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Recap

∂u

∂t
=

∂2u

∂x2

for x ∈ [0, X] and t ∈ [0, T ] where u(x, 0) = u0(x), and with mixed
boundary conditions ∂u

∂x
(0, t) = ua(t), u(X, t) = ub(t) Set up a grid:

xj = j∆x, j = 0, . . . , N + 1 and tm = m∆t,m = 1, . . . ,M.

Um+1
j − θµ(Um+1

j+1 − 2Um+1
j +Um+1

j−1 ) = Um
j +(1− θ)µ(Um

j+1− 2Um
j +Um

j−1)

for j = 1, . . . N .
Neumann boundary conditions Suppose that we have a Neumann

boundary condition at x0, so
∂u
∂x
(x0, t) = ua(t), with a Dirichlet b.c. at

xN+1. Now Um
0 is also unknown, so what do we do?

The solution is to introduce a ficticious point, Um
−1, and set

Um
1 − Um

−1

2∆x
= ua(tm)

(We must use central differences, otherwise the order of accuracy of the
boundary condition would be less than that of the PDE). Then Um

−1 =
Um
1 −2∆xua(tm). We can therefore substitute this into our scheme, giving

(I − θµKN)Um+1 = (I + (1− θ)µKN)Um + fN

where

KN =


−2 2 0 · · · 0
1 −2 1 0 0
0 1 −2 1

. . . . . . . . .
0 1 −2

 , f =


−2(1− θ)µ∆xua(tm)− 2θµ∆xua(tm+1)

0
...
0

(1− θ)µub(tm) + θµub(tm+1)


Truncation error
Suppose we solve the heat equation with Dirichlet boundary condi-

tions:

∂u

∂t
=

∂2u

∂x2
, x ∈ [a, b], t ∈ [0, T ]

u(x, 0) = u0(x)

u(a, t) = ua(t),u(b, t) = ub(t)
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using Explicit Euler in time and central differences in space

Um+1
j − Um

j

∆t
=

Um
j−1 − 2Um

j + Um
j−1

∆x2

U0
j = u0(xj), j = 1, . . . , N

Um+1
0 = ua(tm+1), U

m+1
N+1 = ub(tm+1),m = 1, . . . ,M

We define the truncation error of the scheme as

Tm
j =

um+1
j − um

j

∆t
−

um
j−1 − 2um

j + um
j−1

∆x2

where um
j = u(xj, tm).

Then, expanding using Taylor series, we get

um+1
j =

[
u+∆tut +

∆t2

2
utt +

∆t3

6
uttt + · · ·

]m
j

and so the time derivative gives

um+1
j − um

j

∆t
=

[
u+∆tut +

∆t2

2
utt +

∆t3

6
uttt + · · · − u

]m
j

∆t

= ut +
∆t

2
utt + · · ·

Now, for the central differences approximation:

um
j+1 =

[
u+∆xux +

∆x2

2
uxx +

∆x3

6
uxxx +

∆x4

24
uxxxx + · · ·

]m
j

−2um
j = −2um

j

um
j−1 =

[
u−∆xux +

∆x2

2
uxx −

∆x3

6
uxxx +

∆x4

24
uxxxx + · · ·

]m
j

and so we get

um
j+1 − 2um

j + um
j−1

∆x2
=

∆x2uxx +
∆x4

12
uxxxx + · · ·

∆x2

= uxx +
∆x2

12
uxxxx + · · ·
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Therefore, putting it together:

Tm
j = ut − uxx +

∆t

2
utt −

∆x2

12
uxxxx + · · · = O(∆t+ (∆x)2)

For other schemes, choose the point that you expand about accord-
ingly to minimize the algebra!

• Explicit Euler: um
j – O(∆t+∆x2)

• Implicit Euler: um+1
j – O(∆t+∆x2)

• Crank-Nicolson: u
m+1/2
j – O(∆t2 +∆x2)

Error analysis of the Explicit Euler scheme Let us define the
global error as

emj = u(xj, tm)− Um
j .

Note that, for a Dirichlet problem,

em+1
0 = 0, em+1

N+1 = 0, e0j = 0, j = 1, . . . , N

Then, we have

Um+1
j = Um

j + µ(Um
j−1 − 2Um

j + Um
j+1)

um+1
j = um

j + µ(um
j−1 − 2um

j + um
j+1) + ∆tTm

j

and so

em+1
j = emj + µ(emj−1 − 2emj + emj+1) + ∆tTm

j

= (1− 2µ)emj + µemj−1 + µemj+1 +∆tTm
j

Let Em = max0≤j≤N+1 |emj | and Tm = max1≤j≤N |Tm
j |. As long as (1 −

2µ) ≥ 0 (recall that this scheme is absolutely stable if µ ≤ 1/2) we can
write

Em+1 ≤ (1− 2µ)Em + µEm + µEm +∆tTm

= Em +∆tTm

Therefore, since E0 = 0,

Em ≤ ∆t

m−1∑
i=0

T i

≤ m∆t max
0≤i≤m−1

T i

≤ T max
0≤m≤M

max
1≤j≤N

|Tm
j |

Therefore, since the Euler scheme has truncation error

Tm
j = O(∆x2 +∆t)
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we have that

max
0≤m≤M

max
1≤j≤N

|u(xj, tm)− Um
j | ≤ Const.(∆x2 +∆t)
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