NSDE 1: LECTURE 7

TYRONE REES*

u' = f(t,u), u(ty) = uo.

For the last two weeks we’ve been looking at one-step methods. These
use information (¢,,U,) that is the most recent step to update the ap-
proximate solution U,y at t,.; = t, + h. To do this, we (in the case of
Runge-Kutta methods) evaluate the function multiple times at points in
between t,, and ¢, to obtain a more accurate solution.

This can improve the accuracy, may not be the most efficient method,
especially in the case where the function is expensive to evaluate.

Recall that the inpiration for one-step methods was re-writing the
ODE over a time step as

w(tnsr) — ulty) = /t byt = /t U u())dt.

Runge-Kutta methods evaluated the function at points in between ¢,, and
t,11 in order to better approximate the integral on the right hand side.

Instead, we could integrate over more than one time step, and get
a more accurate numerical method by re-using function evaluations we
already have. For example,

/tt+ o ()t = /f F(tu(t))dt

Using, for example, Simpson’s rule, we get

2k

utnsz) = ultn) & = [f(tnsz, ultnre)) +4F (tnsr, ultnin)) + f(tn, ulta))]

which suggests the numerical method
h
Uniz =Un+t 5 [f(tnr2, Unsa) + 4f (tnr1, Unsa) + [ (0, Un)],

We're given Uy, we can use a one-step method to find Uy, and then we
can use this numerical scheme to approximate the solution at the other
time steps.

General form The general form of a linear multistep method is

k k
> Ui =0 Bif (bt Unsj)
=0 =0
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As before, if 5, = 0 then the method is explicit, and if By # 0 then the
method is implicit. (So Simpson’s rule is an implicit 2-step method).
As before, we define:
The truncation error:

S olagultog,) — hBju (tny;)]
h Z?:o ﬁj

T, =

consistency:

lim T,=0

h—0,n—o00,nh=t, —tg

And a method is pth order accurate if:

IT,| < KhP.
Note that
U(tnsi) = u(tn) + (Gh)u'(t,) + (jQ—h')zu”(tn) +...
and also
U (tpsj) = (t,) + (JR)U" (t,) + Uéi')gu”’(tn) + .

Subsituting this into T;, we get

1
n — —[Cou(tn) + C’lhu'(tn) —+ 02h2u”(tn) + - ]
hZle ﬁj
where
k
C() = ZO&j,
=0
k k
C, = Zjaj - Zﬁ]
j=1 =0
k . k .
e je!
Cu= Z_!aj - Z TR
7j=1 7j=1

The method is consistent if lim T,, = 0, which is equivalent to requir-
ing that Cy = 0 and C; = 0.
Furthermore, the method is pth order accurate if and only if

C’ozClz'--:Cp:OandC’pH#O
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and, in this case,

Cota
515
Cpy1 is called the error constant.

Adams methods

A particular class of methods, known as Adams methods, have the
form

T, = hPu p+1< )—i—O(hp)

Un+k Un+k ! + h Z ﬁj n+]a n+])

7=0

ie,ap =101 =—-1,05=0,7 <k—1

If we require an explicit method (3, = 0), then we can pick the re-
maining k coefficients to eliminate as many terms as possible in the Taylor
expansion. These methods are called Adams-Bashforth methods:

Upi1 = U, + hf(t,, U,) 1st order

h
Un+2 = Un+1 + 5(—f(tn, Un) + ?)f(tn_H, Un+1)) 2nd order
h
Un_|_3 = Un+2 + <5f(tn, U ) ].6f( n+1» n+1) + 23f( n+2, n+2)) 3rd order

h
Unt+a = Upys + 3( 9f(tn, Un) + 37f(tns1, Uns1) — 59f (tns2, Unta) + 55f (tn3, Upnys) 4th order

2

If we allow (3 # 0, then we have one more free parameter, and so can
get a method of one order higher than the equivalent Adams-Bashforth
method. These methods are called Adams-Moulton methods:

h
Un+1 = Un + —(f(tn, Un) + f(tn+1, Un+1)) 2nd order

2
h
Un+2 = Un+1 + 12( f(tn; Un) + 8f(tn+17 Un+1) + 5f<tn+37 Un+3>>
h
Unts = Upqa + 24<f(tn7 Un) = 5f(tns1, Uns1) + 19f (tnsa, Unt2) + 9f (tngs, Unss))

Zero-stability
Suppose we have a general k—step method

Za] n+j_h2/6j n+j7 n+j)

Uy is given, Uy,...,U,_1; have to be computed. Question: how do the
errors in Uy, ..., U,_ affect the later values?
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Definintion A linear k—step method for
u' = f(t,u), u(te) =ug, t € [to, T
is said to be zero-stable if there exists a constant K such that, for any
two sequences Uy, Uy, ..., Ux_1, and Uy, Uy, ..., Up_1,
Uy — Ul < K max{|Uy — U, |Us — Uil |Uk-1 — Upa|}
for ¢t,, < Ty and as h — 0.
This isn’t actually useful for checking zero stability — in practice we

reformulate in terms of polynomials:
The first characteristic polynomial is given by

k
p(z) =) a7
=0

The second characteristic polynomial is given by

k
o(z) =) B2’
=0

Theorem (Root condition)
A linear multistep method is zero stable for any ODE

u = f(t,u)

where f obeys a Lipschitz condition if and only if all zeros of its first
characteristic polynomial lie inside the closed unit disk, with any that lie
on the unit circle being simple.

Example

Simpson rule method:

h
Un+2 - Un == g(fn+2 + 4fn+1 + fn)

plz) =2" -1
z ==l

(where f,, = f(tn, Uy)).
Simple roots on the unit circle, so the method is zero-stable.
Example
Adams-Bashforth method

h
Unya — Upyz = ﬂ(—9fn + 37 fat1 — 59 fnq2 + 55 fr43)



plz) =2 -2 =2z 1)

nn=29=23=0,24=1
Example A 3-step 6-th order accurate method:
11U, 3 + 27U, 10 — 27U,y — 11U, = 3h(fni3 + 9 fnio + 9fnit + fn)

p(z) = 112° +272% — 272 — 11

21 =1, 20~ —0.3189, 23 ~ —3.1356

since |z3| > 1, the method is not zero stable.



