expanding using Taylor series, we get
mtl _ { At? At r

u~+ Atuy + —uy + —u
j + ¢+ 5 tt + 6 tt 1

u
J
and so the time derivative gives

At? A3
um+1 — |:U + Atut + Tutt + Tuttt + = Ui|
J J

m

J

At At

zut+7utt+---

Now, for the central differences approximation:

. [ Ax? Ax? Ax?
uj-l—l - _U + Axux + Tuxx + Tumr + ﬂuxmcx + e
—2ut = —2u}’
. [ A Ax? Ax? Ax?
Uj_q = _u — ATUy + Tum: - Tu:cxx + ﬂumﬂ:az +o

and so we get

m m m 2 Azt
uipy —2uf gty AUy + S5 Usees + -

Ax? Ax?
-
12

2




Therefore, putting it together:

At Ax?
TJ" = e = e e = gt 4+ = OB+ (A2)?)

For other schemes, choose the point that you expand about accord-
ingly to minimize the algebral
e Explicit Euler: uf" — O(At + Az?)
e Implicit Euler: "™ — O(At + Az?)
e Crank-Nicolson: u}nH/Q — O(At* + Az?)
Error analysis of the Explicit Euler scheme Let us define the
global error as

el = u(wj, ty,) — U™

Note that, for a Dirichlet problem,

m+1 __ m+1 __ 0 _ g
eg =0,eyi; =0,e;=0,7=1,....N

Then, we have
m+1 m m m m
I =l 4 op(u ) = 2u ) + AT

and so
emtt = el 4+ p(ely —2eT + el ) + AT
= (1= 2p)ef’ + pej’y + pefiy + AT
Let E™ = maxo<j<yy1 |ef'| and T = max<j<n [T]"|. As long as (1 —
2p1) > 0 (recall that this scheme is absolutely stable if 1 < 1/2) we can
write
E™ < (1 —2u)E™ + pE™ + pE™ + AtT™
=FE" 4+ AtT™
Therefore, since E° = 0,
m—1
E"<AtY T
i=0

< mAt max T
0<i<m—1

<T max max [T
0<m<M 1<j<N ' 7

Therefore, since the Euler scheme has truncation error

T = O(Az® + At)

J
3



we have that

max  max |u(z;, tm) — U"| < Const.(Az® 4 At)
0<m<M 1<j<N
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Another concept of Stability
ou  du
ot 022

for x € (—o0,00) and ¢ € [0, 7], where u(z,0) = up(z), and u(z,t) — 0
as r — £oo.
We shall say that a finite difference scheme for this problem is von

Neumann-stable in the ¢ norm if there exists a positive constant C' =
C(T) such that

U™ e < CNU°Mlep,  m=1,....M =T/At,

where, as usual

o 1/2
U™, = (Am Z \U]mP) )

j=—o00

Note that practical stability = von Neumann stability.
Lemma
If

A

U™ (k) = A(k)U™(k)
and
INk)| <1+ CAt Yk e |[—n/Az,/Ax],

then the scheme is von Neumann-stable.
Proof

By Parseval’s identity for the semidiscrete Fourier Transform:

1™ e, = U™

1
\/271"
1
= ——]|A

%H

1 ~
< - m

(k)T .,

= max [AR)[[|U™[|e,
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and hence
(U™ ], < (1+ CADU™ |4, m=0,1,...,M — 1.
Applying this result repeatedly, we get that
U™ ey < A+ CAY™|U |y, m=0,1,....,M—1.
< (1+CA)M||U°,, las 1+ CAt > 1, M > m]
< e8| 0, las 1+ < e€® x> 0]
=T U° [as M = T/At]

||52

O

Note that, as is apparent from the proof, von-Neumann stability isn’t
helpful over long time periods. However, using it we can state an impor-
tant theorem:

Theorem: The Lax-equivalence theorem For a consistent differ-
ence approximation to a well posed linear evolutionary problem, stability
as At — 0 is necessary and sufficient for convergence.

(proof omitted)

This is the PDE equivalent of Dahlquist’s theorem for multistep meth-
ods for ODEs.

The discrete Maximum principle

Consider the Dirchlet problem. Mathematically, the maximum of
the solution must lie on the boundary (either initially, or at a space
boundary). It is important that our numerical scheme also satisfies this
property.

Proposition: the discrete Maximum principle The #-method
with 0 <0 <1 and p(1 —0) < 1/2 gives approximations U" satisfying:

Umin S Ujm S Uma:ra

where

. : m 0
Upnin = min {nglilM{Uo b, min {U] } mln {UN+1}}

0<j<N+1

and

0<j<N+1

Unpar = max {Omax {Ug"}, max {UO}  ax {UNH}}

Proof We can rewrite the §—scheme as

(1+ 200U =0u(UST + U
+ (1 =) jn}rl + Uﬁl)
+[1—2(1 - )uur.

2



By hypothesis:
Ou>0 (1—0Opu>0 1—2(1—0)u>0,

with the last of these being from the assumption that p(1 —6) < 1/2.

Now, suppose that U attains it’s maximum at an internal grid point
Ujm“, s01 <7< N,0<m< M-—1 (if not, the proof is complete).
Define

U* = max{U3", U, UL, UM UM

j+1 0 Yi—1 5 Yt
Then
(14 20p) U < 0pU* +2(1 — O)puU* + [1 — 2(1 — 0)p]U*
= (14 20p)U”
and, so
Ujm+1 <U*
However, since U ;”“ is assumed to be the maximum value overall
U < Ut
and, therefore,
U]’-”+1 =U"

The maximum is therefore also attained at the points neighbouring (z;, t;+1)-
The same argument applies to these neighbouring points, and can be con-
tinued until the boundary is reached.

Therefore, the maximum is attained at a boundary point.
O
Note that the #-scheme obeys the discrete maximum principle for

p(l—10)<1/2.
This is more demanding than the stability condition:
u(l—20) <1/2 for 0 <0 <1/2.

So, e.g., Crank-Nicolson is unconditionally stable, yet it only obeys the
maximum principle for

_ Aty
M_sz_
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Let Q = (a,b) x (¢,d). Consider the 2D heat equation:

%zvzu (x,y) €Q, t € (0,T]

subject to the initial condition:

U(.T,y,O) :Uo(l',y), (Jﬁ,y) €
and the Dirichlet boundary condition:
u|8§2 = B(xvyvt)7 te [O7T]7 (.Cl;,y) € 897

where 0f) is the boundary of .
Define a grid:

Ar=((b—a)/(N;+1), Ay=(d—c)/(N,+1), At =T/M,
and set

ri=a+1iAzx, 1=0,...,N, +1
yj=c+jAy, j=0,...,N, +1
tmm = mAt, m=0,..., M.

Let us define

5§Ui,j = U1 —2Usj + U1
5§Um~ - U’i,j+1 - QUZ‘J —|— Uiyjfl

Then the 2D #—scheme is given by

Uiy = U o2Um o UM g2ym
: L —(1-9) +6 +

x Z?j y Z7j x 1’7j y 1’7j
At

Ax? Ay? Ax? Ay?

UYy =g, i=0,...,N,+1, j=0,..., N, +1
UZ’;‘H — B(xi,yj,tm+1), (xi:yj> € 89, m = 0, Cey M —1.
We usually order the vector of unknowns in what’s called a Lexico-
graphic ordering:

m m T
U — [U1,17 ey UNm,h ULQ, ey UNI’Q, ey UNm,Ny]
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If we do this, then the matrix to be solved in an implicit method has 5
diagonals (yet not all next to each other).

Stability

As before, we analyze stability by doing a Fourier analysis, or by
inserting the Fourier mode, in this case

m m 1kI:1:1 kyy;
Ui,j = P‘(kxak )] huvi)

This gives

A—1=—4(1-0) |:/~L:c sin? (kgm) + 1, sin (kyﬁy)]
— 46\ {,ux sin? (k’x?m) + 1, sin® (l@?y)}

A A
H’CE - Ax27 /“Ly - Ay2

where

and so

1—4(1— [um sin® (R22) 4 4, sin (kyAy)}

A\ =
L [ (582) s (552

For practical stability in /5, we require that
T T T
Ao k)l 1Y (kasky) € |- 20 2o | X | =y
Ak, k)l S TV (ke ) € | =70 75 X{AyAy}
which demands

R A T

Y

and so

2(1 = 20) (11 + py) < 1

Implicit Euler(6 = 1) unconditionally stable
Crank-Nicolson(f = 1/2) unconditionally stable
Explicit Euler(f = 0) conditionally stable :

Al LY
Ho ™ Hy = Ax? Ay? 2
2



Discrete maximum principle
We can write the §—scheme as

(1+ 200 + ) )UT =(1 = 2(1 = 0) (a + 1)) U
+ (1= ) p (Ut ; + U )
+ (1 - H)My(U;Z‘H + Uﬂ—l)
+0pa (U1 + UT))
+ 0, (U +UTE) (%)

l’]

If (ptg + 1) (1 —0) < 1/2, then the §—scheme obeys a Discrete maximum
principle, so that

Umin S UZZ S Umaza
where

Ui = i {min (U} i {0

and

U = mavs {max (U9} max {073}, o)

Proof: exactly similarly to the 1D proof.
Summary For

(o + 11,)(1 — ) < 1/2

The #—scheme obeys the discrete maximum principle. This is more de-
manding than the ¢5-stability condition:

(e +py)(1—20) <1/2, 0<60<1/2

Error analysis
We define the truncation error

m+1 m 2,,m 2,,m 2, m+1 2, m+1
T = Yig — %y _ (1-0) (696%7]‘ + 5yui,j) +0 ((&um + 5yui,j )
[2¥} Y

At Ax? Ay? Ax? Ay?
where u]"; = u(w;, yj, tm). After applying some Taylor expansions we get

T _ O(Az? + Ay* + At?), 0=1/2
Yl O(Ax+ Ay + AL, 0#1/2
3



We now look at the global error. First, note that we can rearrange
the truncation error formula to give

(14 20(pe + 1))uil5™ =(1 = 2(1 = 0) (o + 1) )i’y
+ (1= ) pa(uy ; + 2wy ;)
+(1 - Q)My(u?,lj—&-l + u?fj—l)
+ Opa (ufy T + ut))
+ Opy (a5 + )
+ AT (%)

Defining the global error
ey = Ul — w(Ti, Vi, tm)

then ef; = 0 and €}, = 0 for (z;,y;) € 9Q, and, subtracting (*) from
(**), we get

(1+ 200 + ) ey =(1 = 2(1 = 0) (o + p1y) ey
+ (1= O paleffy; + ey ;)
+ (1= 0)py (e 1 + e 1)
+ Opa(eliiy + 1))
+ Guy(e;?jill + e?ff_ll)
+ AT
Then if E™ = max;;|ef;| and T™ = max; ; |T}"}|, and we assume that
1— 2(1 - 0)(:“1: + #y) >0,
(Discrete Maximum Principle) then we have
(14 20(p0 + 1)) ™ < 20y + ) E™ 4 E™ + AUT™
and hence
E™TN < E™ o+ AT
As in the 1D case, as E° = 0,

E™ < Tmaxmax 177

m @,

(where T' is the maximum time), and so

max max |u(z;, yj, tm) — Ujs| < T maxmax |T77]
’ m @, 7

m %,



