NSDE 1: LECTURE 16

TYRONE REES*
Let Q = (a,b) x (¢,d). Consider the 2D heat equation:

%zvzu (x,y) €Q, t € (0,T]

subject to the initial condition:

U(.T,y,O) :Uo(l',y), (Jﬁ,y) €
and the Dirichlet boundary condition:
u|8§2 = B(xvyvt)7 te [O7T]7 (.Cl;,y) € 897

where 0f) is the boundary of .
Define a grid:

Ar=((b—a)/(N;+1), Ay=(d—c)/(N,+1), At =T/M,
and set

ri=a+1iAzx, 1=0,...,N, +1
yj=c+jAy, j=0,...,N, +1
tmm = mAt, m=0,..., M.

Let us define

5§Ui,j = U1 —2Usj + U1
5§Um~ - U’i,j+1 - QUZ‘J —|— Uiyjfl

Then the 2D #—scheme is given by

Uiy = U o2Um o UM g2ym
: L —(1-9) +6 +

x Z?j y Z7j x 1’7j y 1’7j
At

Ax? Ay? Ax? Ay?

UYy =g, i=0,...,N,+1, j=0,..., N, +1
UZ’;‘H — B(xi,yj,tm+1), (xi:yj> € 89, m = 0, Cey M —1.
We usually order the vector of unknowns in what’s called a Lexico-
graphic ordering:

m m T
U — [U1,17 ey UNm,h ULQ, ey UNI’Q, ey UNm,Ny]
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If we do this, then the matrix to be solved in an implicit method has 5
diagonals (yet not all next to each other).

Stability

As before, we analyze stability by doing a Fourier analysis, or by
inserting the Fourier mode, in this case

m m 1kI:1:1 kyy;
Ui,j = P‘(kxak )] huvi)

This gives

A—1=—4(1-0) |:/~L:c sin? (kgm) + 1, sin (kyﬁy)]
— 46\ {,ux sin? (k’x?m) + 1, sin® (l@?y)}

A A
H’CE - Ax27 /“Ly - Ay2

where

and so

1—4(1— [um sin® (R22) 4 4, sin (kyAy)}

A\ =
L [ (582) s (552

For practical stability in /5, we require that
T T T
Ao k)l 1Y (kasky) € |- 20 2o | X | =y
Ak, k)l S TV (ke ) € | =70 75 X{AyAy}
which demands

R A T

Y

and so

2(1 = 20) (11 + py) < 1

Implicit Euler(6 = 1) unconditionally stable
Crank-Nicolson(f = 1/2) unconditionally stable
Explicit Euler(f = 0) conditionally stable :

Al LY
Ho ™ Hy = Ax? Ay? 2
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Discrete maximum principle
We can write the §—scheme as

(1+ 200 + ) )UT =(1 = 2(1 = 0) (a + 1)) U
+ (1= ) p (Ut ; + U )
+ (1 - H)My(U;Z‘H + Uﬂ—l)
+0pa (U1 + UT))
+ 0, (U +UTE) (%)

l’]

If (ptg + 1) (1 —0) < 1/2, then the §—scheme obeys a Discrete maximum
principle, so that

Umin S UZZ S Umaza
where

Ui = i {min (U} i {0

and

U = mavs {max (U9} max {073}, o)

Proof: exactly similarly to the 1D proof.
Summary For

(o + 11,)(1 — ) < 1/2

The #—scheme obeys the discrete maximum principle. This is more de-
manding than the ¢5-stability condition:

(e +py)(1—20) <1/2, 0<60<1/2

Error analysis
We define the truncation error

m+1 m 2,,m 2,,m 2, m+1 2, m+1
T = Yig — %y _ (1-0) (696%7]‘ + 5yui,j) +0 ((&um + 5yui,j )
[2¥} Y

At Ax? Ay? Ax? Ay?
where u]"; = u(w;, yj, tm). After applying some Taylor expansions we get

T _ O(Az? + Ay* + At?), 0=1/2
Yl O(Ax+ Ay + AL, 0#1/2
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We now look at the global error. First, note that we can rearrange
the truncation error formula to give

(14 20(pe + 1))uil5™ =(1 = 2(1 = 0) (o + 1) )i’y
+ (1= ) pa(uy ; + 2wy ;)
+(1 - Q)My(u?,lj—&-l + u?fj—l)
+ Opa (ufy T + ut))
+ Opy (a5 + )
+ AT (%)

Defining the global error
ey = Ul — w(Ti, Vi, tm)

then ef; = 0 and €}, = 0 for (z;,y;) € 9Q, and, subtracting (*) from
(**), we get

(1+ 200 + ) ey =(1 = 2(1 = 0) (o + p1y) ey
+ (1= O paleffy; + ey ;)
+ (1= 0)py (e 1 + e 1)
+ Opa(eliiy + 1))
+ Guy(e;?jill + e?ff_ll)
+ AT
Then if E™ = max;;|ef;| and T™ = max; ; |T}"}|, and we assume that
1— 2(1 - 0)(:“1: + #y) >0,
(Discrete Maximum Principle) then we have
(14 20(p0 + 1)) ™ < 20y + ) E™ 4 E™ + AUT™
and hence
E™TN < E™ o+ AT
As in the 1D case, as E° = 0,

E™ < Tmaxmax 177

m @,

(where T' is the maximum time), and so

max max |u(z;, yj, tm) — Ujs| < T maxmax |T77]
’ m @, 7

m %,



