Lecture 1

Introduction

The great majority of differential equations which describe real systems cannot be
solved analytically, the equations can only be solved approximately using numerical
algorithms. It is also the case that a great many problems are set in an evolutionary
framework: given the state at one time, determine the state at some future time. In
this course we try to set out the methodology whereby the behaviour of numerical
algorithms to approximate such differential systems can be studied systematically and
the advantages, accuracy and pitfalls of such algorithms can be understood. Many
systems, such as used in aircraft control, power station control, guidance systems are
operated without human intervention according to computed solutions of differential
systems, so we have great interest in knowing that solutions are computed accurately
and efficiently.

Some examples of real systems are easy to find.

1. Motion under a central force field

There are many examples in molecular or stellar dynamics where motion is determined
by a central force field. The general title for this is an N-body problem. The example
you are most likely to have already seen is that of just two bodies moving in a plane
with a gravitational field. This simplifies to a one-body problem if one of the bodies
has mass (M) sufficiently massive that its position can be taken as fixed at an origin
and the position of the second body, of mass m be given by (&(), §(#)) with velocities
(a(t),0(t)) as unknowns. Then, in a gravitational problem, applying simple mechanics
shows that the motion will be described by

d%z GMm
m-— = ———: xZ,

dtQ 7.3
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where 72 = 22 + 92 and G is a universal constant, G = 6.67 x 10~ m®kg 's~2.

If these equations are rescaled with time scale T, and length scale L, = (GMT?)'/3,

so that (2,9) = Ls(z,y), t = Tst and (@,9) = (Ls/T,)(u,v), then the equations can



be rewritten

Ccli—f = u, (1.1)
% = v, (1.2)
Yo @), (1.3)
T (TR (1.4
Using the vector ut = [z y u v], then the system is in the form
i—? = f(u), (1.5)

and solutions can be found starting from some initial data u(0) = uy € R*.

In a general N-body problem with motion in three dimensions we will have u,ug €
RS so that the position and velocity of N-bodies can be determined. There is a
broad literature on the N-body problem, for example when the bodies are of equal
mass, there are surprisingly many closed loop periodic solutions with the general title
of N-body choreographies. As an example, it was known to Lagrange that equal
mass bodies could rotate on a circular path, with, in the case of say 3 bodies, the
particles located at the vertices of an equilateral triangle. However, for three equal
mass bodies, there is also a closed loop periodic solution where the bodies move in
a figure of eight pattern, and there are many periodic solutions when the number
of particles is increased to four or more. These choreographies are not part of this
course but they are an illustration of the importance of robust, accurate and stable
numerical computations in generating solutions for complex N-body dynamics.

2. Reaction kinetics - enzyme catalysed reaction

There are many situations in chemistry and biological systems that lead to a set
of differential equations to describe evolution from some starting state. An example
from reaction kinetics comes from supposing a substrate S (concentration s) combines
with an enzyme E (concentration e) at rate o to form a complex C (concentration c)
and that the complex forms a product P (concentration p) at rate 5 (and in doing so
releases enzyme E at the same rate) but also breaks back down into S and E at rate



~. Then simple reaction kinetics give

ds

il —ase + e, (1.6)
d
d—j = —ase+ (v + f)c, (1.7)
d
3 = ase—(r+ B (18)
dp
B 1.9
P e, (1.9
and again defining a vector u’ = [s e ¢ p| then this system can also be put in the
form d
Y fu). (1.10)

T
and solved starting from some initial data u(0) = uy € R*. The dimension of u, uy
will match the number of concentrations being tracked, in this case four.

3. Lorenz model

Lorenz studied motion in a layer of fluid where there is a temperature difference across
the layer and he represented the flow and temperature using Fourier series. He then
made a rather severe truncation for the fluid stream function to one term and the
temperature to two terms so the model had three unknown functions, which might be
given by notation (u(t),v(t),w(t)) and then conservation of momentum and energy,
when non-dimensionalised give

du

5 - o + ov, (1.11)
d
d—: = —uw+ pu — v, (1.12)
d
d—ltv = wv — fw, (1.13)

where o, p and 3 are non-dimensional parameters. The system too can be put in a
standard framework by u® = [u v w] with

du
e f(u), (1.14)

and solved starting from some initial data u(0) = u, € R3.



4. General Formulation

These example systems have forcing function f which is not explicitly dependent on
time but

it is possible to have examples where time is an explicit argument in f so we can
formulate the very general problem:

du

— =f(t,u). 1.15
= f(tw) (1.15)
where u,f € R* for some k and we seck solutions starting from some initial data
u(0) = ug € R*.

In setting out the framework for numerical approximation of differential systems, we
will mostly look at the case k = 1 but do keep in mind that most real examples
involve application to larger systems which involve solution of many simultaneous
differential equations.

It is easy to think that the numerical solution of differential equations should be a
straight forward process of just approximating the derivatives in the system in some
systematic way. What can possibly go wrong?

Using Matlab

The numerical analysis we study in this course centres on analytic methods to study
discrete approximations to differential equations. As we shall see for ODEs and
particularly for PDEs, methods to approximate differential equations may appear to
have certain required properties, such as known error estimates, but nevertheless,
when applied with finite accuracy computers, they fail. Hence an important adjunct
to analysis is implementation of a method. Included in the lectures will be many
matlab examples and I have included some matlab exercises in the tutorial sheets.
Oxford has a site wide licence for matlab and you are encouraged to be familiar with
writing small matlab procedures. The examination will be based only on analysis but
using matlab to study how numerical algorithms behave gives insight into analysis
and ultimately, will help in mastering this course.

I suggest you create a directory or folder for this course and add that to the default
matlab search path and then keep routines you have written, or course ones I provide,
in that folder. I will discuss finite precision arithmetic and using matlab in the first
lecture and there are many guides for using matlab that you can consult.



5. Example of a numerical problem

To illustrate that possibly unexpected difficulties can occur when using numerical
algorithms, consider this simple model problem:

W(t) = 0, t>0 (1.16)
u(0) = 1 (1.17)

with obvious exact solution u(t) = 1 for ¢ > 0. Suppose the function u(t) is approx-
imated at time values ¢, = nAt by U,, so that U, =~ u(t,). Then setting Uy = 1
we would expect U, = 1 for n = 1,2,3,... to be the numerical solution. Note the
notation which will be used consistently throughout the course: u is the continuous
function that is the solution of a differential equation, U, will usually be a set of
discrete values that are intended to approximate u at certain times ¢,, and u,, = u(t,)
are discrete values of the correct solution at the discrete times. This means we have
two discrete sets, {t,}, and {U,}, although if the time points are uniform, the first
set is trivial.

When dealing with sets of discrete elements we can a process that can be repeatedly
applied to elements in turn as an operator, for example, a forward difference operator
might be written

AU =Upsr — Uy, n=0,1,2,---,

and A, is an operator on the diescrete set (often the brackets [| are left out). It is
possible to develop an algebra for operators, see particularly Iserles book if interested.
While it may not be immediately obvious why, consider a discrete operator N which

defines the combination of values:

—Un+1 + 3un - 2un—1

Nlu,] = 1.18
] = (1.18)
If we suppose that At is small and use Taylor expansions
!/ Atz "
U1 = U(tpr1) = ult, + At) =~ u(t,) + Atu'(t,) + —u (tn) +... (1.19)
! AtQ "
Up—1 = u(tp_1) = u(t, — At) =~ wu(t,) — Atu'(t,) + —u (tn)+ ... (1.20)
then
—uy, + 3u, — 2u, + Atu!, — SALY + ...
Nlu,] = n2 n 1.21
o] = , (1.21)
and so
!/ 3 n
Nlu,] = wu, — éAtun +..., (1.22)



where we have simplified the notation beyond just w,, = u(t,) by having u/, = u'(¢,),
again, notation that we will use consistently throughout the course.

However, what (1.22) shows is that we can regard N as an approximation to the
derivative v/, since clearly

uw, = Nlu,] + ;Atu” . (1.23)

n n
and so we might expect for small At that
u, =~ Nluy,), (1.24)
or that if we wished to approximate the solution of

u' = f,

then we could use U U 49U
n+1 = n n—1
= tn ;
N f(ta)

to generate approximate solutions that would become more accurate as At became
smaller.

However, when the equation we are trying to integrate is just u’ = 0, consider values
U, satisfying N[U,] = 0, or equivalently,

Upir = 3U, — 2U,_. (1.25)

This should be an iteration that can be used to successively calculate an approxima-
tion for the values u,1, n =1,2,3,... that all satisfy U,, = uo.

We will see later that this is an example of a multistep iteration where we need two
starting values, Uy and U; in order to apply the first iteration to calculate Uy, and
then we can calculate Us, ... successively.

In the matlab demo, I have taken Uy = 1 and U; = 1+e7'?, a little more than machine
precision might have. The result is a sequence of vlaues that grow exponentially, see
figure 1.

We know that Uy = 1 is the correct initial value. Suppose the initial value Uy = 1+ ¢
so we have some small error of € only in U; and exact value for Uj. Then applying
this recursion manually:

Uy = 143 (1.26)
Uy = 147, (1.27)
Uy = 1+ 15c (1.28)
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Figure 1: Result of applying iteration U, o = 3U, 1 — 2U, with Uy = 1 and U; =
1.000000000000001.

The general solution of the difference scheme (1.25) for the starting values Uy = 1,
Uy =1+e€,is U, = 1+ (2" —1)e and the values we will calculate diverge exponentially
with the number of steps, since 2" = e™1°82. So this very trivial model problem shows
that numerical algorithms can go wrong and if they do, it is likely that divergence will
be exponential in the number of steps, and so have an observable effect after relatively
few calculations. In the matlab example, the computation has an error e = 1071 in
U, and the iteration should be noticably diverging from the correct value u,, = 1 by
an order one value after say m iterations, where 2™ x 10715 ~ 1, or m ~ 21 iterations.
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Lecture 2

6. Picard’s Theorem

Returning to the general problem but with a single dependent variable, we will sup-
pose that the dependent variable u(t) is the exact solution of a differential system:

N(t,u) =4 — f(t,u) =0, t >0, (2.1)

together with appropriate initial condition u(0) = ug. We can assume without loss
of generality that the initial value is at ¢ = 0. Later when we deal with partial
differential equations both initial and boundary values will be needed but we will still
assume the time dependent variable starts at ¢t = 0.

The existence of, or uniqueness for, solutions of differential systems is a major field
in itself and outside the material of this course. In the main, we will assume that
a solution exists in the region of computation but just be aware that this can be a
dangerous assumption. There is one result though which is important enough that
the statement of the theorem should be known and understood.

Theorem: Picard. Suppose that f(t,u) is a continuous function of t and u in a
region = [0,T) X [ug — a, ug + ] of the (t,u) plane and that there exists L > 0 such
that

|f(t,u) — f(t,v)] < Llu—wv| Vtu,vell (2.2)

In this expression L is called a Lipschitz constant and f is said to satisfy a Lipschitz
condition with respect to the second argument. Suppose also that

MT <a, (2.3)

where M = maxq |f|.

Then there ezists a unique continuously differentiable function u(t) defined on [0,T)
satisfying

du
il fltu), 0<t<T (2.4)
w(0) = up. (2.5)

7. Lipschitz conditions

As well as understanding the importance of Picard’s theorem in giving conditions
for a unique solution to exist, you should understand what this theorem does not
guarantee.

11



Consider this example:

u = u? u(0) = up. (2.6)
Provided |u| < « then the function f(u) = u? will satisfy a Lipschitz condition
|[f(u) = fv)| < 2alu =], (2.7)

so it might be tempting to say, that Picard’s theorem will guarantee a solution. We

need to be careful. If we look at the theorem, then for this case M = a? so the

condition MT < « is really T' < 1/cv. If we look at the analytic solution for uy > 0,
U

ult) =1

this exhibits finite time blow up a ¢t = 1/ug and Picard’s theorem tells us only that
for any starting value, there will be an interval where a solution will exist but even
though we can find a Lipschitz condition for the function f, we are not guaranteed a
solution u for all times. Solutions to equation (2.6) are shown in figure 2.

Solution of u’=u? for varying u(0)
25 T T T

2 2.5 3 35 4
t

Figure 2: Solutions of the equation u' = u? for various initial values showing approach
to finite time blow up.

Quite simple functions can fail to satisfy a Lipschitz condition. Let

fw) = va 2.8)
on [a, 1] for a > 0 where in Figure 3 is shown both f and the tangent line through
(a,Va) X

) = v+ 5=

(u—a).

We have
flu) = fla) = Vu—+a (2.9)
< Vit go(u—a) - va (2.10)
< L w-a (2.11)

2Va
12



—f=u /
- — —y=Va+(u-a)/(2Va) -

u

Figure 3: The function f(u) = y/u which does not satisfy a Lipschitz condition on
[0,1].

Taking absolute values gives

|f(u) = fla)] < ﬁlu—aﬂ (2.12)

and ﬁa diverges as @ — 0 so f is not Lipschitz on [0, 1].

However, it is clear that for ug > 0, v/ = y/u will have a solution u(t) = (y/ug + 3t)
which satisfies u(0) = ug for all £ > 0 .

Thus we can find systems where a Lipschitz condition does not guarantee a solution
and systems where there may not be a Lipschitz condition but a solution still exists,
but nevertheless, applying a Lipschitz condition in analysis is hugely important and
you need to be able to recognise when such conditions can help with analysis, here
often when looking into errors of numerical schemes.

One step methods

A major family of solvers for ODEs are classed as one-step methods where, given
data for one time t = t,,, the objective is to determine values at a subsequent time

13



t = t,y1. This may result in an algorithm which involves a number of sub-steps
within the interval [t,,t,.1] but there is no supposition that we know or use any
details of the solution prior to t = t,, and in principle, no assumption that the values
to,t1,...,tn, tha1 are evenly spaced, and as we shall see later, part of the power of
one step methods is that the step length can be varied depending on whether the
solution is varying rapidly (and so needs to have short step lengths) or slowly (and so
can have longer step lengths) in order to maintain a relatively constant error bound.

We will develop the theory of one-step methods in two parts, first by looking at
the method of Euler and some of the associated ideas, particularly for notation, and
second, looking at a general framework for one-step methods.

Explicit Euler method for an ODE

We use a standard notation that the continuous system is

d
Ntu,) = é‘ — f(t,u) = 0. (2.13)
As already pointed out, while we will take u(t) to be a single real function, we also

note that in principle we could have u € R* for some integer k > 1. Since

du u(t + At) — u(t)
— 2.14
dt|, ~ a0 At ! (2.14)
and with ¢ = t,, = nAt,
du u(t, + At) —u(ty,)
— . 2.15
dt |, At (2.15)

(i) Explicit Euler: algorithm

Define u,, = u(t,) and let U, be our approximation to w,. Then using the simple
definition of a derivative, we can approximate the continuous system N by a discrete
system N where

N(tn,Up,Upir) = % — f(ta,Uy) = 0, (2.16)
and the initial condition u(0) = g gives
UO = Up. (217)

Then (2.16) provides an algorithm, called Explicit Euler:
Upin = U+ Atf(t,,U,), n=0,1,2,3,.... (2.18)

14



Note that the indexing we will normally use is that we have an approximate solution
at t = t, and the discrete scheme or the algorithm provides an approximation at
t = t, 11, however, when we come to analyse the scheme for accuracy, stability and so
on, we will generally apply that at index n.

(ii) Explicit Euler: Matlab implementation

The one step explicit Euler algorithm is very easy to implement, you need to remember
that matlab vectors start with index 1, so that if we let U(1) = ug, the fragment of
code to carry out N steps, each of size dt will be

U(1)=U0;
t(1)=0;
for n=1:N,
t(n+1)=t(n)+dt;
U(n+1)=U(n)+dt*f (n*xdt,U(n));
end

and the values at ¢(1),--- ,¢(N + 1) will be in U(1),--- ,U(N +1).

This data can now be graphed. Formally, we have a discrete set of data values,
(tn,U,), n=1... N+1, however, conventionally this is graphed as a series of striaght
line segments between the discrete data:

plot(t,U)

set(gca, ’FONTSIZE’,18)
xlabel(’Time’,’FONTSIZE’,18)
ylable(’U’,’FONTSIZE’,18)

In this set of statements line 1 plots the data, line 2 sets the current axes (gca means
get-current-axis) fontsize to be 18 point, and then lines 3 & 4 label the axes. Please
do keep in mind that fonts may need to be larger than default size if they are to be
easily readable, particularly if the graph is exported and will then be reduced in size
in a document

(iii) Explicit Euler: truncation error

Having set the discrete approximation, (2.16), it is natural to ask how well the discrete
system approximates the continuous system. Throughout this course the truncation
error is defined as the residual when the true values for u(t) are inserted into the

15



discrete operator N, that is

Ty = N(tn, Un, Upi1). (2.19)
So in this case
Up+1 — Up
T, = ——— — f(th, upn), 2.20
Ll w) (2.20)

and using a Taylor expansion for u, 1,
1
Unp+1 = Un + Atu,n + §At2u//(£)7 E € (tna tn-l—l)v (221)
we calculate
1 "
T, = §Atu (€), (2.22)

so that provided u” is bounded, T,, = O(At) as At — 0, that is the scheme N is a
first order approximation to A for small time steps.

In some places you may find a local truncation error defined for the algorithm assuming
that the true value u,, is used to determine the approximation over one step, denoted

U,+1 here. For the Euler scheme this gives

Upi1 =ty + Atf(tn, un), (2.23)

and a local truncation error, denoted T, here,

1
Ty = tuns1 — Ups1 = U1 — Uy — Atf(tn, uy) = §At2u”(§). (2.24)

As a generalisation for our continuous system, the local truncation error (which is an
error in the approximation of u and not an error in approximation of the differential
equation) will be one order higher than the discrete system truncation error (which
is an error in approximating A by N). If there is a local truncation error O(At?*)
and this error occurs for n steps, the solution error after n steps will be O(nAtP*1)
and letting nAt — t as At — 0 then the error in u(t) will be O(At?). So the explicit
Euler system has a second order local truncation error but as we shall see later when
we relate the error,

en = U, — Up, (2.25)
to the truncation error T,,, explicit Euler is a first order scheme for calculating u(?).

To repeat: it is important to distinguish the discrete system (2.16) from the algorithm
(2.18). To calculate the truncation error in the sense used here, you should use the
discrete system, (2.16), and not the algorithm, (2.18), and you should distinguish this
system truncation error from the local truncation error in the approximation.

16



An alternative derivation of the explicit Euler algorithm comes from integrating the
equation over [t,, tyi1],

wtner) = ulty)+ /t " b, u(s)) ds. (2.26)

The integral in this expression could be approximated by

tn+l
/ f(s,u(s))ds =~ Atf(t,, uy,). (2.27)
tn
This does leave a problem in that we do not know w,, only U,, and replacing both
Uy and u,,1 with approximations U,, U, we get
Un+1 == Un + Atf(tna Un)v n= 17 27 37 teey (228)

which in this case is the same as that obtained by discretising the derivative directly.

It is important to appreciate that there are two approximations being made: one is
in discretising the derivative or integral, depending on how the continuous system is
set out, but there is a second approximation in calculating f with an approximate
value U,, and not the correct value u,. As a general notational point, we will later
use f, for f(t,,u,) and F, for f(t,,U,) although for the moment we will for clarity
continue with the longer form.

It is also reasonable to ask why we focus here on the differential form of the continuous
system when the integral form is equally correct, and indeed it is possible to write
the differential system as an integral system by redefining N by

t
N(t,u) =u(t) —uy — / f(s,u(s))ds = 0. (2.29)
0
However, a discrete version of this integral form N at ¢, will likely involve all the

previous calculated values U,,, U,,_1, . . ., U, and the complexity of analysing this leads
to focus on the one step integral form

lnt1
st = tn + / f(s,u(s))ds, (2.30)
t'".

with associated local truncation error analysis and global truncation error analysis of
this equation.

(iv) Explicit Euler: systems

When we have a higher order system, for example

u" = ftu,u) (2.31)
w(0) = wuo (2.32)
u'(0) = wy, (2.33)

17



we re-write it as a set of first order equations

o= v(0) = uy

so that

and defining vectors

we have

% — f(tu), u(0) = {“O]

and the Explicit Euler method would be
U, = U, + Atf(t,, U,).
In terms of the scalar components, for (2.31)-(2.33),

Un+1 - Un + Atvnv
Vos1 Vo + Atf(tn, Un, V).

In summary. the general notation which will be used in this course is:

du
Continuous system { N(tu) = — = flt,u) =

dt
u(0) = wup
Un - Un
N(tna Una Un+1) = L - f(
Discrete system with & =nAt. n=20.1.2....

U(]:’LLO
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(2.37)

(2.42)

(2.43)



Lecture 3

(v) Explicit Euler: Error
Define two errors:

e solution error ¢, = u,, — U,

e truncation error T,, = N(t,, Uy, Up+1)

You should appreciate that as U, and U, satisfy N(t,,U,,U,+1) = 0, and are
approximations for w, and w, 1, the truncation error T,, = N(t,, Up, ty11) Will not
be zero. However, the dependence of T,, on At will show how well the discrete system
approximates the continuous differential system. An important goal is to relate e,
to T, since we can usually estimate 7,, using Taylor series and so a bound on T,, can

lead to a bound on e,,.

As just set out, for the explicit Euler method

T, = N(tnaunaun-i-l) = “n%zun _f(t?“wun)

but
1
Uppr = Uy + At (t,) + 5At2u”(§n),

for some &, € (t,,t,.1) and so

uy, + At (t,) + %At%”(fn) — Uy,

T, = —

and using v/ (t,) = f(tn, un)
T, = %Atu"(fn).
Provided u” can be bounded, say ||u”||. < M for some M, we have
T < %AtM.
When |T,,| = O(At?) as At — 0 we call the method order p.

We can look at errors by subtracting the two equations:

Un+1 — Up

- A tn, n = Tna
Lty )

Un+1 -U

At _f(tn7Un) = 07

19
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so that

S = [l ua) = f(t0, U] = T (38)
If we rearrange this
eni1 = en+At[f(tn,un) — f(tn, Un)] + AT, (3.9)
and now assume that f satisfies a Lipschitz condition with constant L then
lent1] < len| + AtL|u, — U,| + At|T,] (3.10)
or
lens1] < (1+ AtL)|en| + At|T,]. (3.11)

Let T = max, |T,| and AtL = p, then

T
lenn] < (L4 p)leal +np (3.12)

It is then be shown by induction (exercise) that

T
leal = (L4 p)"leo] + [(1+p)" = 1] (3.13)
and using 1 4+ p < e#, for p > 0
T
len] < e™legl + [e™ — 1] T (3.14)
1M
< efrleg| + [eM —1] 5T A (3.15)

Hence, provided ey = 0 then as ¢, — t, At — 0, n — oo we should have |e,| — 0
linearly as At — 0 and so in terms of the time step used, explicit Euler has first order
truncation error and gives a first order accurate solution.

Summary

e Continuous system u(t) : N(¢t,u) = 0 for ¢t > 0 with u(0) = wy,

e Discrete system {U,} : N(t,,Un, Upy1) = 0 for n = 0,... with initial data U
given,

e Error in solution e, = u,, — U, (where u,, = u(t,))
e Truncation error T,, = N (t,,, U, Un+1)
e The scheme is order p provided T,, = O(At?) as At — 0,

e [f we can bound e, using T, then provided 7T,, — 0 we will have e, — 0 as
At — 0,

e The discrete system is a consistent approximation to the continuous system
provided T;, — 0 as At — 0.
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More on One step methods

In trying to improve on the simple explicit Euler method we can start by considering
the integral form of the solution

Upi1 = un+/tn+1f(s,u(s))ds. (3.16)

Denote g(s) = f(s,u(s)). As a general problem, if we want to estimate f:”“ g(s)ds,
there are many quadrature methods which might be used.

In explicit Euler we used

tn+1
/ g(s)ds =~ Atg(t,), (3.17)
tn

and approximated ¢(t,) = f(tn,un) by g(t,) = f(tn,U,). We know from the mean
value theorem that there is one value t* € [t,,, t,+1] such that

/t " ys)ds = Atg(t) (3.18)

but we don’t know t*, and even if we did, we could not evaluate g(t*) = f(t*, u(t*))
without also knowing u(t*). However, this does suggest that we might be able to
‘sample’ g at one or more points in the interval [t,, t,+1] in order to better approximate
an integral over the interval. However, since we start with only the value U,, if we
are to sample the function g at other time points, we need to set out how we will
approximte the function u at these points in order to evaluate g = f (¢, u)

(i) Theta-method: algorithm

One method, called sometimes a theta-method uses a weighted average of two values
evaluated at either end of the interval to give a quadrature formula

/t T gs)ds ~ AL — 0)g(t) + Og(tai)] (3.19)

and inserting approximate values for u, gives a discrete system:

U1 — Uy,

N(tm tn+17 Una Un-i—l) = -HT - [(1 - g)f(tnv Un) + gf(tn-i-b UTL-‘rlH = qBQO)
The case § = 1/2 is of course the trapezoidal rule. Also as soon as # > 0 we no longer
have a simple explicit formula for U,,; as the value also appears as an argmuent in
the funtion f. Such schemes have the general label of being implicit.
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For the ODE this gives a discrete implicit algorithm:
Upsr = Up+At[(1=0)f(tn,Un) +0f(tus1,Uns1)] n=0,1,2,.... (3.21)

To repeat, the algorithm is implicit because the value U,, ;1 appears inside the function
f on the RHS of this equation. As already noted, we distinguish the discrete system
(3.20) from the algorithm (3.21) that would be programmed in order to compute an
approximate solution. In this implicit theta-method, because U,,; appears on the
right-hand-side inside the function f, U, is determined by

Unt1 — eAtf(tn-‘rh Un-‘rl) = Un+ (1 - Q)Atf(tn> Un) n=0,1,2.... (322)

This nonlinear equation for U,,; would need to be solved by some iterative method
such as Newton iteration, fixed point iteration or interval halving iteration at each
time step.

The implicit scheme with 8 = % is

1
Un+1 = Un + §At [f(tna Un) + f(tn+17 Un+1)] ) (323)

and is the same as using the trapezoidal rule for approximating the integral over
(tTl?thrl)'

(ii) Theta-method: error

A generalisation of the error analysis used for the explicit Euler method to this implicit
form gives

At

1
len] < e%]egl + — {‘

1 tn
=415 9‘ M+ gmuu"'um} [elfem - 1} . (3.24)

The value § = 1 is a special case where the second term is O(A#?).

Semi-implicit framework: modified & improved Euler

In order to avoid having to solve a nonlinear iteration in an implicit scheme every
time step there are semi-implicit methods that rely on using an estimate for the
unknown value U, to approximate f(t,41,U,+1). A simple example is to first make
an estimate for U, with

Uty = U, + Atf(L,,U,) (3.25)

and then use this estimate, U, in the function f:
1
Unsr = Un+ 54 [f(tn,Un) + f(tns1, U y))] (3.26)
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(See example on problem sheet.) This is called improved Euler. There is also a second
form commonly used

. 1
nt12 = Un+ §Atf(tn, Uy) (3.27)
Up1 = Up+ Atf(tpga)2, U:L+1/2)- (3.28)

This is sometimes called modified Euler.

General one step methods

We can look at one step methods in a general framework by observing that both the
improved Euler algorithm

Unit = Unt 58t U) + fltass, Un + Atf U))]. (3:29)
and the modified Euler algorithm
Usis = Unk Af(tut GAL U+ LA (1, U), (3.30)
can be written in the form

Uppi = U, + Atd(t,, Uy At), (3.31)

where @ is continuous in its variables. A little algebra will show that provided &
satisfies a Lipschitz condition with constant L with respect to its second argument

|D(t, u; At) — O(t,v; At)| < Llu—v|, (3.32)

then our previous analysis still holds. We first note that the algorithmic form of
discretisation, (3.31), corresponds to the discrete scheme:

Un - Un
N(tn,Up, Upir) = —“At — ®(t,, Up; At) = 0, (3.33)
so that the truncation error is
Up41 — Unp
T, = ———— — O(t,, u,; At). 3.34
L (1, s A1) (331

Let T'= max, |T,|, then as before

T
len] < efnleg| + (eLt" —1) I (3.35)

We also see from (3.34) that in the limit At — 0 and ¢, — ¢ the right-hand-side
becomes

lim 7, = u —®(t,u;0) (3.36)
At—0
n—oo

nAt—t

so that consistency (7,, — 0 as At — 0) requires that
O(t,u;0) = f(t,u). (3.37)
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Theorem: Convergence. Under the conditions assumed for f and ® we have

len| = Jun — Uyl = 0 as At — 0, nAt — ¢ (3.38)
and U,, — u(t).
Proof. Write
un+1 — Up
T, = LU g At .
A7 (tn,u ) (3.39)
- % — by twn) + [® (s wn; 0) — D(tn, tn; At)] (3.40)
but
un+1 — Up /
B e 3.41
g (3.41)

for some £ € (ty,tny1) and hence

Up+1 — U

o ftw) = () /(1) (342)

and as v’ is uniformly continuous with respect to ¢, for any ¢ > 0, 3At;, such that
At <Aty = [u/(€) —u/(t,)| <e

As ® is continuous with respect to its arguments, Aty such that

At < Aty = |D(ty, un; 0) — O(tn, un; At)] <€ (3.43)
and hence
At < min(Aty, Aty) = |T,,| < 2¢ (3.44)
so that
At < min(At, Aty) —> |en] < (P — 1)% (3.45)
provided |eg| = 0.
Write
u(t) = Un| < fult) = ul(tn)] + [ults) — Ul (3.46)

€n

so as t, — t and as w is continuous, IN, Atz such that n > N, At < At; —
|u(t) — u(t,)| < e and hence for At < min(Aty, Aty, Atz),n > N

2
) = Ual < e+ (=D

where T' = max{t}. Hence |u(t) — U,| — 0 as At — 0, nAt — t. O

(3.47)
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Lecture 4

Explicit Runge—Kutta Methods

We can view the one step function ® as ‘sampling’ the derivative function f at a
number of points in the interval [t,, t,1] although of course such ‘samples’ are always
taken at values of u which are only approximations to the correct values. However, if
we do this systematically, and use Taylor expansions we can derive families of methods
with higher order of accuracy.

Denote a Runge—Kutta R stage method where R = 2,3, ... as one where we ‘sample’
the derivative f(t,u) at R points in [t,u] space with ¢ in the interval [t,,¢,1] with
the intention of making the truncation error is as high order in At a possible. Here
we will focus on explicit methods where the function f(¢,u) is always evaluated at
known values of both arguments. There are implicit Ruge-Kutta methods where the
value of the second argument is not known and some form of iterative solution is
necessary within each time step, see for example the more general scheme described
in Siili & Mayers.

Assume that the function f is ‘sampled’ at R points t,, t, + a2At, ..., t, +arAt and
let

R
@(tn7Un,At) = Clkl +02]€2+ ...CRICR = ZCT]CT, (41)
r=1
where
]{22 = f(tn + agAt, Un + b271A'H€1), (43)
]413 = f(tn + agAt, Un + bg’lAtkl + bngtk’g), (44)
with general term:
r—1
ke = ftn+ @ AL U + ALY bk, r=2,...,R. (4.5)
s=1
Let also
Ay = bg’l, (46)
az = bg1+ b3y, (4.7)
ay = byy+byo+ s, (4.8)
with general term:
r—1
a, = me r=2,...,R (4.9)
s=1



We want to determine the coefficients b, for r =2,... , Rand s =1,...,7 — 1 and
the constants a, so that the scheme is consistent and has truncation error of order

O(AtR).

One compact way of displaying the various coefficents is called a Butcher table, which
for the way we have formulated the system, is, for say R = 4:

0 1

a2 b2,1

as b3,1 53,2

2 b4,1 54,2 b4,3

| C1 Co C3 Cq

(i) Consistency

As we saw previously in (3.33), the truncation error here is

R

O(ty, Up; At) = % N ek, (4.10)

Un+1 - Un .

1,
At

r=1

where the k, are evaluated with the correct function values of u. To simplify notation,
for r =2,3,..., denote 3, = z;;} by sks and f,, = f(tn,u,) so that

~

ki = f, (4.11)
ke = f(tn+ arAtu, + B,AL), r=2,... . R. (4.12)

Expand in time to get

ke = f(tn,un + BAL) + arN%{(tm Un + rA) +

QAP 5 f
2 o2

(tna Up + BrAt) {}413)

Now expand in u to get

PF| | BAP O

b o= futBA %‘n+ 632A!t2 52| e g (4.14)
+a, At Z—JZ + a, 8, At ; 251; ) a.f ;A r af;{L 7| (4.15)
a3§t2 % ) agﬁ;m?’ 8(3§§u ) +...,  (4.16)
so that
ky = fn+At{ﬁTg—£+aT%}+At2{...}+At3{...}, r=2,...,R (4.17)

26



Next add up the k, and collect powers of At. We need to use

u, = fo = f(t,u)l, (4.18)
R (/4

and so on, with algebra becoming increasingly intricate as R increases. One general
observation is that, as k, = f, + O(At), r = 2,3,..., when substituted into the
truncation error

R
Up41 — Up
T, = . 4.2
R
= u), +O(At) — (Z cr> fa + O(AD), (4.21)
r=1

so that

T, = [1— (Z cr>]u/n + O(At), (4.22)

for consistency.

(ii) R = 2 two stage Runge Kutta

It is a class exercise to show that when R = 2, the truncation error T ~ O(At?)
provided

o = bgyl, (423)

c1+C = 1, (424)
1

b27102 = 5 (425)

This creates a one parameter family of methods, all of which are formally second
order in At. We shall see later that this does not mean that all are usable. If we
want the ‘sampling’ to be within the interval [t,,¢,.1] we need to choose ay to be in
(0,1]. To simplify notation, let ay = a for 0 < a < 1, then

a = a, (4.26)
1
- 4.2
2 20 ( 7)
200 — 1
= ) 4.2
“ 20 (4.28)
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This gives a one parameter family of methods, for 0 < o < 1:

ko= f(tn, Un)
kQ = f(tn+OéAt,Un+OéAtk1)

At
Un+1 = Un+%{(2a—1)k1+kﬁ2}

Special Cases When a = 1 we have improved Euler:

k]. = f(t’rh Un)
ke = f(tn+ At U, + Atky)

At
U1 = Up+ 7(k1 + ka).

The Butcher table for this scheme is

When o = % we have modified Euler:

k]. = f(tnp Un)
1 1
ky = f (tn + §At7 Un + §Atk1>
Upsr = U, + Atks.

The Butcher table for this scheme is

o= O
Opol=

(iii) R = 3 three stage Runge Kutta

Upi1 = Un+ At(crky + coka + c3ks).

The consistency condition is

cotcteg =1
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(4.29)
(4.30)

(4.31)

(4.32)
(4.33)

(4.34)

(4.35)
(4.36)
(4.37)

(4.38)

(4.39)



and T,, ~ O(At?) forces

1

Coba1 +c3(bgy +b32) = 3 (4.40)
1

b3 + cs(bsy 4 bs2)® = 3 (4.41)
1

c3baibsy = 5 (4.42)

The gives a two parameter family of solutions although the popularity of fourth order
and the simplicity of second order Runge-Kutta means that third order schemes are
not often used. One standard third order Runge Kutta scheme is:

Upsr = U, + éAt(kl + 4ky + k) (4.43)
ke = f(ta,Un) (4.44)
by = flta+ %At, U, + %Atkl) (4.45)
by = f(ta+ At U, — Atk + 2Ath) (4.46)

The Butcher table for this scheme is

o= O

O = N =
winy D
O

In the case where f is independent of u, f = f(¢), this is of course just a variant of
Simpson’s Rule.

(iv) R =4 fourth order Runge Kutta

The algebra becomes increasingly tedious as R increases, for R = 4 details can be
found in many text books and a widely used and powerful case of a fourth order
method is

1

U1 = U, + gAt {k1 + 2kg + 2k3 + k4} (4.47)
ki = f(tn, Uy) (4.48)

1 1
ke = f(tn+ EM’ U, + §Atk1) (4.49)

1 1
ks = f(t,+ EAt’ U, + §Atk2) (4.50)
ky = f(t,+ At U, + Atks). (4.51)

The Butcher table for this scheme is
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o= O

N O ONI= =
wiH O NI

W =t

[l

Runge-Kutta methods are very straight forward to implement and as we shall see
next, very easy to adapt to the behaviour of the solution.
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Lecture 5

(v) Adaptive step length for Runge Kutta

One step methods can easily be modified to vary the step length At as the function u
varies in order to account for how rapidly or slowly the solution « is varying with time.
There are a number of commonly used adaptive schemes, the underlying principle is
to use knowledge of how the error depends on At to help estimate whether the error
may be increasing beyond some pre-set tolerance (and so smaller time steps should
be used), or whether errors are sufficiently below a tolerance that the step size can
be increased.

As an example of one adaptive method, consider the Runge-Kutta fourth order
method given above, (4.47)-(4.51), denoted RK4. The background theory is that
when using RK4 there will be some constants K, K5, K3, such that

Trunction error T, ~ K (At)*u® (5.1)
Local error [en] ~ KyAt|T,| .
SO 2, ~ Ks(At)>ul®. (5.3)

Suppose we are at t, and want to use a step At,

1. apply RK4 over step At,, to get value U, where

(At,) u™

S+ O(A) (5.4)

Ua = Upy1 +

2. apply RK4 twice over step At, /2 to get value U,

9(Atn)5,,(v)
U = Upp+ % + O(At) (5.5)
Then
15 u®
e — At,)°. .
Us — Up 16 5l (At,) (5.6)

Suppose we had used an alternative step At, for which this difference would exactly
be a pre-set tolerance, that is

15u)
tol = ——(At,)". :
olerance T (At,,) (5.7)

Thus we can remove the unknown fifth-derivative of v by dividing these expressions

& ° B tolerance
At,) U -U,°

(5.8)
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or

Al tolerance 1/5At (5.9)
n — Ua — Ub n .

and this gives an algorithm for adapting the step length: if (5.9) gives a step length
which is less than At,,, then we repeat the step from t,, with the reduced step length,
if (5.9) gives an increased step length, we use that step as At,y; and the value
Uni1 = Uy at t, 1. Of course we have to do more work each step since we effectively
apply RK4 three times.

Algorithm: User provides start time, end time, tolerance.

1. Set TOL=tolerance
2. Set tq as start time, Aty as first step length and n =0
3. while t,, < end time

(a) apply RK4 with step At,, to determine U, and twice with step At,/2 to
calculate U,

(b) if |U, — U,| >TOL, step fails, set

1/5
TOL
At, = <m> At, (5.10)

and go back to (a). (This reduces the step and repeats.)
else |U, — U,| <TOL, set

1/5
Atpp1 = (lUL_LUb’> At, (5.11)
Un+1 = Uy
tn+1 = t,+ Atn
n = n+l

(this increases the step length for next step).

end while

As we have been dealing with local error the lengthening of step can be misleading,
the global error has order (At)?* so in (5.11) above we can use as an alternative

o\ Y4
Aty = ([———) At 5.12
i (|L@ _'L%|> ( )
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This is more robust in practice. It is also good practice to set some minimum step
length and to alert a user if the predicted step length becomes too small, usually
stopping the integration from continuing. We will look at implementing this adaptive
algorithm in the routine rk4a.m.

The adaptation method above is only one of a number that are widely used. Another
strategy is to use the flexibility inherent in Runge-Kutta families of solutions to
produce increments with different order of magnitude but using the same time points
within the step from ¢, to £,,1 and then to use the difference between the estimates
to control step length.

In the matlab ode23 family, a second and a third order method is used. The Butcher
table is modified slightly so as to have two rows at the bottom showing coefficents for
the two different order estimates of the increment. The Butcher table is:

0 1

1/2 1/2

3/4 0 3/4

1 2/9  3/9  4/9

2/9  3/9  4/9
1172 30/72 40/72 —9/72

For this routine, a second order estimate for the update is
At
U,=U(n)+ ?(2/471 + 3k + 4k3),

and this value is used to evaluate k; at time ¢,, + At, and then a third order estimate
for the update is

At
Uy=U,+ 5(11/%:1 + 30ky + 40k3 — 9ky).

With these two estimates, one might crudely say U, = u,, + O(At?) and Uy, = u,, so
that the difference U, — U, can be used as a measure of accuracy and by introducing
a tolerance, the step length reduced if the difference is too large or increased if the
difference is smaller than the tolerance. This is illustrated in the course matlab routine
rk23a.m and is the basis of the ode23 family of routines in matlab.

The same idea can be applied using a fourth and fifth order comparison, this is used
for ode45 in matlab. It is based on a method by Dormand and Prince. In this case
there are seven calculations to estimate the tangent, f, and the Butcher table is:
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0 1
1/5 1/5

3/10 3/40 9/40

4/5 44/45 —56/15 32/9

8/9 19372/6561  —25360/2187  64448/6561 —212/729

1 9017/3168 —355/33  46732/5247 49/176 —5103/18656

1 35/384 0 500/1113  125/192 —2187/6784 11/84

cr 35/384 0 500/1113  125/192 —2187/6784 11/84 0
dr 5179/57600 0 7571/16695  393/640 —92097/339200 187/2100 1/40

As with the 2-3 method, we calculate a fourth order estimate,
U, =U, 4+ At(cy x ky + cox ko + c3x k3 + ¢y % ky + c5 % ks + ¢ * k),
and a fifth order estimate
Up=Up,+ At(dy * ki + do x ko + d3 * k3 + dy * kg + ds * ks + dg * k¢ + d7 * k7),

and use the difference U, — U, as an indicator of the error in the step, again repeating
the step with a decreased step size if this difference is greater than some pre-set
tolerance, and increasing the next time step length if the difference is less that the
tolerance. One way of doing this is shown in the course routine rk45a.m but it is also
the basis for ode45 in matlab.

Semi-implicit methods: Predictor-Corrector

All implicit methods will in principle require solution of a non-linear equation (or
system) at each time step. A version of Newton iteration can be used so that within
the time stepping sequence, there is another iteration that provides convergence of
the Newton iteration. A drawback with Newton iteration is that the derivative (or for
a system, the Jacobian) of the function f is required, this may be known analytically
or it may be approximated numerically but this can be a significant problem. Alter-
native methods for implicit schemes, which are a variant on fixed point methods, and
which do not require evaluation of a derviative or Jacobian matrix are often labelled
predictor-corrector or semi-implicit schemes These usually combine an explicit ‘pre-
dictor’ step with a semi-implicit iteration even if the latter is only one step and not
taken to convergence.

As an example of this idea, consider a fully implicit Euler method
Un+1 - Un + Atf(tn+1, Un+1)7 (513)

where U, is the computed value at t,,. Then an explicit predictor for the value U,
is

UY = U+ Atf(t,,Uy), (5.14)
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and this allows a corrector step which uses this value in the implicit formula,
Upsr = Un+ Atf(tnir, UY). (5.15)

Alternately, the predictor step can be used to give an initial value for a fixed point
iteration where iterates are successively calculated by

UMY — U+ Atf (e, UR) k=0,1,2,..., (5.16)

n n

until |UT(LT{1) = U,(lli)ll is less than a predefined tolerance.

Another fixed point iteration might be based on Improved Euler (or the trapezoidal
rule), so that

1
UKD = Ut 508 [fta Un) + Ftusn US| k=012, (5.07)
again, until |UT(LT11) - Ugi)l\ is less than a predefined tolerance.

Example: Van der Pol oscillator

A Van der Pol oscillator is an example of a second order system, essentially an oscil-
lator with non-linear damping, which with no forcing is described by

v +au®—1)u' +u = 0 (5.18)
uw(0) = wuo, (5.19)
u'(0) = wo, (5.20)

or as a second order system

u o= v, u(0) = wuo, (5.21)
v’ —u—a(u® —1)v, v(0) = v (5.22)

This is a modification of the simple spring and mass we considered at the start of
this lecture, reducing to the same equations when o = 0 and like that system, has a
limit cycle behaviour in (u,v) space. In the matlab code vanderpol.m we use three
algorithms, explicit Euler, improved Euler and implicit Euler using a predictor step
to give an initial value for a fixed point iteration. In each case we use the initial
conditions ug = 2, vy = 0.

If we set a = 0, then a computed solution is illustrated in Figure 4 where as should be
expected now, the explicit scheme results in a growing solution, the implicit scheme
decays and while Improved Euler appears to conserve the solution correctly, it also
has a discrete solution where u? + v? is increasing very slowly.

Setting o > 0 brings in the non-linear term, example calculations for a = 2 with
the same time step, At = 0.01 are shown in Figure 5 where both first order explicit
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Figure 4: Numerical solution of Van der Pol system when a = 0, At = 0.01. (a) Plot
of U versus t: (- - -) Explicit Euler, (—) Improved Euler, (- . -) Implicit Euler. (b)
Plot of V' versus U for Improved Euler

—2F ]

=3r 4

0 10 20 30 40 -3 -2 -1 0
t 8]

(a) (b)

Figure 5: Numerical solution of Van der Pol system when a = 2, At = 0.01. (a) Plot
of U versus t: (- - -) Explicit Euler, (—) Improved Euler, (- . -) Implicit Euler. (b)
Plot of V' versus U for Improved Euler

and implicit Euler are poor, one showing a cycle growing in amplitude and with an
increasing period (explicit Euler) and one decreasing in amplitude and with decreasing
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-3 . . . 4

Figure 6: Numerical solution of Van der Pol system when o« = 0, At = 0.001. (a)
Plot of U versus t: (- - -) Explicit Euler, (—) Improved Euler, (- . -) Implicit Euler.
(b) Plot of V' versus U for Improved Euler

period (implicit Euler). In part (b) of the figure the phase plot of Improved Euler
shows that periodicity is being preserved by the method.

Of course, one can improve the performance of a first order scheme by decreasing the
time step, and in Figure 6, the solution appears much better.

However, if this integration is carried on to longer itmes, the solution for the two first
order methods remains problematic, see Figure 7

It is also worth observing that for the linear system with the two first order dis-
cretisations, both theory and the computations show that growth (explicit) or decay
(implicit) are exponential, yet in the non-linear system, while the oscillation period
shows very slow change, the amplitude does not appear to grow exponentially.
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Figure 7: Numerical solution of Van der Pol system when o = 0, At

)

longer time. (a) Plot of U versus ¢: (- - -) Explicit Euler, (—) Improved Euler, (- .
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Lecture 6

Symplectic methods

The numerical solution of evolutionary dynamical systems is a major application
area for the material we are studying. We can only touch briefly on this large field
of research and understanding. Consider a simple mass and spring system, scaled so
that the displacement, z, and the velocity, u, are given by

¥ =u, v =—uz (6.1)

As should be well known to you, this can also be set in a Hamiltonian framework,
where the Hamiltonian, representing here the sum of potential and kinetic energy,

1
H = 5(1’2 + UQ),

is conserved. There is a geometric view of the solutions, namely that for this case,
solutions where the Hamiltonian, H, is constant, are given by circles in (x,u) space
and in terms of mapping in the (x,u) space, trajectories are area preserving. So an
important question is whether a numerical method preserves these properties.

For this example, let the system be defined by the vector u' = (z,u), then the energy
of the system can be characterised by H = %uTu. A sensible question is to ask how
this quantity evolves using the numerical scheme. If we look at say, explicit Euler,

where in matrix form,
Xt | 1 At X
Ui )\ —At 1 U, J’
then

Xny1 ) _ L —At LAt A
e e (32) -0 e (4 ) ) ()

or
H,. = (1+AHH,,

so that the energy will grow in time for all practical time steps.

Consider the hybrid Euler scheme

Upiv = U, — AtX,, (6.2)

o ) (e )=Can ) ()
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This scheme also does not leave the original Hamiltonian, H(z,u), unaltered, but it
does preserve a modified Hamiltonian

1 1 1
H(z,u) = §(x2 +u?) — §Amu = H(x,u) — iAt:Eu.

This is called a symplectic scheme and it is a general property of symplectic schemes
that while not preserving the original Hamiltonian, they do exactly preserve an ap-
proximate Hamiltonian, which, in the limit of At — 0, restores the original Hamilto-
nian.

A commonly referred to symplectic scheme that is second order is the St6mer-Verlet
scheme. Suppose the system to be integrated is

¥ = u (6.4)
u o= f(x), (6.5)

for example, derived from a dynamical system z” = f(x). In the Stomer-Verlet
scheme a half step is taken to estimate the velocity at the mid point of the interval,
a full step to estimate the displacement at the new time step and then a second half
step based on the new displacement updates the velocity, so that

Unpr2 = Un+t %At F(X,), (6.6)
Xppt = Xo+ AU, ), (6.7)
Ui = Unpao+ %At F(Xpi1). (6.8)
If the intermediate value is eliminated, the scheme is
Xoor = Xo+AtU, + %AtQ F(X), (6.9)
Uy = U+ %At[ FOX) + F(Xai)]. (6.10)

A further property we can investigate is how area is or is not preserved in dynamical
systems. If we start with the example:

¥ =y, x(0) =z, (6.11)
yo = -z, y0) =y, (6.12)
with Hamiltonian H = (22 + 4?)/2 = (22 + y2)/2 being constant since
dH
O =z’ +yy =0.

Now take a small area in the (x,y) plane, a rectangle with three corners given by
(‘/Ev y)? (JI + dl’, y)) (-/177 Y+ dy), and area
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T Y 1 r y 1
dA=| z+dx Yy 1'— dr 0 0‘—dx*dy,
x y+dy 1 0 dy O

as expected.

Now consider a small parallelagram with three corners (x1, 1), (z2,y2) and (x3,ys),
and area

oy 1
A: T2 Y2 ]. '
x3 Yz 1
so that
dA xll yll 0 Ty oy 1 T oy 1
x3 y3 1 x3 y3 1 vy yy O
Hence
dA yi —x1 0 oy 1 Tz oy 1
i R 1"1‘ Yo —T2 0‘4- To  y2 1|,
r3 ys 1 x3  yz 1 ys —x3 0

and evaluating the determinants and summing,

dA
= —0
dt ’

and the mapping is area preserving.

Now look at a numerical method, here we consider Euler’s method, where in one time
step of size At, if we take three points (X7, Y1), (X2, Y2), (X35,Y3),

X, = X, +AtY,, Y, =Y, —AtX,, r=1,23,

with area
X 1
A= Xy Y5 1 '
X Vs 1

Algebra can be simplified by choosing points (X1, Y1), (X1 + h, Y1), (X31,Y1 + k) and
denote the initial element of area as Ay = hk. In one timestep the vertices change
accordiny to Euler’s method to give area

X1+ AtY; Y, — AtX,

1
A =AA) = | Xi+h+AtY, Y1 —AHX;+h) 1
Xi+AtYi+k) Yi+k—AtX; 1
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or
X1 +AYY; YT —-AtX; 1
h —Ath 0
Atk k 0

A

I

and thus
A =(1+ AtQ)hk,

so that explicit Euler’s method will not preserve area and elements of area will increase
exponentially.

Showing that a simple simplectic method does preserve area is in problem sheet 2,
question 4.

Further reading: see Simulating Hamiltonian Dynamics by Benedikt Leimkuhler &
Sebastian Reich
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Lecture 7

Linear Multistep Methods
(i) Formulation

The integral form (3.16) where we used the interval [t,,t,.1] as the interval of in-
tegration is not the only form possible, for example, instead of integrating over this
interval, the integral could be over a larger interval, such as [t, 1,t,.1] with starting
value u,,_1:

Upr1 = un1+/n+1f(s,u(5)) ds, (7.1)

tn—1

and we could use a trapezoidal rule

U1 A Up—q1 + A[f (b1, Un—1) + [(tns1, Uni1)] s (7.2)
leading to an implicit method:

U1 = Upar + At[f(tn1,Un-1) + f(tns1, Unga)] - (7.3)

Alternately, Simpson’s rule applied to the integral in (7.1) gives,
At

Upy1 = Up—1 + 3 [f(tno1, un—1) +4f(tn, un) + f(tns1, Uns1)] (7.4)
giving an implicit method:
At
Un+1 = Un,1 + ? [f(tnfly Unfl) + 4f(tn7 Un) + f(thrl: Un+1)} . (75)

Both these algorithms relate the approximation U, at t,,1 to values at more than
one previous time step. This idea leads to a range of methods which are classed as
‘multi-step’. We will later see that there are good reasons other than accuracy why
some such methods may not be useful and particularly for multi-step methods, we
will become concerned with numerical stability in addition to accuracy.

Definition. Denote f, = f(tn,un) and F, = f(t,,U,), then a linear k-step method
can be written

k k
ZajUnJrj = At25an+j n = 0,1,2,... (76)
§=0 §=0
where the coefficients ay, . .., ax and Po, . . ., B are specified real constants with oy, # 0

(that is the constant values are not dependent on the specific function f being inte-
grated). If Br = 0 the method is explicit, if By # 0 the method is implicit. For the
scheme to be k step we also need one of oy and By to be non-zero.

41



One method to systematically develop multi-step algorithms uses the following ap-
proach. Suppose that in addition to being given Uy = ug, we have by some method
calculated U;. This means we know values Fy = f(to, Up) and Fy = f(t1,U;). We can
then fit a linear polynomial to the values (to, Fy) and (t1, F1) as shown in Figure 8.

T Tt
t
to ty to

Figure 8: Fitting a linear polynomial to the values (to, F) and (tq, F}).

The linear polynomial

t— 1o
t1 — 1o

F(t) = Fy+ (Fy — Fy), (7.7)
can be used to estimate integrals of the function f(¢, u(t)). The algebra is considerably

simplified if the variable ¢ is rescaled by the step length (which we are assuming is
constant), let n = (t — t9)/At so that

F(n) = (1—n)ky+nk. (7.8)
Now we know that
to
w o= wt [ flsu(s)ds (7.9)
to
SO we can approximate
to
Uy = Uy +/ F(s)ds (7.10)
t
’ 2
= Uo—l-At/ F(n)dn (7.11)
0
2
= U0+At/ (1 —=n)Fy +nky) dn. (7.12)
0
This gives
Uy, = Uy+2AtF,. (7.13)

42



While we have not specified how the value U; might be determined, if we used
U1 — U[) + Atf(to, U()),
then the estimate U, will be the same as for modified Euler using a step length 2A¢

but subsequent interates are not the same as for modified Euler.

There are other integral variants we could use together with the linear approximation
for f(s,u(s)), for example, we could write

t2
Uy = U +/ f(s,u(s))ds (7.14)
t1

giving a discrete scheme

2

1

2

1
which is

3 1

The process of fitting a curve to previous data can be extended using more terms, for
example, if we use estimates for Uy, U; and U; we can fit a quadratic to F; in terms

of n = (t — t) /At

1
F(n) = Fo+n(F —F0)+§77(77— 1)(Fy, — 2Fy + F) (7.18)
3 1 1
= (1 — 3N+ 5772) Fo+ (20 =) Fy + 5n(n — 1) F, (7.19)
and
3
2
gives
At

Us = Us+5(23F, — 16F; +5F). (7.21)

For all linear multi-step methods, when you determine coefficients 3,, we will see that
there are consistency checks that can be made: if the function f is f = 1 then the
solution should be U,, = Uy + nAt, in this case the left-hand-side of (7.21) would be
equal to 3At, so putting Fy = F; = F, = 1 and Uy = 2At, then the sum of right-
hand-side terms should also be equal to 3At. We will look at consistency conditions
in more detail later.

These are examples of what are generally called Adams methods. Two important
fourth order cases are

43



1. Adams-Bashforth (explicit)

1
Un+4 - Un+3 + ﬂAt [55Fn+3 - 59Fn+2 + 37Fn+1 - 9Fn] . (722)
2. Adams-Moulton (implicit)

1
Un+4 - Un+3 + ﬂAt [9Fn+4 + 19Fn+3 - 5Fn+2 + Fn+1] . (723)

(ii) Zero Stability

Suppose initial data Uy, ... Ug_1 is used successively to generate Uy, ... U, and differ-
ent initial data UO, Uy generates Uk, .U, using the same method for discretis-
ing v = f(t,u). Then the method is zero-stable provided for all functions f, there
4K > 0 such that

U, — U, < Kmax{\Uo ol | Ut — U,H|} (7.24)

as At — 0.

Example: Consider the multistep method
2Up41+3U, —6U,—1 +U,—a = 6Atf(t,,U,). (7.25)

This is third order accurate, which can be seen by setting out Taylor expansion in a
tableau:

Terms in
Taylor expansion | 1 Atu' At?u” A3  At*u®”
T T
W,y | 2 2 1 I z
3U, | 3
—6U,_; | —6 6 -3 1 —i
4 2
U, | 1 -2 2 4 2
0 6 0 0 5

so we see that 1), = 5 AU (E,,).

However, take data Uy = 1+¢, Uy =1—¢, Uy =1+¢, and f = 0. Then using the
formula

1
Un+1 = 5 {—3Un + 6Un,1 - Un,Q} (726)
gives
Uy = 1-5¢ (7.27)
Uy = 1+11¢ (7.28)
U; = 1—32... (7.29)

44



whereas data Uy = 1, Uy = 1, Uy = 1 gives U, = 1 for n = 3,4,... . This is an
example of an instability in the discrete approximation which becomes important as
soon as we use finite precision computation.

To understand what has happened and how we can analyse multistep methods we go
back to the discrete method with f =0

2U, 1 +3U, —6U,_1+U, 5 = 0. (7.30)
This is a difference equation, we try solutions U,, ~ kA" to get
EQ2X +3)\ —6A+1) = 0. (7.31)

We assume k # 0 so that A should be a root of

2 +3X =6 +1 = 0. (7.32)
Hence
A=D1\ +51-1) = 0 (7.33)
and
A=1, A= —2(5 +/33) = —2.69, 0.19. (7.34)

This means that the general solution of the difference equation is
U = k1™ + E2(0.19)" + k3(—2.69)", (7.35)

where ki, ko, k3 will come from the initial data. When k3 # 0, the values computed
for U,, will grow exponentially (2.69" = e"!062:69 = ¢0-9n) ' Finite precision arithmetic
means there will always be a component in the initial data that has k3 # 0, even
if only at the level of machine precison. For most double precision arithmetic using
64bit arithmetic, machine precision is around 1071° so in that case the growing last
term will be O(1) after (2.69)" x 107! ~ 1, around only 16 iterations.
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Lecture 8

Definition. For a linear multistep method

k k
S Uy = AtY BiFuy n=012,... (8.1)
j=0 j=0

define two characteristic polynomials

k

p(z) = Zajzj First characteristic polynomial (8.2)
=0
k

o(z) = Zﬂjzj Second characteristic polynomial. (8.3)
=0

Theorem. A linear multistep method is zero stable if and only if the roots of p lie in
the closed unit disc with any on the unit circle being simple.

The condition on the roots of p in this theorem is called the root condition .

Proof. The necessary part follows the same line that we saw in the example above, if
a root has magnitude greater than one then there will be an exponentially growing
part of any solution. The need for roots on circle to be simple is best understood by
recalling that for a linear ODE with constant coefficients, for example u” —2u’' +u =
0 which has a double root in characteristic equation, the solutions are e’ and te’,
similarly for a difference equation U,y — 2U, + U,_; = 0 in addition to U, = 1
being a solution, U, = n is also a solution which will grow errors in the original data
(multiplicity r implies 1,n,n% ..., n"~! as solutions).

Sufficiency is a long and complicated proof and so is regarded as outside of the course,
nevertheless we can look briefly at the essence of this part of the proof of the theorem.

Let UM = [U,, ..., Upsri]"

For f = 0, define matrix A by UM™Y = AU®™ . A is the k x k matrix

0 1 0 0

0 0 1 ... 0

0 0 1
Qo _ Q1 _ %k

an o e o

so that in this particular case where f = 0, U™ = A"U). Note also that because
of the unit values on the first £ — 1 rows, we must have [|A|[, > 1.
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Lemma 1. Root condition and f =0 = |[UM| < K||U9)|,, for some K so that

|A"]|oo < K V. (8.5)

Note here that because of ||A||o > 1, we must have K > 1. This is critical in deriving
the next lemma.

Lemma 2. For A as defined and k x k matrices D,,, m = 0,...,n — 1 all with
||Dm||oo < K

n—1
I TJ(A+AtDy) e < KeHmar, (8.6)

m=0

This lemma is shown by expanding the product, using triangle inequalites and then
inequalities such as [[A"D,, A" oo < [|A"™|oo || Dinlloo | A™ oo < KKK and
K > 1 to show that

n—1 n—1
ITJ[(A+AD) e < K[+ AIKE) = K(1+ AMKEK,)", (87
m=0 m=0

from which the result follows by the comparison 1 + x < exp z.
Having established the inequality in the second lemma, the outline proof follows as:

Let U™ and V™ be two sequences from different starting values, use the Lipschitz
condition on f to write

Ut v = (44 AtD,) (UM — V) (8:8)
= |T[A+AtD,) | (UO - vO), (8.9)
m=0

So using Lemma 2 and 1

||U(n+1) o V(n+1) ||oo S KeKKlAt(n+1) HU(O) o V(O) ||oo (810)
and because nAt is bounded by the interval of integration, the constant in this equa-
tion must also be bounded and thus the root condition implies zero stability. O
Examples

1. Explicit Euler and implicit Euler are zero stable as p(z) = z — 1.
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2. Adams Bashforth written in the form

At
Un+4 - Un+3 == ﬁ [55Fn+3 - 59Fn+2 + 37Fn+1 - 9Fn] (811)

has p(z) = 23(2—1) so satisfies the root condition and the method is zero stable.

3. Third order example

2Un+3 + 3Un+2 - 6Un+1 + Un - 6AtFn+2 (812)

has
p(z) = 2224322 —62+1 (8.13)
= (z—1)(2+2.69)(z — 0.19) (8.14)

which has a root outside the unit disc and so the method is not zero stable.

To reiterate, we refer to conditions on p that roots lie in closed unit disc and with
simple roots on unit circle as the root condition.

(iii) Consistency

For a linear k step method we must rearrange the scheme so it is an analogue for the
continuous system ' = f; doing this defines the truncation error as

k k
T - D im0 Qtinrg — ALY 5o Bifns (5.15)

AtYE B

where we need to have
> 8 = a(1) # 0. (8.16)

A method will be consistent provided T,, — 0 as At — 0. To show this, expand the
right-hand-side of (8.15) as At — 0 using Taylor series.

k k
Zj:o U — At Zj:() ﬁju;wj

T, = k (8.17)
At ijo Bj
= ——— [Coun + C1AW, + Co AU + ..+ CpAtPu® +..] . (8.18
Ata(l)[0u+ \Atul, + CoAtPup + ...+ CpAtPuP) + ... (8.18)
For the scheme to be consistent we need T, — 0 as At — 0, so that we will require
Co = 0 (8.19)
¢, = 0. (8.20)
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To determine the coefficients C), in (8.18) we have to apply Taylor expansions to the
various terms:

| At)? | AL)P
Untj = un—i—jAtu;—i—(]m)ug-i- +(Jp,)u%p)+--- (8.21)
/ o / ]At " (]At)Q " (jAt)p_l (p)
Hence
k
§=0

Cr = Y jag=3 B = p()=o(1) =0, (8.24)

and consistency requires

p(1) = 0, J(1) = o1) £ 0 (5.25)
(and as p'(1) # 0 the root at z = 1 must be simple).

The general form for p > 2 is

koo ko o1
C = ZLQ‘—ZJ—B‘ (8.26)
r J J :
=t m -
koo koo
" j!
= H -
We suppose Cp = Cy = ... = C, =0, with C,1;1 # 0 so that
T, = AR 4 o(art) (8.28)

o(1)

and the method is order p. The value Cp,y1/0(1) is called the error constant of the
method.

Example: wlog set as = 1 and consider the method
Upto + a1Upi1 + agU, = At(BoFnio + BiFn + BoFy) (8.29)
with first and second characteristic polynomials

p(z) = 22+ aiz+ap (8.30)
O'(Z) = 5222 + 512 + ﬁo. (831)

There are five unknowns aq, ag, 52, 81 and [y so if we set Co = C1 =Cy =C3 =0
there will be a one parameter family of third order methods. The equations are
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e p=20, l1+a1+a9g=0

e p=1, 24 a1 = B2+ B+ Bo

22 12
*p=2 §+§041:252+31
with solution
ar=—(14+ay) po= > T;O B = 2 _32% Ba = - 4—125040. (8.32)

The first characteristic polynomial is 22 — (1 + ag)z + ap = 0 so
pz) = (z—ag)z=1) = 0 (8.33)

and so scheme is zero stable provided —1 < oy < 1. If we look at the term where
p = 4 then

1
O = — ;4“0 £ 0ifap £ —1. (8.34)
In the specific case of ag = —1 this will give a fourth order scheme:
At
Un2 = U, = = (Fope +4F, 11 + F,) (8.35)

which is Simpson’s rule.
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Lecture 8

Definition. For a linear multistep method

k k
S Uy = AtY BiFuy n=012,... (8.1)
j=0 j=0

define two characteristic polynomials

k

p(z) = Zajzj First characteristic polynomial (8.2)
=0
k

o(z) = Zﬂjzj Second characteristic polynomial. (8.3)
=0

Theorem. A linear multistep method is zero stable if and only if the roots of p lie in
the closed unit disc with any on the unit circle being simple.

The condition on the roots of p in this theorem is called the root condition .

Proof. The necessary part follows the same line that we saw in the example above, if
a root has magnitude greater than one then there will be an exponentially growing
part of any solution. The need for roots on circle to be simple is best understood by
recalling that for a linear ODE with constant coefficients, for example u” —2u’' +u =
0 which has a double root in characteristic equation, the solutions are e’ and te’,
similarly for a difference equation U,y — 2U, + U,_; = 0 in addition to U, = 1
being a solution, U, = n is also a solution which will grow errors in the original data
(multiplicity r implies 1,n,n% ..., n"~! as solutions).

Sufficiency is a long and complicated proof and so is regarded as outside of the course,
nevertheless we can look briefly at the essence of this part of the proof of the theorem.

Let UM = [U,, ..., Upsri]"

For f = 0, define matrix A by UM™Y = AU®™ . A is the k x k matrix

0 1 0 0

0 0 1 ... 0

0 0 1
Qo _ Q1 _ %k
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so that in this particular case where f = 0, U™ = A"U). Note also that because
of the unit values on the first £ — 1 rows, we must have [|A|[, > 1.
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the next lemma.
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n—1
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m=0

This lemma is shown by expanding the product, using triangle inequalites and then
inequalities such as [[A"D,, A" oo < [|A"™|oo || Dinlloo | A™ oo < KKK and
K > 1 to show that

n—1 n—1
ITJ[(A+AD) e < K[+ AIKE) = K(1+ AMKEK,)", (87
m=0 m=0

from which the result follows by the comparison 1 + x < exp z.
Having established the inequality in the second lemma, the outline proof follows as:

Let U™ and V™ be two sequences from different starting values, use the Lipschitz
condition on f to write

Ut v = (44 AtD,) (UM — V) (8:8)
= |T[A+AtD,) | (UO - vO), (8.9)
m=0

So using Lemma 2 and 1

||U(n+1) o V(n+1) ||oo S KeKKlAt(n+1) HU(O) o V(O) ||oo (810)
and because nAt is bounded by the interval of integration, the constant in this equa-
tion must also be bounded and thus the root condition implies zero stability. O
Examples

1. Explicit Euler and implicit Euler are zero stable as p(z) = z — 1.
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2. Adams Bashforth written in the form

At
Un+4 - Un+3 == ﬁ [55Fn+3 - 59Fn+2 + 37Fn+1 - 9Fn] (811)

has p(z) = 23(2—1) so satisfies the root condition and the method is zero stable.

3. Third order example

2Un+3 + 3Un+2 - 6Un+1 + Un - 6AtFn+2 (812)

has
p(z) = 2224322 —62+1 (8.13)
= (z—1)(2+2.69)(z — 0.19) (8.14)

which has a root outside the unit disc and so the method is not zero stable.

To reiterate, we refer to conditions on p that roots lie in closed unit disc and with
simple roots on unit circle as the root condition.

(iii) Consistency

For a linear k step method we must rearrange the scheme so it is an analogue for the
continuous system ' = f; doing this defines the truncation error as

k k
T - D im0 Qtinrg — ALY 5o Bifns (5.15)

AtYE B

where we need to have
> 8 = a(1) # 0. (8.16)

A method will be consistent provided T,, — 0 as At — 0. To show this, expand the
right-hand-side of (8.15) as At — 0 using Taylor series.
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T, = k (8.17)
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For the scheme to be consistent we need T, — 0 as At — 0, so that we will require
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To determine the coefficients C), in (8.18) we have to apply Taylor expansions to the
various terms:
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method.
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22 12
*p=2 §+§041:252+31
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which is Simpson’s rule.
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Lecture 9

(iv) Convergence

Convergence is a very important property that allows us to be sure that, provided we
take sufficiently small time steps, we will obtain better and better approximations to
the true solutions of the differential system. This does not refer to how ‘good’ our
approximation is to the true value, only that the more effort we apply, the better will
be our approximation (but not how much better).

For a scheme to converge we need

U, — u(t) as At — 0 and nAt — ¢, (9.1)

and in particular we can define consistent starting conditions by the requirement that
Ui —upas At = 0for j=0,...,k—1.

Theorem. Zero stability is a necessary condition for convergence.

Proof. Suppose a linear multistep method is convergent for all functions f.

Since there has to be convergence for all f, we can in particular choose f = 0 and
the method must converge.

Consider this case, v’ = 0, u(0) = 0 with solution u = 0.

The discrete scheme reduces to:
oayUpsr + ...+ U, = 0. (92)
As the method is convergent, U, — 0 as At — 0, nAt — t, for consistent starting

values Uy, ..., Up_1.

Now suppose z = re is a root of p(z) = 0 and choose U,, = Atr™ cos(nf). This set
is consistent with the initial value u(0) = 0, since Uy, ... U1 — 0 = u(0) as At — 0.
The set also satisfies (9.2) since by writing

U, = Re(Atr"e™) = AtRe(z")
then
O Unsr + ... 4+ agU, = AtRe(o 2" + .+ ap2") (9.3)
and so
arUpir + ...+ aglU, = AtRe(z"p(z)) = 0, (9.4)

as z is a root of p. Hence we know that the values U,, = Atr™ cos(nf) are solutions
of the discrete method starting from a consistent set of intial values.
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1. Suppose 6 # 0, 7, then
U? = Unr1Up1 = AP [cos?(nf) — cos((n + 1)6) cos((n — 1)8)] (9.5)
so that
U2 U, Uy = At*r*"sin®0. (9.6)

The LHS of this equation must tend to zero as n — oo, nAt — ¢t > 0 as all
the values must converge to the solutions of the continuous system. Thus the
RHS of this equation must also tend to zero. However, since nAt — ¢t > 0 and
sinf # 0, that will only be possible provided » < 1; if » > 1 then the RHS
would become unbounded.

2. If 0 =0, let

Atr™ =0
Un = { Atr*(=1)" =7 (9.7)

or equivalently

(nAt)= 0=0
U, = { VIR (9.8)

n

and again we will have that since U,, — 0, we must also have r < 1.

If z = re” is a double root of p(z) then U, = Atnr"cos(nf) also satisfies (9.2)
and now we deduce that we need r < 1 for U, — 0, so any root on unit circle
must be simple (higher order roots follow same argument, if root of order s consider
U, = Atn™r" cos(nf) for m =0,...,s —1).

Hence, for a discrete scheme that is convergent for all functions f, the roots of the
first characteristic polynomial p must satisfy root condition, and so the scheme must
be zero stable. O

Theorem. Consistency is a necessary condition for convergence.

Proof. We use the same methods here as in the last proof, we assume a linear multistep
method is convergent for all functions f and then consider two special cases.

1. Use the function f = 0 with inital value w(0) = 1, so that «' = 0, with solution
u(t) = 1.

Let Uy=U, = ... =Ug_1 =1 be a consistent set of initial data. Convergence
gives U, — 1 as nAt — t, At — 0 but method is

OékUn+k + ak—lUn+k—1 4+ ... +aU, = 0 (99)

52



so in limit U, Uyy1, - .., Usyr — 1 we must have
ap+ a1 +...+ag=0
and hence p(1) = 0.

2. Next use the function f = 1 with initial value u(0) = 0 so that v’ = 1, with
solution u(t) = ¢ and convergence will guarantee that U, — t as nAt — t,
At — 0.

When f =1 the method is
oarUpsr +oap1Upii1 + ... +agU, = At(ﬁk +...+ BO) (910)

Convergence to the solution u(t) = t means that when we consider the limit
n — oo, and nAt — t, we can replace the values U, ,, r = 0,1,... k in this
scheme with U, 4, = (n + r)At so that it must be the case that

ag(n+k)At+ ... +anAt = At(Br+ ...+ Bo) (9.11)

So using ay + ag_1 + ...+ oy = 0 we are left with

]{IOzk—Q—..‘—FOq = Bk++ﬁo (912)
—_—— —_——
p'(1) o(1)
It is also true that Uy, ..., U,_; are consistent initial data. Hence convergence
implies
p(l) = 0, p(1) = o(1), (9.13)

that is, the scheme will be consistent. (We have already shown that convergence
implies zero stability so that p/(1) # 0 as the root at z = 1 must be simple.)

O]
Theorem (Dahlquist). Suppose the linear multistep method
k k
Z ajU'rH—j = At Z 5an+j (914)
=0 =0

is consistent with the ODE v« = f(t,u) and that f satisfies a Lipschitz condition.
Then provided initial data Uy, ..., U,_1 is consistent as At — 0, zero stability is
necessary and sufficient for convergence. If u(t) € CP** and truncation error is order
(At)? then global error is order (At)P provided initial data error also at least as small.
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Proof. (Outline for the explicit method)

We have already shown that convergence = zero stability and consistency. From the
definition of the scheme and the truncation error we have

oUpsr + ...+ U, = At(ﬁk—an—&-k—l + ...+ ﬁan) (915)
AOpUn+k + ...+t u, = At(ﬂk_lfn+k_1 + ...+ ﬁofn) + O'(l)AtTn. (916)

Subtract and re-arrange to that

k k—1
o ﬁ 0-(1)
Cnt+k — — Z a_lienJrj - At Z Oz_;(fn+j - FnJrj) + Oé_kAtTn (917)
7=0 7=0
Let
e(n) - [e’na Cnt+ls-- - >en+k—1]T (918)

and apply Lipschitz condition to

‘fn+j - Fn+j‘ = ‘f(tn+j7 Un-i—j) - f(tn-i-ja Un+j)| (919>
< Llupij — Upyyl (9.20)

or using constants L, ;,

fori = Fays = Lnj(tngy = Unyy) (9.21)
for some L, ; with |L,, ;| < L so that

0
(n+1) (n) a(1) :
e = (A+AtD,)e'"™ + —=At (9.22)
Qg 0
T,
with
0o 1 0 0 0 0
0 1 ... 0 .
A = : , D, = (9.23)
0 0 1 0 0
_a o _ Ykl
o oy o ar Loo ... ... Ly
Hence
n—1 0_(1) n—1n—1
e™ = J[(A+AtD,)e® +—"At> J[(A+AtD,)T; (9.24)
m=0 W G20
then using zero stability we can bound matrices so that
1
[l < Kl + |22 | natK max Ty (9.25)
QL J
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1. As At — 0, starting data is consistent, so that [|e® |, — 0 as At — 0.

2. As nAt — t and At — 0, max; |Tj| — 0 so we must also have [e™||, — 0,
that is the method converges.

When max |Tj| = O(AtP) then as At — 0, so also is [e(™ ]|, provided |||, =
O(AtP) as At — 0. O
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Lecture 10

(v) Absolute Stability

Zero stability tells us that as At — 0, a method will converge. However, we compute
with fixed At > 0 so we need to know that for fixed At, |U,| will approximate
closely the correct solution, usually a pre-requisite for this to happen is that we need
to ensure at least that the approximation remains bounded as n becomes large. It
is too difficult to proceed much further for arbitrary functions f(¢,u) so theory is
developed for a simplified system, our general experience is that the results we obtain
for this simple case are excellent indicators of conditions that are needed for general
situations.

In particular, we study the application to the problem where f(t,u) = Au,

v = du, u(0)=wup#0, Re(N\) <0 (10.1)
with exact solution
ut) = upe™ (10.2)
where
%) _ o IRe(lt (10.3)
so that

u(t)

Up

— 0 ast— oc. (10.4)

Applying a linear multistep method with f = Au give the scheme:

k
D (ar = AALB) Unyr = 0. (10.5)

r=0

This is a difference equation and as we have used before, we try a solution U,, = az"

with |z] # 0 for some constant a, so that

D ar = AALB,) 2T = 0 (10.6)
2" [(Zmz’) —)\Atzn:@,z’"] =0 (10.7)
2 p(2) = AAte(2)] = O, (10.8)
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Define a polynomial

(2 At) = p(z) — Ato(2) (10.9)
where z"I1(z; At) = 0 when U, is a solution of the recurrence relation. However, since
laz"| = |ae™°%?| (10.10)

for U, — 0 as n — oo we will need |z| < 1 for each root of II(z; At) = 0.

This is an important but subtle point. The continuous system has but one decaying
exponential solution. When we use a k-term multi-step method, we introduce ad-
ditional solutions to the k' order difference equation, and we need as a minimum
requirement for stability that each solution of the difference equation will decay when
f is proportional to u for the value of At we use. If there is one solution of the
discrete system that, for our fixed At > 0 that does not have the property of decay
to zero when f ~ wu, then when we use floating point arithmetic, there will always
be a component of this 'unstable’ solution in the discrete approximation and it will
grow exponentially in value with the number of time steps.

Definition. A_lz'near multistep method is absolutely stable for At if and only if all
roots of I1(z; At) lie inside the unit disc. An interval a < At < b where the method
s absolutely stable is called an interval of absolute stability.

Example 1: Simpson’s Rule

At
Unyo = U, = R (Foge +4F, 11 + F,) (10.11)
pz) = -1 (10.12)
o(z) = é (2> +42+1) (10.13)
I(z;At) = (1 — ﬁ) ey v (1 + g) : (10.14)
3 3 3
Roots are
_ 1+ LAE + 2At
2 (A1) = 13 — (10.15)
B

_ /14 1A + 2A7

»(Al) = — (10.16)

3

and in class exercise, show that one root always has modulus greater than one. Hence
method zero stable but never absolutely stable.

Example 2: Euler’s method (class exercise)

U1 — U, = ALF, (10.17)
M(z;At) = z—1—At (10.18)
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Root is 2 = 1+ At and |z| < 1 implies —1 < 1+ At < 1 or —2 < At < 0, so interval
of absolute stability is (—2,0).

Definition. A linear k step method is absolutely stable in an open set Ra of the
complex plane if for all At € Ra, the roots z; of the stability polynomial I1(z; At)
satisfy |z;| < 1. The set R4 is the region of absolute stability.

Definition. The method is A-stable if the region of absolute stability R4 contains the
whole left hand complex half plane.

Example 1: Explicit Euler
I(z;At) = z— (1+At). (10.19)

This has root z = 1+ At and so the region of absolute stability is a circle with centre
—1 and radius 1 as shown in Figure 9. This method is not A-stable.

Example 2: Implicit Euler
M(zAt) = (1-At)z—1. (10.20)

This has root z = (1 — Kt)_l and so the region of absolute stability is the whole
complex plane except for a circle with centre 1 and radius 1 as shown in Figure 10.
This method is A-stable.

Some further results (proofs beyond the scope of the course) are

Theorem: Dahlquist (1963). Dahlquist’s theorem states:

1. No explicit linear multistep method is A stable.
2. The order of an A stable implicit linear multistep method cannot exceed 2.

3. The second order A stable linear multistep method with smallest error constant
i the trapezoidal rule.

Definitions. A linear multistep method is A(a)-stable for o € (O, g) if the region of
absolute stability contains the infinite wedge

—rm—a < arg(At) < —T+a (10.21)

as shown in Figure 11.

A method is A(0)-stable if it is A(c)-stable for some o € (0,5%).

A method is Ag-stable if R4 includes the negative real axis.
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Figure 11: Showing shaded region of absolute stability for an A(«) stable method.

Since I1(z; At) = p(z) — Ato(z), if € is a root then

p(§)

0= o) (10.22)

and as At — —oo will need o(£(At)) — 0, so roots ¢ will also be roots of just
o(z) = 0. If choose o(z) = B2* then will know that £(At) — 0 as At — —oo. This
leads to a family of implicit backward differentiation (BDF) methods

k

> Uiy = BetF, (10.23)
j=0

k ‘ stability ‘ convergence p

1 A stable p=

2 A stable p=2

3 | A(887/180) stable p=3

4 | A(737/180) stable p=4

For k > 2, stability is restricted to a wedge as in Figure 11.

with solutions of implicit equations found by and explicit predictor step and then by
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Newton iteration to solve
k-1
UnJrk - Atﬁkf(thrk, Un+k~) = - Z OéjUn+j (1024)
=0

using the explicit predictor value as starting value for Newton iterations.

(vi) Stiff systems

In dealing with systems of differential equations it is relatively common to find that
the one step and multistep methods we have studied may not work well with some
systems where different parts of the overall solution evolve or decay on very different
time scales.

As a model for this type of behaviour, consider

W'+ (1+a)u +au = 0 (10.25)
re-written as
o= v (10.26)
v = —(1+a)v—au (10.27)
or
A (1029
A

with solutions u = cie™" + coe ™.
If a > 1 then there are two very different time scales, one term O(1) and one O(a™!).
If we calculate eigenvalues (A; = —1 and Ay = —a) and eigenvectors
1 S S
2o = | 3 ), == Lta? (10.29)
V2 V1+a?

then A can be decomposed

A = XAX' where X = [z,2] and A = [ _O 4 ] (10.30)

so if



where

1 1
X = vz Vita? (10.32)
_ﬁ 14a?
then
dp
- = - 10.33
% p ( )
dg
- = - 10.34
% aq ( )

however, integration of both equations together would proceed using the time step
needed for stability of (10.34). Such a system is called stiff.

If we consider a more general linear system with some matrix A on the RHS,

du

— = A 10.35
P u (10.35)
explicit Euler would give
U1 = ([+AtAU, = (I+AtA)"'U, (10.36)
and re-writing
I+ AtA = XAX! (10.37)
where
A1 0
A — (10.38)
0 Am

is diagonal matrix of eigenvalues (A may be more complicated if there are multiple
eigenvalues, if interested, look up Jordan normal form) then

U, = XA™XTIU, (10.39)

so we need max; |A;| < 1 where \; are eigenvalues of I +AtA. However, if eigenvalues
of A are p;, then the eigenvalues of I + AtA are 14 Atp;. Clearly we would need
Re(pj) < 0 for each j in order that the system has only decaying solutions. Hence
for absolute stability we will need

2

At < —— (10.40)
max ||

if the eigenvalues were all real and negative. In a stiff system normally have groups of
eigenvalues near the origin (but with negative real part) and a few with large negative
real part and they will force At to be very small for an explicit method.
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If, however, we used an implicit method

U,t1 = U,+AtAU, (10.41)
which can be written as
(I - AtA)U,w = U, (10.42)
or
Uppr = (I—AtA)~ DU, (10.43)
So now
1_;% <1 (10.44)

for all j provided Re(p;) < 0 hence this method is stable for all step sizes if A is
positive definite.

ODEs — Summary

e Continuous system N (t,u) = v — f(t,u) = 0, u(0) = ug

e Discrete system N (t,,U,+1,U,) =0, Uy = ug

e Truncation error T,, = N (t,, Up+1, Uy ), explicit/implicit distinction
e One step methods U, 1 = U, + At®(t,, U,)

e Runge-Kutta methods, analysis of T,,, adaptive time steps

analysis of truncation error

e Multistep methods Zf 0 0Uny; = At Z?:o B Fy+;j. Derivation of simple cases,

e Zero stability — definition, root condition, proof that root condition is necessary
e Consistency — derivation of schemes of order p
e Convergence — definition and theorems

1. Zero stability a necessary condition with proof
2. Consistency a necessary condition with proof

3. Dahlquist: convergence < zero stability and consistency (without proof)

e Absolute stability, definition of stability polynomials, application to simple ex-
amples

e Definition of A stability and variants, understanding of background ideas about
location of eigenvalues in complex plane

e Basic understanding of why some systems may be stiff
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Lecture 11

II. Numerical Solution of Parabolic PDEs

While a great many interesting physical systems can be set in the framework of
evolutionary ordinary differential equations, there are many more situations where
both spatial and temporal variability needs to be determined. In the main, we will
look at problems where there is one space dimension, and most of the methods we
derive can be generalised to multiple space dimensions using orthogonal constructions
of the one space dimension discretisation.

As a generalisation, whereas for systems of ODEs, stability is important, it is usu-
ally accuracy and implementation that dominate choice of numerical parameters such
as time step or numerical method and the computation is algorithmically relatively
straight forward to implement (although large systems with say, implicit backward
difference (BDF) methods, can have implementation problems); when dealing with
both time and space independent variables, stability can become an extremely prob-
lematic requirement and the consequent size of the computational problem can lead to
algorithmic complexity that is separate from the discretisation of the original problem
and is related to how solution of the discrete system can be computed in a practical
way.

As a model problem in one space dimension, let u = u(x,t) satisfy for ¢t > 0

% % <D(u)%> , D(u) >0, (11.1)

with u(z,0) = ug(x) and one of

(a) u(zr,t) =ur(t), u(zg,t) = ug(t) (bounded domain)

(b) u(z,t) — 0 as x — +oo (infinite domain).

Generally we will take D = 1.

We can have more complicated boundary conditions involving derivatives, you should
have already encountered the notation: Dirichlet conditions for fixed boundary values,
Neumann conditions for derivative boundary conditions and Robin conditions for
mixed value and derivative conditions.

In order to understand some of the problems that come about in discretising PDEs
we need to recall a little about the behaviour of continuous systems with diffusion.
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In particular, consider the specific model problem

ou 9%u

u(z,0) = wuo(x) (11.3)
u — 0 asz — Foo. (11.4)

Methods for analytic solution of this equation are not part of this course but the
general form of the analytic solution is of interest since that defines many properties
we require a numerical scheme to replicate if it is to be accurate.

Define a Fourier transform for v(z) by

o(k) = /00 v(x)e ™ dr = F(v). (11.5)

Apply the transform to the PDE giving

OO 8“ —ikx > au —ikx
- 5 ° dz = . 2° dz. (11.6)

On the left-hand-side we assume we can change the order of integration and differen-
tiation and on the right-hand-side we integrate by parts and use the fact that v — 0
and%%Oasx%:l:ootoget

d > . > .
T u(z,t)e *dx = —kz/ u(z, t)e™ ™ dr, (11.7)
a(k,t) a(k,t)
or
da
— = -k 11.8
dt " (1L8)

with solutions (k,t) = A(k)e ¥ for some function A(k). Applying the initial con-
dition allows us to determine A(k) giveing

a(k,t) = dg(k)e .
Next we apply the inverse Fourier transform

@) = = [ sk)edk = Fq (11.9)

27 J_o
SO

1 [ .
u(z,t) = 5 fo(k)e ¥ te* dk. (11.10)

—00
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The reason for deriving this form of the continuous solution is that it shows there will
be a sum (integral over k) of modes of the form

e Ptethe, (11.11)

When we look in more detail at a numerical approximation on a discrete mesh, with
t = nAt and x = rh, as we shall see shortly, we define a numerical parameter
p = At/h* and then the continuous solution should obey

Ak, t 4+ At) = e #E 4k, 1), (11.12)
or that each continuous mode should have amplification factor over a time step At of
A(k) = e D, (11.13)

If the continuous solution is then restricted to the discrete mesh, each mode of the
continuous solution will have the form

Uy~ [e*“(khy]”e“"h = A(k)"eltrh, (11.14)

A consequence of this structure is that in a numerical scheme we look for discrete

modes of the form ‘
U™ ~ \(k)"etrh, (11.15)

and we can view the discrete system as an attempt to have A(k) replicate A(k).

This is a key concept: provided we are dealing with a linear PDE, the analytic solution
will be a composition (i.e. integral over k) of modes of the form (11.11) each with
an amplification factor A(k) and assuming our discrete approximation is also a linear
system, then the numerical solution should likewise be a composition (i.e. sum over r)
of modes of the form (11.15) and these modes are oscillatory in the space dimension
together with some amplification (decay or growth) factor A for each time step.

The inverse Fourier transform can be manipulated further by substituting the ingte-
gral form for 4y(k),

1 [~ [ .
u(z, t) = %/ / ug(s)e™* ds et 4k (11.16)
1 [ o 2
= 2—/ uo(s)/ e Wthk@=s) qk ds. (11.17)
T J-— —00

Let k*t = p? so that dk = dp//t and € = ‘;—:/? Then

1 > O (pore=9))? (@—s)?
u(z,t) = 27“/5/ uo(s)/ e (=57 S dpds (11.18)

L[ (ea? /°° t?
= wup(s)e e~ P97 dpds. 11.19
— / (e [ p (11.19)
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The integral in p has no poles so we can change variables to integrate along a new
path from —oo — 1€ to co — 1§ and then we can move the path to —oo to oo so that
the value of the integral is ffooo e P dp=2 fooo e dp = /7. Hence

1 o o—5)2
u(z,t) = 2\/ﬁ/ uo(s)e( i ds. (11.20)

Or, using ";\_/;? = ¢ so that s =z — 2V/t€, ds = —2v/td¢€, as s — —o0, £ — +oo and
as s = +00, £ — —oo, we get

u(x,t) = % /_Z uo(x — 2v€)e ¢ d¢ (11.21)
and if we let ug(z) = d(z) then
u(x,t) = Q%/_te—ﬁ/‘“. (11.22)
7r

The solution decays to zero as t — oo as shown in Figure 12.

diffusion
<

Figure 12: Solution in time and space of a diffusion equation with an initial delta
function distribution in space.

For continuous functions v(z) with transform 0(k) we can define an Ly norm

1/2

[ollz, = vz = ‘/ v(2)]* dx (11.23)

(note the term |v(x)|? rather than v(x)? since v may be complex and a similar integral
over k for v).
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Parseval’s Identity. An important identity relating the norm of a function to the
norm of its Fourier transform is:

[l =

.
— ||V

or equivalently

/oo\v(x)\de - Oo\ﬁ(k)|2dk.

—00 27 —00

(11.24)

(11.25)

Proof. Method A (the course does not assume knowledge of ¢ functions but this is
a standard proof of Parseval’s identity)

Hence

Method B

lvll3

/00 v(x)o(z) de

oo

1 0 oo ) 0 )
— F/ / o(k)et*” dk;/ v(s)e " dsdx
T J—00 J—o0 —00

1 o) o) B 1 o
— “ ~ ix(k—s)
o /_Oo /_Oov(k)v(s) |:_27T /_Ooe dx} dkds

0(k—s)

B /OO 3(5)5(k — s) ds dk.

2 J o

o]

1 [ - 1
2 _ A ~ — ~112
ol = 5 [ ik = 3ol

Let v(x) and w(x) be two functions, then

Hence

/_ZID(Jﬁ)U(x) dr = /_Z /_Zw(s)e—isx ds v(z) do

= /oow(s) /oo e Ty(r)dzds.

(11.26)
(11.27)

(11.28)

(11.29)

(11.30)

(11.31)

(11.32)

(11.33)

(11.34)



This gives

27 /_OO v(x)v(x)de = /_O<> 0(s)0(s) ds, (11.35)

or equivalently

1

ollz = Il (11.36)
T
O
This leads to an important feature of this model problem since we have shown
a(k,t) = e *tag(k) (11.37)
so that
fulls = =il = ——lle a0 (k)] (11.38)
ulls = ulls = e " .
2 5 112 5 0 2
and
Julls € ——max e igly < —lliollo = luolle, (1139
T N2 K W27 ’
or
[u(®)l]2 < [lu(0)]]2, ¥t >0, (11.40)
and so we will want any numerical solution to behave this way too.
If we consider the case where x is confined to a finite region, for example
U = Up, O0< <1 (11.41)
u(0,t) = 0 (11.42)
u(l,t) = 0 (11.43)
w(z,0) = wup(zr), 0<z<1 (11.44)

(with initial and boundary conditions shown in Figure 13), then using separation of
variables we try

u(z,t) = X(x)T'(t) (11.45)
and we see that
X" T
7(:1;) — T(t) (11.46)



u = up(x)

Figure 13: The initial and boundary conditions for the finite x case.

and so each side of this equation of these must be some constant. To satisfy the
homogeneous boundary conditions we need the constant to be negative and to satisfy
the boundary conditions at x = 0 and x = 1 we can choose

Xy = sin(mrz), m=1,2,... (11.47)
with
T = —mn*T, (11.48)
or
Tp(t) = Ape ™™ (11.49)
and so the solution is a weighted sum of modes
u(z,t) = z‘x’: Ape ™™ sin(ma) (11.50)
m=1

where the constants or weights A,, will come from the Fourier series of the initial
condition:

up(z) = ZAmsin(mﬂx). (11.51)

Again, solutions will decay as t — oc.
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Formulating a numerical approximation

In the first half of this course we looked into how approcimate solutions for ODE’s
are obtained at a set of discrete time points. For PDEs, we just extend the idea
of approximating the solution at discrete time points to cater for both time and
space discrete points. Indexing becomes more cumbersome as the number of space
dimensions increases, we will adopt the notation that a superscript index relates to
time stepping and subscript indices relate to space variables.

In the case where there is only one space dimension, define a mesh z,, = rh, t,, = nAt,
h =1/M and suppose U ~ u(rh,nAt). The mesh structure is illustrated in Figure
14.

t
i
At
|
<~ h—
z
z=0 z=1

Figure 14: A mesh for the numerical solution.

The mesh can be viewed as a collection of nodes, with indicies r,n where r =
0,1,...,M,andn =0, 1,2,..., each node corresponding to a physical point (rh, nAt).

The simplest form of approximation gives an explicit formula for the function values
at a new time step, given all the values at the previous time step. We approximate
derivatives with

ou\" grtt —pyr

— ~ LT 11.52
<8t>r At (11.52)
aQu n n+1 —_oUn 4 Un,l
—_— ~ r " . 11.
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This can also be ilustrated by the finite difference stencil shown in Figure 15. The
stencil is just a convenient way of showing which nodes are involved in the discreti-
sation, in some books you will also see weights associated with the stencil nodes, the
weights corresponding to coefficients in the finite difference approximations.

(r,n+1)
®
o L 4 L J
(T_lan) (Tvn) (T+1vn)

Figure 15: The finite difference stencil for the heat equation.

We can then proceed with analysis similarly to that for ODEs, the continuous system

ou  0%u

=0, (11.54)

can be written as a discrete system by

n+l _ n Un _2Un Un
N(t,U) — Ur A Ur _ Jr+l h2r + r—1 = 0. (1155)

Note that for ease of notation, the second argument of NV is just written U without sub-
or super-scripts. If we define ;1 = At/h? then the algorithm to calculate approximate
values is

urtt = Q-2 U+ U +U,), r=1,...,M—1, n=0,1,..(11.56)

Having defined the discrete operator N we can define a truncation error as before,
to be the residual when the true continuous solution is substituted into the discrete
operator,thgat is, set the truncation error to be

uptt — g = 2ut

T" = N(t,u) = — A 2 ,r=1,... M—1, n=12....

The boundary conditions here are U}’ = 0 and Ujy; = 0; there are inital conditions
U° = wug(rh), r = 0,1,..., M. With the boundary and initial conditions specified,
then we can apply (11.56) forr=1,...,M —1 and n = 1,2,... giving a very simple
explicit algorithm:

Algorithm

set U? = wug(rh) for r=0,..., M
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while ¢, = nAt < Tpax

U61+1 — U}\le =0
apply (11.56) to calculate U™ for r =1,..., M — 1

increment n

end while
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Lecture 12

Analysis of an explicit scheme

As we have noted, just as in the case of ODEs, in addition to stability, an important
property of an approximation scheme is how well the scheme approximates the original
continuous system and this means determining the truncation error of the scheme.
Now we need to consider Taylor expansions in two or more variables, the time variable
and however many space dimensions are involved. Having determined the truncation
error, we next consider convergence, where we derive a criterion on the numerical
parameters to guarantee convergence in the limit of time and space step vanishing,
and, here we will complete the anlysis for conditions for which the scheme will be
stable.

(i) Tuncation error: Explicit Scheme

Urt —Up UR, - 207+ Up

A e =0 (12.1)
™ = “?HA; R Q;Lf U (12.2)
We have
ultt = u(rh,(n+1)At) = ul' + At <(?91;> —At2 (g; ) +... (12.3)
utyy = u((r+Dh,nAt) = u'+h (gz) + - h2 (g;) ro (124)
so that using ‘?;; = g either
™ = %At % j+ O(AP) — %hQ % j+ O(h") (12.5)

or if we terminate the Taylor series,

(6 t) (12.6)

for n, € (tn,tns1) and & € (z,_1,2,11). So the scheme is first order in time and
second order in space.
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Since 17" — 0 as At — 0,h — 0 we call the scheme unconditionally consistent.

We can use the PDE to write uy = Uyy4., S0 that we can write 77"

AU (1 —

1/(6)) + O(At?) with u = At/h?, although this ordering only works provided h and
At to go to zero on a refinement path with p =constant (i.e. g - 0), otherwise the
two leading terms will have different asymptotic order (but 7" will still go to zero as

both At and h go to zero).

(ii) Convergence: Explicit Scheme

Lemma. The explicit scheme for u; = ug, converges if p = At/h* < 1/2.

Proof. Let e} = u} — U}, subtracting (12.1) from (12.2) gives

n+1 n n _ n n
€y — € _ €ri1 267‘ + €r_1 — 7Tn
At h2 T

and so

el = (1= 2u)el + ey, + el — AUTY.
Let E™ = max, |e}!|, then provided 1 —2u >0

lep ] < (1= 2u)E™ + pBE™ + nBE™ + AT}
or

] < B+ AT
and provided E° = 0, then with 7' = max,., |T"| < CAt we have
le™ < (n+ DAT = t,1CAt

and if £, >t as At -0, n = c©

lertt < tCAt — 0.

Hence |e| — 0 as At — 0, n — 0o, nAt — t.

We now need one further step to prove convergence, if we write

lu(z,, t) = U = |u(x,,t) —u(z,, t,) + u(z, t,) — UY,

< @, t) = | + |u = U,

(12.7)

(12.8)

(12.9)

(12.10)

(12.11)

(12.12)

(12.13)
(12.14)

since u is continuous in time the first term will vanish in the limit ¢,, — ¢ and we have
shown that the second term likewise vanishes in this limit so the scheme converges. [
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(iii) Stability: Explicit Scheme

We have noted two ways to approach stability, one is by using semi-discrete Fourier
transforms, the other is by a modal analysis, both assume a whole space domains, or a
finite domain extended to the whole space. Analysis using a semi-descrete transform
proceeds as in (12.32)-(12.36) to obtain

U™Yk) = [1—4usin®(kh/2)] = A(k)U™(k). (12.15)

Alternately, in a modal analysis, substitute into the discrete scheme

urtt = UM+ p(Ur, =200 + UM ). (12.16)
the mode
Ur ~ \rethrh (12.17)
and cancel common factors to obtain
A= 1+ p(e® — 2 4 e (12.18)
= 1+ p(2cos(kh) —2) (12.19)
and so
A = 1—4psin® % (12.20)

Hence both methods give exactly the same amplitude factor A for the numerical
scheme.
Ifweletpzsiang—h, with 0 <p <1

AMEk) = 1—4up, (12.21)
for stability we will need —1 <1 —4p or p < 1/2 so that |[A| <1 for all k£ as shown
in Figure 16.

We can also observe the extent to which A(k) = 1—4sin? £ matches A(k) = e #(*)*,
The Taylor series for each are

Mk) ~ 1-— 4;4% - %(%)3 4 (12.22)
= 1—u(kh)2+4-u%(é—h)4+--- (12.23)
= 1—p(kh)? + %u(k:h)“ o (12.24)
and
AE) ~ 1 — p(kh)? + %ug(kh)“ +oe (12.25)

so the match is only for the first two terms. This is also illustrated in figure 17.
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stability region

Figure 16: Stability region for the explicit scheme.

1

0.51

Amplification: A

05708 06 04 02 0 02 04 06 08

kh/mt
Figure 17: Comparison of amplification factors A (continuous diffusion equation)
and A (explicit Euler method) as the wave number kh varies in [—m, 7] for the case
pw=025 (—): A, (---)\

Further analysis of discrete schemes for PDEs

We have used that the solution for a linear system will be composed of modes of the
form (11.15), that is U" ~ A"e*"" but we need to develop a more formal methodology
to handle differences between solutions when we have space variation. For ODEs we
considered stability solely by the behaviour of A as At — 0. Now we have to allow
that A = A(k, h, At) [although we will normally just write A = A(k)]. One way of
considering differences between solutions when the space domain is the whole real
line (or plane etc in higher space dimensions) is to use a use a semi-discrete Fourier
transform for analysis. Suppose U,, r = 0,£1,42, ... is a set of data (in our context,
the space discretisation of a function at some point in time). First note that we
cannot distinguish modes of the form e*™ when |k| > m/h from those of lower k
value (this is the phenomenon of aliasing) so for our numerical mesh we have to

79



restrict k € [—m/h,7/h] and we can define a semi-discrete Fourier transform

3 _ - —ikrh T
Uk) = hrz_:oo Uye ke [ i h] , (12.26)
with inverse
U, o= ; U(k)e*™ dk (12.27)
r = o . (§ . .

h

There is an associated Parseval’s Identity (class exercise)

1U1le, (12.28)

1 N
—— UL,
m“ ||L2

where we distinguish the norm of discrete data and a continuous function by

U, = [h >

r=-—00

1/2
(12.29)

and

™

- 1/2
T (/ |U<k>|2dk) | (12.30)

™

"
Having set up these norms, we can use them to measure differences between functions
and between discrete data sets.

Definition. A finite difference scheme is practically stable in the {5 norm if

U e, < NT°le, (12.31)

If we take the explicit scheme for our model problem, written as

Ut = U (U7 = 207 + UL (12.32)

1krk

multiply each term by he'™* and sum we obtain the semi-discrete Fourier transform,

SO

oo oo
n+1_tkrh __ n ikrh
h E U’ e = h E U'e

r=—00 r=-—00

+ u (h Z et (U, — 207 + U:1)> (12.33)

r=—00
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gives when we re-index two terms on the RHS (and use the sum being over an infinite
range, clearly this would not work if the range of the index r were bounded)

Ut (k) = U™(k)+p(e”™ — 2+ e*) U (k) (12.34)
so that
rn+1 rn 22 kh - n
U (k) = U"(k)— 4psin 7U (k) (12.35)
or with A\(k) = 1 — 4usin®(kh/2), we have
U (k) = ME)U™E). (12.36)

Hence using Parseval’s Identity

1 A 1 N
yntl = —|o"*t = —[|\U" 12.37
H ||€2 \/%H ||L2 \/ﬁ” HL2 ( )
or
1™ Hle, < max A [[U" - (12.38)

Hence maxy [A(k)| < 1 (with k& € [—m/h,n/R]) is sufficient for practical stability, so
that,

kh
—1 < 1— 4psin? 5 = 1 (12.39)
gives practical stability (and as we shall show shortly, this is satisfied when p < 1/2).

For most linear discrete schemes on the whole real line, analysis for stability proceeds
by deriving

Uk = ME)U™(k) (12.40)
and then determining conditions for which

max  |A(k)] <1, 12.41
ka_w/ifﬂ/h)' (k)] < (12.41)

and the general experience is that even if the problem is not defined on the whole real
line, ignoring the boundaries and extending the domain to the whole line and using
a mode

U ~ \"etrh (12.42)

and then applying (12.41) [or using a smi-discrete transform] can still give useful
practical stability conditions.

Definition. A finite difference scheme is von Neumann stable for 0 < t < Ty if
there exists C > 0 such that

10" le, < CIU°les- (12.43)
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This is a little less restrictive than practical stability (practical stability = von Neu-
mann stability.)

Lemma. If U™ (k) = A(E)U™(k) and |\(k)| <1+ KAt Vk € [—7/h,7/h] then the
scheme is von Neumann stable.

Proof. Using Parseval’s Identity

UM, < (L4 KA|U e, (12.44)

SO
U™, < 1+ KAD)™Ue, (12.45)
< AU, (12.46)

but for 0 < nAt < T,.x, the exponential is bounded and so
[U™le, < "o | TP, (12.47)
and the scheme is von Neumann stable. O]

Theorem: Lax Equivalence Theorem. (without proof) For a consistent difference
approzimation to a well posed linear evolutionary problem, stability as At — 0 is
necessary and sufficient for convergence.

This is the equivalent statement for PDEs to Dahlquist’s theorem for linear multistep
methods.
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Lecture 13

Analysis of a Fully Implicit Scheme

The scheme just considered is an explicit scheme, we can derive an implicit scheme
from

ou\ " Untt — g 131
) ~ "= .
2 n+1 Un+1 o 2Un+1 Un+1
% ~ r+1 r + r—1 (132)
oz% ), h?

with a finite difference stencil as shown in Figure 18.

(r—Ln+1) (r,n+1) (r+1,n+1)
® @ @
{

(r,n)
Figure 18: A finite difference stencil for the heat equation using an implicit scheme.

So now, letting p = A/h?
U (L 20U — U = U (13.3)

If we write this out for, say, h = 1/4

U(;H-l — 0
—pUg ™+ (L 2pUrTt — ! = Uy
- puptt + (1+2uUstt — pUy+! = U> (13.4)
- ut o+ (e2pUstt - Uttt = Uy
uptt o= o.

In matrix terms

1 0 0 0 0 Ugtt 0
—pu 14+2u  —p 0 0 Uptt upr
0 —u 1+2u —-pu 0 uptt | o= | Uy (13.5)
0 0 1+ 2u —p Uyt ur
0 0 0 0 1 Uptt 0
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This is a tridiagonal coefficient matrix, and for general M, gives a system that can
be efficiently solved by the Thomas Algorithm.

We can in this model problem trivially eliminate boundary values and define

+2 -1 0 ... ... 0
-1 +2 -1 0 ...
0o -1 42 -1 0 ...
K = o (13.6)
0 -1 42 -1
0 0 -1 42 (M—1)x (M—1)
then we have:
Explicit Scheme
Uptt up
g Ubi—1
Implicit Scheme
(I+pK)U™t = U” (13.8)

The implicit scheme could be modified by using a combination of space derivatives at
level n and n + 1. Let 0 < 0 < 1 and approximate the space deivative by a weighted
sum of the values at time level n and level n + 1:

0%*u 92\ " Pu\"
— =~ 0| =— 1-0)( =— 13.9
0x? <8x2> * ) (83}2) ( )
or
yrtl _ yn Unjll —opyntt + Un:rll Uun . —oU" + U™
r r _ r r r 1— r41 T r—1 13.1
S v 0 2 +(1-10) 72 (13.10)
or in matrix terms
(I + M@K)U”Jr1 = (I-p(1-0)K)U", (13.11)

and is a form of theta method.

Thomas Algorithm

Many numerical schemes which use three point stencils give tridiagonal matrix prob-
lems, for example, we have just seen that the implicit scheme
Untt —yn Uil —2urtt 4 Ut

N = = e , (13.12)
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results in the matrix problem:

(I +pK)U™ = U (13.13)
This has the matrix (with boundary values eliminated) of the general form
blUln—H — 61U2n+1 = Uln
—a UnJrl 4 b Un+1 o c UnJrl — Un
2 2 2 ; (13.14)
— aM,lUff,lQ + belU}\L/[tll = Uy,
So we can state a fairly common matrix representation
blUl - C]U2 = d1
_a2U]_ + bgUg — CQUg = d2
— a3l + bUs — c3Uy = d3(13.15)
- ay—1Up—2 + by1Uy_1 = dy—
If we normalise the first row and eliminate the as term in the second row
Uy — “Us = 4
0 - (bg — %01) U2 — 63U3 dg + Z—fdl (1316)
0 - agUQ + bgUg - 63U4 = d3
etc. It is a class exercise to show that
U1 — 61U2 = fl
U, — eU; = f2
: (13.17)
Upm—2 — env—2Uuw = fu—2
U1 = fua
where ey = 0 and fo = 0 and
Cr
y = —— r=1,...,.M —2 13.18
‘ br — Gr€r_1 : ( )
dr rJr—
P S V) (13.19)
br — Qr€r_1
Then with UM,1 = fM,1
Upv—2 = fu—2+en—2Un (13.20)
or
U = fr+eU4 forr=M-2M—-3,...,1. (13.21)

From an implementaiton point of view, note that the Thomas algorithm does not
require the full matrix to be stored, only four vectors a, b, c, d, so it is perfectly
feasible to handle problems where M is very large and where the full M —1 x M — 1
coefficient matrix could not possibly be stored.
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(i) Truncation error: Implicit Scheme

If we turn to the fully implicit scheme
WU (14 U - U = O, (1322)
and evaluate the truncation error by expanding about (rh, (n + 1)At)

1. 0% ) 1 0%, -
“At——(rh, 1) + =h* 5= (&1, tng), (13.23)

TnJrl —
" 2 Ot? 12 Ox?

where 7,41 € (tn, tne1) and fTH € (xy_1,x,41). Hence the order of the scheme is the
same as for the explicit scheme, that is first order in time and second order in space.

(ii) Convergence: Implicit Scheme

As before, let €7 = uj — U to obtain

efHA; ey ertl — 265;1 + et _ on (13.24)
so that
(L+2p)er™t = el + el + pelt — AT (13.25)
Let £ = max, |e}'|, then
(1+2u)|er™| < E"+ pE™™ + pE" 4+ AT (13.26)
for all r, so that we must also have
(1+2u)E™ < E"+ pE™™ + pE" 4+ AT (13.27)
where 7" = max, T"™!| and hence
E"L < BT AT (13.28)

Provided E° = 0, then with 7' = max,., |T"| < CAt we have
E" < (n+ D)AT = t,.1CAt (13.29)
and if t, =t as At — 0, n — o0
|E"T | < tCAt — 0. (13.30)

However, by definition |e"*!| < E™™! so we must have |e" ™| — 0 as At — 0, n — oo,
(n+ 1)At — t, and so as for the explicit scheme, we deduce convergence, only now
the scheme converges unconditionally.
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(iii) Stability: Implicit Scheme

As for the explicit scheme, we can either ise a semi-discrete transform, multiply the

discrete equation by he’** and sum, reindex, to obtain
(14 (2 —e* — e MT (k) = U"(k), (13.31)
or
(1 + 4sin? %kzh)ﬁ”*l(k) = U"(k), (13.32)
so that
S (13.33)

1+4usin2%’

ikrh

or we can take a mode, U’ ~ A\"e""™ substitute into the discretisation as before,

cancel common factors, to obtain
A1+ 2p — pe™ — ey = 1 (13.34)
so giving exactly the same result.

The structure of A = 1/(1 4+ non — negative) means that |[A\| < 1 for all k£ and the
scheme is unconditionally stable.

As for the explicit method, we can see that the numerical amplification factor A(k)
approximates the continuous amplification factor A(k)very well for small values of k
but much less well for large values (but of course, the mode aplictude of the solutons
decreases rapidly as k increases so the failure of A to match A for large & may have very
little effect on the computed solution. The comparison between the tow amplification
factors is shown in figure 19.

1

Amplification: A
o
N

-08 -06 -04 =02 0 02 04 06 08
kh/mt

Figure 19: Comparison of amplification factors A (continuous diffusion equation)
and A (implicit Euler method) as the wave number kh varies in [—m, 7] for the case

=025 (—): A, (---) A\
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Lecture 14

Analysis of a Theta-method

As before, let © = At/h* and assume 0 < 6 < 1, then a theta method will relate
values at level n and n + 1 according to

n+1 n
Uptt - U

(1 oW Z U UL, U — 200 )
At

r+1
h? +0 h?

—0) (14.1)
so that

—OuUrS! + (1 + 200U — HNU;:T =
(L=0)pUry + (1=20=0)p)U"+ (1 —0)uUry,, (142)

(i) Truncation Error of #-method

While Taylor series expansion can be about a number of different points, the simplest
expansion for a theta method is about the mid point (z,,¢,+1/2) since symmetry helps
with cancelation of some terms.

P L R N
Wy, toy12)
tn
ur ur U,y
Tr—1 Ty Tyt

Figure 20: Grid points for the theta method.

We expand terms in the truncation error about (z,,,41/2) (see Figure 20):

qn+1/2

- 1 171\ 171\
- r 2
1 1/1.\° 1/1. \°
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so that

u:LJrl . U:f 1 n+1/2
T = |:ut + ﬁAtQUttt + .. :| ) . (145)
We also know that
n+1 n+1 n+1 n+1
Upq — 2ur + Uyp_q 1 2
A = 72 = [um + ﬁh Ugpge + - - - r (14.6)
U —2ultuly Loy !
B = 2 = {um + Eh Ugpgs T - - - ) (14.7)
and we expand each of these about (x,,t,11/2) to get
n+1/2
1 1/1.\° /
2 2\ 2
1 1 n+1/2
n+1/2
B - Ut + 2 (2a0) v / (14.10)
- Ugzy 2 Uzt 2 2 Ugztt oo .
n+1/2
12 s — S At + - (14.11)
12 TLTT 2 rrrat LR . ... .
so that
Lo, 24
A+ (1—0)B = ug + ﬁh Uppre + ah L (14.12)
1 1 1
+3 (0 —(1—0))At [um + Eh%xmt + .. ] + gAﬂuthw.la)
so that

1 1 1 1
TZL—H/Q = 5(1 - QG)Atu;ﬁxt - EhQUxx:m + At2 [ﬁuttt - gua:xtt:| + .. (1414)

If we use u; = Ugy, Uy = Ugpze €tc then

1 1 !
T”:hLl/2 = 5(1 — 29)Atuzzm$ - —hQUx;pzz

— —AtPUppprs + ... (14.1
3 3 t*u + ( 5)

The case 8 = 1/2 is special in that the first term is zero and so the scheme is second
order in space and time. This is called the Crank-Nicholson scheme.
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(ii) Convergence: Theta-method

For convergence of the # method, let 1 —60 >0 and 1 —2(1 —6) > 0.

Combining the definition of the scheme and the truncation error then the errors for
the scheme much satisfy

(1 + 2pB)ertt = pb(et] +eriy)

+ (L= 0) ey +ep) + (1= 2u(1 = 0))ey — AtTH/2, (14.16)
and letting E" = max |e?| and T"/2 = max|TT”+l/2| and since 1 — 6 > 0 and

1 —2(1—46) >0 we have
(14 2ud)E™ < 2u0E™ +2u(1 — 0)E™ + (1 — 2u(1 — 0))E™ + AtT"/2 (14.17)
and thus

EM < BT AT (14.18)

Starting with exact initial data, E° = 0,

n—1
E" < AtY TPV < pAtmax T2 (14.19)

p=0

and nAt < tpae so that E" — 0 as T""Y2 — 0 with At — 0 and the scheme is
convergent.

(iii) Stability: Theta-method

As in the two previous examples, we obtain exactly the same result using either a
semi-discrete transofrom or by substituting a Fourier mode and you should be able
to do both if asked in an examination. Here, we apply analysis using a Fourier mode

U:} ~ )\nelk:rh7

which gives after cancellation of common factors
kh kh
(1 + 460y sin? 7) A = 1—4(1—0)usin? 5 (14.20)

so that

.2 kh
N 1—4(1—0)psin® £ (14.21)
1 + 40y sin? % '
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or, with p = sin?(kh/2)

1—4(1—0)up

A
14+ 40up

(14.22)
where ¢ > 0 and 6 € [0,1]. This is a monotonically decreasing function of p and our
interest is for 0 < p < 1. If p — oo then A — (6 —1)/6 so we have two cases as shown
in Figure 21 depending on the relation of this limit to minus one.

Stability
region

6<1/2

Figure 21: Stability region for the theta method.

Provided the large p limit of A is greater than or equal to —1, the scheme is guaranteed
to be stable since the value of A must be between 1. This case corresponds to
9>1/2.

In the case § < 1/2 we need to check that A(p = 1) > —1 for the scheme to be stable.
We need

1—-4(1-0)u
AMp=1) = ——W—— > -1 14.2
p=1 = gt (14.23)
or
1 1
w(l—20) < = 0<-=. (14.24)
2 2
So for stability when 6 < 1/2, we must have
1
< 14.25
o= 5120 (14.25)

As for explict and fuly implicit Euler methods, we can calculate values of the amplifi-
cation factor lambda and compare with A; the case § = 1/2 is known as Crank—
Nicholson and values are shown in figure 22 for the same mesh ratio as before,
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uw = 0.25. As with the previous methods the agreement for small k is excellent,
agreement for larger £ is less good but as observed, this has little impact on the cal-
culated solution as the Fourier transform of the original distirbution of u at the start
is highly likely to have very small coefficients at large k.

1

Amplification: A
o
N

208 06 04 02 0 02 04 06 08
kh/m
Figure 22: Comparison of amplification factors A (continuous diffusion equation) and

A (Crank Nicholson, § = 1/2) as the wave number kh varies in [—7, 7| for the case
=025 (—): A, (---)\

We can see the effect of the amplification values if the solution of diffusion problem
is computed. One simple model problem is that already anlysed, that of a delta
function distribution in space as initial value with exact solution given by (11.22). It
is not practical to start this calculation at ¢ = 0, however, the exact solution can be
specified at ¢ = At and the evolution computed to some later time. All three methods
give nearly identical computed values at later times, see figure 23 where the initial
spike is partially shown and all three methods overlay the exact solution very closely.

0.8F

0.6r

0.4r

0.2r

Figure 23: Comparison of computed solutions for a delta function initial distribution,
calculated for u = 0.25, h = 0.05 starting from the exact solution at ¢ = At and
computing until ¢ = 1 for explicit Euler, implicit Euler and Crank—Nicholson. On
this visible resolution all three computed solutions are identical.

The error between the computed solutions and the exact solution are not apparent in
figure 23, they are show in a semi-log plot in figure 24, all three methods give errors
of similar magnitude (even though Crank-Nicholson has higher order convergence in
h the errors are much the same and dominated by all three methods being first order
in At.
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Figure 24: Comparison of errors at ¢t = 1 for p = 0.25, h = 0.05 for (i) (—-) Explicit
Euler, (ii) (- - -) Fully Implicit Euler, (iii) (- . -) Crank—Nicholson.

You should appreciate that any limit on p is a severe practical constraint and for the
explicit scheme we have in terms of time and space step

1
At < §h2, (14.26)

so, for example, if we were to reduce the space step by a factor of two, not only would
we have twices as many space computations each time step, we would also need to
reduce the time step by a factor of four; halving the mesh size leads to eight time as
many computations. If, on the other hand, we used an implicit scheme so as to avoid
a stablity constraint, halving the mesh to increase accuracy would lead to a matrix
problem where the coefficient matrix has doubled in size, and inversion of this matrix
requires a similar increase in number of computations (that is, roughly a factor of
eight) although very efficient matrix solvers can have a big effect here.

The Leapfrog Method

The methods we have looked at so far are all first order in time. One possibility to
increase temporal accuracy is to use central differences in time as well as in space.
This adds a level of complexity since data has to be stored for two previous time
steps, giving the three level leapfrog method (see Figure 25 for the finite difference
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stencil):

Q

<8u)" U+t gt

ot ) 2AL
P2u\" U, — 207 + U,
0z% ), - h?

urtt = Ut 2u (U, - 200 +UR) .

It is a simple exercise to show that 77" ~ O(A#?, h?).
9u

s
7%2\

r—1 T r+1

(14.27)

(14.28)

(14.29)

thrl

Figure 25: The finite difference stencil for the leapfrog method

If we look at Fourier modes U ~ A"e™*" then

1
A= 1 + 241(2 cos(kh) — 2)

1 kh
= 1" 841 sin’ -

Let p = sin®(kh/2) then
AN H8uph—1 = 0
with 0 < p < 1. The roots are
A = —dpp=E \/W
so while
Moo= V1622 + 1 —dpp < 1
the other root

Ao = —/16p’p> +1—4up < —1

so the scheme will always be unstable.
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Lecture 15

Eigenvalue analysis

The use of individual Fourier modes U™ ~ A"e*™" or the discrete Fourier transform,

U™ is based on an infinite z domain. If the domain is finite, analysis is more difficult. It
may be that the domain can be extended to an infinite domain by making the solution
periodic in space. It is also sometimes possible to apply an eigenvalue analysis of the
finite domain approximation. We give one example here.

If we take the domain 0 < x < 1 with u(0,¢) = u(1,¢) = 0 and apply an explicit
method we saw that the matrix

2 -1 0 0
-1 2 -1 0
o -1 2 -1 0 ...
K = S (15.1)
o -1 2 -1
0 0 -1 2 (M—1)x(M—1)
was central to the scheme with
Uttt = (I - pK)U™ (15.2)
Kisan (M —1) x (M — 1) matrix.
Suppose the eigenvalues of K are denoted \j, ..., A\y_; and eigenvectors z', ..., zM 1.
Consider
sin(pmh)
sin(2prh)
7’ = : (15.3)

sin(rpmh)

sin((M - 1)pmh)

Note also that as M = 1/h then sin(Mpnh) = sin(pr) = 0. Now evaluate Kz?

0 + 2sin(pmh) — sin(2pmh)
—sin(prh) + 2sin(2prh) — sin(3pmh)
b :
Kz —sin((r — 1)prh) + 2sin(rpmh) — sin((r + 1)pmh) (15.4)

_sin((M —2)prh) + 2sin(M — 1)prh) — sin(Mprh)
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but

sin((r — 1)pwh) = sin(rpmh) cos(pmh) — cos(rpmh) sin(prh) (15.5)
sin((r + 1)prh) = sin(rpmh)cos(pmh) + cos(rprh) sin(pmh) (15.6)
and so
—sin((r — 1)pmh) + 2sin(rprh) — sin((r + 1)pmh)
= (2 —2cos(pmh))sin(rpmh). (15.7)
factor sam:for each r
Hence
Kz’ = (2—2cos(prh))z’ = 4sin® p%th (15.8)

and the eigenvalues of K are )\, = 4sin?(pwh/2). Hence the eigenvalue of I — uK are
1 — 4psin®(ph/2) and if the eigenvalues of I — pK are all to have modulus less than
or equal to 1, we need p < 1/2 as before.

Maximum principle analysis

In some situations it is not possible to apply any Fourier type analysis, often becasue
the domain shape does not allow either Fourier modes or matrix eigenvalue analysis.
It may still be possible bound how the the solution can evolve by showing that there
is a maximum principle that constrains any calculation in the numerical solution to
be between maximum and minimum values on the boundary of the computational
region..

We first look at a relatively trivial result from linear interpolation, this is worth doing
as the undelying argument is at the heart of proof of maximum principles. The lemma
is just that for linear interpolation, the interpolated value will always lay between the
smaller and the larger of the two values being interpolated.

Lemma. Let U =aV + (1 — o)W for 0 < a <1 then U < max{V,W}.

Proof. Let M = max{V, W} and write V=M — ¢, W = M — ¢, for some €1,€3 > 0
and

U = a(M—¢€)+(1—a)(M—e) (15.9)
= M—ae —(1—a)e (15.10)

< M. (15.11)

0l
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Lemma. Ezxtension

For data {V1,...,Vi}, let

k
U=> aV, (15.12)
r=1
where ay, . .., oy satisfy
1. a, >0 forr=1,...,k,
2. Zle a. =1,
then
k
min{V;} < U=>» oV, < max{V,}. (15.13)
r=1

In the case of the finite difference schemes we develop, if we can write

gUrtt = > aupt! (15.14)
sc€adjacent nodes
where
1. a. >0,
2. >0,
3. B=>a,,
then

min {adjacent nodes} < U"*! < max {adjacent nodes} . (15.15)

Maximum Principle for #-method for Diffusion Equation. Suppose on the
boundaries
t=0, 0<zx<1l;, =0, t>0;, =1, t>0,

Dirichlet data is given by:

T,
" » =1,2...N="2% 15.1
U07 UM7 n ) At (5 6)
1
0 =0,...,M, withh=—. 15.1
U, r=0,...,M, wi i (15.17)
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Let

OUpax = maX{Ug‘,U}\},n: L...,N;U% r :O,...,M}, (15.18)
OUpin = min{U§,Uy;,n=1,...,N;U),r=0,...,M}, (15.19)
then the 6 method for 0 < 0 <1 satisfies
OUpin < U < OUpax, (15.20)
provided
p(l—40)<1/2. (15.21)

Proof. Let M = max,, U and suppose M is achieved at the location (r,n + 1) in
the interior of the computation region.

Suppose U = M — e, UMY = M — €, Uy = M — €3, U" = M — ¢, and

T T T

Uty =M — e, where €1,...,65 >0

The 6 scheme is

(1+2u) U =
WOUZE + UZE) + (L= 0)(U7, + UZ) + (1 — 2u(l — 0))U7 (15.22)
and we have 1 —0 >0 and 1 —2(1 — 6)p > 0. Thus
(14+2u0)M = (1 + 2p8)M
+ pher +e) +pu(l —0)(es+€5) + (1 —2u(1 — 6))eqy (15.23)
or
po(er + ) + (1 —0)(es +€5) + (1 = 2u(1 = 0))es = 0. (15.24)

This is only possible if e; = €5 = €3 = ¢4 = €5 = 0 and hence all points at (n+1,r—1),
(n+1,7+1), (n,7—1), (n,r), and (n,r+ 1) must also have value M. Continue this
process at neighbouring x-locations, r — 1,7 4+ 1 or at time step n until the boundary
(either the boundaries at @ = 0,1 or the initial value boundary at ¢ = 0) is reached
so M must occur on the boundary (and indeed M cannot be achieved in the interior
unless U = M everywhere).

A similar argument for M = min,,, U, assume minimum in the interior, let adjacent
points be M + ¢; with ¢; > 0 and deduce ¢; = 0. ]

Lemma. Provided 2i(1 — 0) < 1, then 0-method for our model diffusion equation
(defined on the whole real line) satisfies

10w < M0N0 m=1,2,...,
where the infinity norm of a discrete set of data {U, : r € Z} is

Ul = mazrez|Uy|.
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Proof. This result follows from the previous theorem, alternately this can be proved
in two steps, first establish that

10" e < N0 0o, n=0,1,..., (15.25)
from which it follows that

10" e < NUMlene, m=1,2,....

The proof of (15.25) may be from the same argument as for the maximum principle
(that is by contradiction) or by taking a norm and using a triangle inequality to
obtain

A+ 20U <
O™ e+ 10 o) + (1= 01U o+ [T7]c) + (1 = 2u(1 = O) U™

provided 1 — 60 >0 and 1 — 2(1 — ) > 0, so that
U™ e < U™l -

O

An advantage of using a maximum principle is that the method can be applied both
for a finite domain or in the context of our original problem on the whole real line
where the solutions has to decay to zero when |z| — oo, and so we can prove stability
in the ¢, norm (which is a much stronger norm than the ¢, norm).

The condition p(1—6) < 1/2 or At < h?/2(1—0) is more restrictive than the stability
condition p < 1/2(1 — 26). This is illustrated in Figure 26.

4

Figure 26: Stability limits on p = At/h? from {5 analysis, (—-), and from £, analysis
or a maximum principle, (- - -). In each case, the numerical scheme is stable for u
values up to and below the relevant bounding curve.

It is worth being clear about how figure 26 should be interpreted. The limits show
where we can prove stability of the numerical scheme for our model problem using
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either, for the whole real line, a semi-discrete or modal analysis and the ¢9 norm,
or for a finite or infinite space domain, a maximum principle and the /., norm. In
the case of semi-discrete transform or modal analysis, if the stability condition on pu
is exceeded, then there will be growing modes and the nuerical solution will become
unbounded. In the case where a maximum principle is used for a finite interval, we
only claim stability in the /., norm for u values below a critical value but we do not
say anything about what should happen for u values above this stability value.

Boundary conditions

On the boundaries of the interval 0 < x < 1, we have so far considered only zero
Dirichlet conditions u(0,t) = u(1,¢) = 0. Suppose there were Neumann or mixed
Robin boundary conditions, for example,

ou

Neumann %(0, t) = f(t) (15.26)

0
Robin  au(0,t) + B%(O, t) = g(t) B#0. (15.27)
These can be handled best by applying an implicit discrete boundary condition. Sup-

pose we temporarily assume that a value U_; exists, the second derivative u,, at the
boundary has discrete approximation

ul® | UF—2Ur+ U
i = 15.28
ox?|, h? ( )
and the boundary condition can be discretised by
oul" upr—-ury,
- — n — = = g™ 15.2
au—i—ﬁ@xo aUy + o g (15.29)
Rearranging the boundary condition (15.29) we have
20hUy + BUT — 2hg™
gn, = 2ohUs + OUF = 2hg (15.30)
g
and substituting this into (15.28) gives
Pul" _ UF 205 + U7 + 25005 — 2 (15.31)
0x?|, - h? ) )

Thus the ficticious point U™, can be eliminated algebraically and we have a dis-
cretisation that implicitly applies the mixed boundary condition and the differential
equation at the boundary point

Uptt - Uy 207 - 201 U 2gn

At h2 B

(15.32)
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Finite Element Approximation

All the finite difference methods we have considered attempt to approximate a con-
tinuous function at a discrete set of points. An alternative way of looking at the
problem of approximating the continuous system is to try to represent the solution
using a finite set of continuous functions. One method that uses this idea is called fi-
nite elements. While the origins of the method were in analysis of elastic deformation
of engineering structures, the mathematical theory has been developed and extended
and is the subject of whole courses: here we only will get a brief taste for the method.

We can look at a specific problem: the differential equation
Up = Upy, 0<x <1, >0, (15.33)

with initial condition u(x,0) = ug(z) and boundary conditions wu,(0,t) = u,(1,t) = 0.
We suppose that for the inner product

(u,v) = /1 u(z)v(x)de, (15.34)
0
that we require u to be the solution of
(ue, v) + (g, vz) =0, (15.35)
subject to the initial condition, also in inner product form,
(u(-,0),v) = (uo,v) (15.36)
where v ranges over a space of functions. This is called a weak form of the equation.

In order to determine an appropriate space of functions {¢,},we retain the same
mesh we might use for finite difference approximation, xz, = rh, r=0,1,... M, with
h = 1/M, and consider a finite set of continuous functions, here denoted ¢,(z), r =
0,1,... M.

Thus we define the space of functions

Vi, = span{ g, ..., om}, (15.37)

and assume both that the numerical solution will come from the space V) and that
the weak form will use the space V} as a test space. Hence U™ is given by a linear
combination of these functions and at time ¢, the weight for each of these functions

is denoted U/, so that
M

U () = S U (o), (15.39)

r=0
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is the approximation to the continuous solution u™(x) = u(x,t,). The solution is then
determined by choosing the approximating function U to satisfy the weak form equa-
tion for each function that generates Vj, (and so will satisfy the weak form equation
for any linear combination of these functions), that is

U, ¢p) — (Uy, @), r=1,...,M —1. (15.39)
The time derivative can be discretised using a forward difference,

(U”+1(:E) — U"(x)
At

v¢r):_(U;L?¢;)7 r=1,...,M—1. (1540)

Finally using the representation of the solution in terms of the functions ¢,.,

M M M
Z U™ (¢, ) = Z U (s, by) — NZ Ur(¢l,él), r=1,...,M —1. (15.41)
s=0 s=0 5=0

Without it being obvious, the weak formulation has made a great simplification. If
we retained the orginal differential equation, we would have had to require that the
functions ¢, were twice differentiable (at least piecewise so), now we only need them
to be once differentiable (again, in a piecewise sense). The practical consequence is
that we can use piecewise linear functions with compact support so that the sums in
this equation range only over a few index values.

If we define
0, |z| > h,
O(x)=<¢ 1+ax/h, —h<zx<0, (15.42)
1—x/h, 0<z<h,
and then let
or() = (2 — ), (15.43)

then we never have more than three successive functions overlap so that

0
(@100 = [ —F0+ e = gh

and - )
/ A= 2 _ =
o) =2 [ (3P =1,

with all inner products zero when indices differ by more than one.
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Using these in (15.41), for each r =1,..., M — 1,

At

h h
G U +AUIT +URY) = (UL + AU+ U ) + —

- - (U",—2U"+U™,,). (15.44)

To these equations have to be added the two boundary conditions at x = 0, z = 1
and then the coefficients at time step n + 1 will be given by solution of a tridiagonal
system. Using the basis functions ¢, above, the values U]’ have a dual interpretation,
being both the coefficient or weight of the basis function ¢, at time ¢,, and also the
predicted value for u at the mesh point (z,,t,).

This brief introduction only begins the theory for finite element approximation which
is covered much more fully in other courses. Particularly when working in multiple
space dimensions, finite element methods offer great flexibility in covering irregular or
odd shaped domains and a range of basis functions (for example, piecewise quadratic
or higher order functions ¢,) also adds to flexibility. There are finite difference meth-
ods that can cover such domains (finite volume methods fall in this category) but
often finite element methods are the prime choice for such problems.
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Lecture 16

Two dimensional problems

Only a few real problems can be reduced to one space dimension, more usually in-
terest will be in situations involving surfaces (2D) or volumes (3D). We have time
only to look briefly at how the ideas from 1D extend to higher space dimensions,
as a general rule, for explicit methods, stability restrictions become more severe, for
implicit methods, the matrix inversion step becomes much more difficult.

Suppose u = u(x,y,t) on 0 <z <1, 0<y <1,t>0 with
ou Pu u

R e S Eiet 16.1
o 02 o (16.1)
v =0 onzx=0,z=1y=0y=1 (16.2)
uo(z,y) ont=0. (16.3)

In the unbounded domain, fundamental solutions are of the form
u(z,y,t) ~ e FHOeikegity (16.4)

and defining a 2D Fourier Transform for functions v(x, y)

Ok, l) = / / v(x,y)e * e dx dy (16.5)

gives transform solutions
Ak, 0,t) = gk, O)e= K+, (16.6)
The inverse transform for u can be manipulated into a convolution integral as before.
There are many methods to solve the continous 2D problem using discrete meshes.
Here we will look only briefly at rectangular meshes, as illustrated in figure 27(b) but
many other mesh shapes can be used, for example a mesh if equliateral triangles is
shown in figure 27(a) and there are methods which do not rely on any mesh over the

domain. This is particularly important for real domains which are rarely rectangular
in shape.

Now return to the problem as formulated on the unit square and let Az = 1/M,,
Ay =1/M,, t, = nAt, x, = rAzx, y, = sAy and
U, = u(rAz, sAy, nAt).

Define two space difference operators by

5§U:s = U:L+1,s - 2U:,bs + nylfl,sv (167)
U, = UMy, —2UT +UN . (16.8)
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Figure 27: Two example 2D meshes: (a) equilateral triangles, (b) square mesh.

(a) Explicit method

We approximate the equation by an explicit method
" = 6 A+ 50U 16.9
At AxQ T rs + Ayg y-rs ( )

forr=1,...,M,—1,s=1,....,.My—landn=1,...,N = Ty /At
Thus the algorithm is that given all valules U, at time level n, we explicitly calculate

U[fjl at the next time level as shown in the stencil in Figure 28.

(b) Fully Implicit scheme

The fully implicit method will evaluate all the space derivatives at the n + 1 time
level

Un+1 _ Un 1 1
TS ™S 52 n+1 52 n+1' 16.1
At A2 er,s + Ayg yUr,s ( 6 0)

Here, even though Ur’fjl, U, look like arrays, we have to treat all the values as part
of a wvector by

(um’ = (U1, U1, Uingy—1,Usay oo Usngy =155 -+ Untp—1, - -+ Untp—1,01,-1]
(16.11)
so that U” is a vector with (A, — 1)(M, — 1) elements.
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X

Figure 28: The finite difference stencil for the explicit method in 2D.
For simplicity let M, = M, = M, Az = Ay = 1/M, u = At/Az?. Then equation
(16.10) is
—pUl = pUr 2+ (U 4p) UL — pUEL = U = UF (16.12)

Define a (M — 1) x (M — 1) matrix

0 — 1+4p — 0
B - g (16.13)
0  —pu 1+4p —p
0 . . 0 —p 144p (M—1)x(M-1)
and let
B —ul 0 0 0
A 0 —ul B —ul 0 (16.14)
0 —pul B —pl
—ILLI B (M71)2><(M*1)2
Then
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or
Uttt = AT'un (16.16)

The matrix A is very large (e.g. with A = 0.01, the vector U has 10* elements and A
is a 10* x 10* matrix). Special methods are needed to solve the system AU"! = U".
Next term the course looks at methods to solve such systems. For the present we just
have to recognise that A is very large (in 3D with A = 0.01 on the unit cube, A would
be 105 x 10°, i.e. 102 entries, nearly all of which are zero).

(c) Theta-method

It is straightforward to set out a 6 method:

Un+1 —_yn 1 ) 1
T8 TS n+1 _ 21
A H_A:EQ (5xUT’S +(1 9)_Ax2 532UT7S (16.17)
1 2rn+1 1 21
+ HA_yQ(SyUT;r + (1 - Q)A_yQCSyUT,S’ (1618)

As with the fully implicit method (which is obviously also the case here when 6 = 1),
this requires a matrix problem to be solved at each time step when # > 0 and reduces
to an explicit method when 6 = 0.

Stability

For a modal analysis of stability, we neglect the boundary and suppose the scheme is
applied over a plane and look at modes U, ~ N\etkrazeilsAy oo that we have

kA

52U, = (—2+2cos(kAx))Ul, = —4sin’ TxUﬁs, (16.19)
LAy

2rm n o __ 102 n

6,Urs = (=2+2cos(fAy))U, = —4sin TUT’S. (16.20)

(a) Stability: Explicit method Substituion of the mode into the discrete scheme
gives

kA LA
A = 1— 4y,sin’ Tx — 4y, sin® Ty (16.21)
with g, = At/Ax?, p, = At/Ay* and stability requires

(16.22)

N —

Mo+ py <
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or

1 1 1
i < = .
At <A + A ) <3 (16.23)

which is more restrictive than the 1D result.

(b) Stability: Implicit Method In this case, the modal analysis gives

1
= ; (16.24)

1 + 41, sin® '“ATZ + 4y, sin? %

so the method is unconditionally stable.

(c) Stability: Theta-method The algebra is a little more involved than for 1D
but essentially the same, we find

1—4(1 = 0) (pgsin® £22 4 4y, sin? my)

A
1+ 46 (p, sin® km” + 1, sin® my)

(16.25)

and we need 2(1 — 26) (g, + pyy) < 1 for stability when 6 < 1/2 and there is uncondi-
tional stability for 6 > 1/2.

Truncation error

We now need to use Taylor expansions in three dimensions, x, y and t.

We have u(x,y,t) with u, = u(rAz, sAy, nAt)

Gpups = Uiy, — 2up, bl (16.26)
ou  Ax20%u Az20Pu  Aztdu "
= Ar— —t———— ... 16.27
[“ ST T T R P A T T ] (16.27)
—2u!", (16.28)
ou  Ax20%u  Az?0Pu  Aztdu "
—Dr—t oS - st A 16.2
+{“ Yor T 2 022 3l 027 T 41 B4t } (16.29)
u|" Azt 0%
= Ar*— —_— — 16.30
v 0x? s 12 Oxt e ( )
Similarly
0*ul" Ay *u

Sul, = Ay'—— 16.31
yUrs Yy y? 12 53/ ( )
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with similar expressions at time level n + 1.
We also have
uptt =l = [u+At—+——+...r
r,s -
0
- Ata—?

n

" At? 0%u
21 Ot?

r,8 s

(16.32)
(16.33)

(16.34)

As with one dimensional schemes, algebra is easiest if Taylor expansions are careflly

placed with respect to time level.

Explicit expand about (z,,ys,t,), see Figure 29.

Implicit expand about (z,,ys, tnt1), see Figure 30.
Theta-method expand about (x,,¥s,tn41/2), see Figure 31.

(n+1r,s)

(n,r—1,s) (n,r,s +1)

(n,r,s —1) (n,r,s) (n,r+1,s)

Figure 29: Finite difference stencil for an explicit scheme.

(n+1,r,s)
(n+1,r—1,s) v (n+1,r,s+1)
(n+1,r,s—1) (n+1,r+1,s)
(n,7, s)

Figure 30: Finite difference stencil for an implicit scheme.
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tn+1

tn

(r;)

Figure 31: Finite difference stencil for a Theta-method.

(a) Truncation error: explicit method

For the explicit method

n u?‘;l - U?S ]- 2 n 1 2 n
I = A Ag2oetne T Ay? Ot (16.35)
B ou  0*u  *u\|"  Atd*ul|" Ax? 0" Ay? 0tul|” 16.36)
a ot 0x*  0y? re 2 ot? s 12 Oxt s 12 oy* s )
use differential equation
SO USING Uy = Ugy + Uyy
At 0%u|” Ax? 0" Ay? 0*ul"
o= e oy o (16.37)
' 2 0t 12 0z, 12 oyt s
and then provided
0%u o*u *u
— <C — <C: — < 16.38
we have
n 1 1 2 1 2
|TT,S < §At01 + EAI‘ Cg + EAQ 03, (1639)

and the scheme is first order in time and second order in space.

(b) Truncation Error: fully implicit method

Using Taylor expansions centred at (z,ys,tn11) is is straight forward repetition of
the last section to show that

1 1 1
' < ZALC) + —A2*Cy + —Ay*C 16.40
and as we have seen before, usning an implicit scheme has no accuracy advantage,
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(c) Truncation Error: Theta-method

Calculation of the truncation error for a theta-method is best approached by expan-
sion about ((@,,ys,tnt1/2) and is very tedious, you should be able to show that

T2 — 5 At(um+uyyt)] +1/2+ At2 il +1/2_ 2(AJ; Upgzat+ Ay Uy ) 13 +1/24

(16.41)
and as in 1D, the case # = 1/2, Crank Nicholson, gives a scheme that is second order
in both space and time.

Stability and Convergence

The ideas developed for one space dimension using a semi-discrete Fourier transform
carry over to multiple space dimensions.

Define a 2D semi-discrete Fourier Transform for v, with u}! = u(rAz, sAy, nAt) by
u"(k,l) = AzAy Z Z uzse*ikmwe*wﬂy, (16.42)
and define norms

la(k, O)|7, = / / a(k, 0)*dedk, (16.43)

and

w7, = AzAy) > jur, . (16.44)

As in the 1D case with Q, = (- %, &), Q, = <_Aly’ Aly>

2 / dk/ e |alk, )
Qg Qy
_ AJSQAyQ ‘/Q dk,/s; ds (Z Z u;z’seikrAaceifsAy> <Z Z ,L—Lg,qeikpAmeiéqu>
z Y r s p q
Ax? Ay? Z Z Z Z uy iy / Mp-r)Az dk:/ ttla=9)Az qy. (16.45)
Q

Yy

I

We need r = p and s = ¢ for the integrals to be non zero, hence

lallz, = 4m*||lu"|,, (16.46)
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and so in 2D Parseval’s identity becomes

n 1 ~
lulles = oIz (16.47)
in 2D. Thus for the various discrete schemes on unbounded domains we still obtain
Uk, 0) = Mk, OU"(k,0) (16.48)
where:
1. Explicit:
kA /A
Ak ) = 1-4Mx$n2-?§f-—4uyan2—§3, (16.49)
2. Implicit:
kA N
Mk, O) = (1 + 441, sin? Tx + 4p,, sin” Ty) ) (16.50)
3. 6 method:
1—4(1 — ) (p, sin® k22 in? &y
Ak, £) ( ) (p 5in” 252 o py sin” ) (16.51)

1+ 46 (p, sin® ’“ATQE + 1, sin® mTy)

On a bounded domain we can still apply a maximum principle, for example 0 < z < 1,
0 <y <1 with OUpax and Uy, defined as maximum and minimum on boundaries
and initial data, 0 method is

[1 + 29(Mx + My)] UZZH = 0 [Ma: (Uﬁjll,s + Urnjll,s) + fy (UTT‘L;:}I + U;l:—11)}
+(1 - 9) [Mw (U':L+1,S + UZLA,s) T [y (U':,Ls+1 + U:sq)}
+[1=2(1—0)(u, + uy)} Uﬁs (16.52)

so making all coefficients on right-hand-side non negative will guarantee a maximum
principle, so we need for 0 <9 <1

1=2(1=0)(pe +py) > 0 (16.53)

or
Ax?Ay?

At < .
LS S0-0ae 1 A

(16.54)
The results we have derived for truncation error, order of convergence, error analysis
are all generalisations of 1D results and derived the same way.

In 2 and 3 dimensions the size of the matrix A grows rapidly as Az and Ay become

small so the major problem is solving the system AU"*! = U™ in an implicit method.
Essentially
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e explicit = very small time steps for stability, many computational steps needed

e implicit = freedom with time steps but matrix inversion hard.

ADI (Alternating Direction Implicit)

A method that has been popular for rectangular domains is called ADI. We start
with Crank Nicholson, and as before, define p, = At/Ax?, u, = At/Ay?

1 1 1 1
(1 — éux(sg - iuy(sj) Uit = (1 + 5/%55 + §uy5§> Uy, (16.55)

and observe that

1 1 1 1
Lt L~ <1 - 5’”53) (1 _ iuy(s;) (16.56)
1 2 1 2 1 2 1 2

so we examine the scheme

1 2 1 2 n+1 1 2 1 2 n
(1 — Eﬂx@s) (1 - §uy5y) urt = (1 + §ux5x 1+ §uy5y U}, (16.58)

We can show that this is a consistent scheme. The truncation error for Crank Nichol-
son 1s

Tr,j1/2 = E {ur,—s’-l - (5#%@3 + 5“!;65) ur,—si_l - ur,s - <§M:€63,’ + 5/@5;) ur,s}
and so the truncation error of the new scheme is

1 u?::l - u?s
(TrH?y = 5%/@(5265 <—) ~ (16.59)

new TS

When the additional term is expanded using Taylor series, the leading term in that
expansion will be

—%mwszAyQumyyt (16.60)

so that
(L) e = T2 = %uxuyA:rgAy%myyt T (16.61)
and provided T/5 % — 0 as At, Az, Ay — 0, so too will (Tﬁ:rl/Q . As Crank

new
Nicholson is second order in space and time and the additonal term is fourth order
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in space, the modified scheme will still have good approximation properties and be a
least similar to the original Crank Nicholson scheme in accuracy.

However, the huge advantage advantage of the modified scheme is that 14262, 1— 2162

2% 2%

1 — 362 and 1+ 4, are all operators which act in one space direction only so their

matrix representation wil be in the form of tri-diagonal matrices and we know both
how to store tridiagonal systems compactly, and, how to invert them efficiently.

Let Uff;H/Q be defined by
1 2 n+1/2 1 2 n
<1 - §M$6x> urii? = (1 + 5yl ) UL (16.62)
and then
1 1
(1 — 5;@55) U,ffjl = (1 + 5,%53) Uﬁjl/Q. (16.63)

As 1+ 3p,02 and 1 — $41,62 commute, multiply (16.62) by 1+ 4,62 and (16.63) by
1 — 241,62 to get (16.58).

Now the solution of (16.62) for UZ,LSH/Z is a tridiagonal problem for s =1,..., M, —1
and similarly the solution of (16.63) is a sequence of tridiagonal problems for r =

1,..., M, —1.

If we look at stability with mode U}, = A"’ 27524 5o that

o2Ur, = —4sin2%U;js (16.64)
(A
U, = —4sm27yU;js (16.65)

then we obtain

4 kA 4 (A kA (A
(1 + 5,% sin? Tx) <1 + §uy sin? Ty) A= (1 — 241, sin® Tx) <1 — 24y sin? =

or

_ (1 — 2yt sin’ %) (1 — 2ty sin® mTy) (16.66)

(1 4 241 sin” 252) (1 + 241, sin® 52)

and it will always be the case that |A| < 1, so the scheme is unconditionally stable.
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Evolutionary PDEs: Summary

1. Parabolic system

ou 0%u

Fourier modes, semi discrete Fourier Transform, Parseval’s Identity

Numerical Approximations

continuous scheme N (t,u) = 0

discrete scheme N(t,,,U) =0

truncation error T,, = N (t,, u)
Explicit/Tmplicit schemes: matrix representation of implicit discrete schemes,
Thomas Algorithm

Convergence: Fourier analysis either by modes or semi discrete transforms, 6
method for diffusion equations and truncation error

Stability: practical stability, von Neumann stability, Lax equivalence theorem
(without full proof)

Finite domain problems: eigenvalues and maximum principle
Boundary conditions: implicit derivative conditions
Finite elements: basic ideas

Two dimensional problems: explicit, implicit, stability, truncation error, ADI
— splitting into tridiagonal problems.
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